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• 3D reconstruction from a set of unordered images looking at a scene

• Jointly estimate structure and camera parameters

• Bottleneck of SfM system
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Motivation

Structure from Motion (SfM)
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Background

𝑟𝑖𝑗 = 𝑢𝑖𝑗 − 𝜋(𝑅𝑖𝑋𝑗 + 𝑡𝑖; 𝑐𝑖)

residual

pixel 

location

landmark

𝜋 ∶ projection function

𝑅𝑖: camera rotation

𝑐𝑖:  camera intrinsic 

𝑡𝑖: camera translation

camera 

parameters

E 𝑥𝑝, 𝑥𝑙 = 

𝑖,𝑗

𝑟𝑖𝑗
2

= 𝑟(𝑥𝑝, 𝑥𝑙)
2
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Background

landmarks

𝐽𝑝 𝐽𝑙

Hessian 𝐻

min
𝑥

E 𝑥 = 𝑟(𝑥) 2

min
∆𝑥

E𝑙𝑖𝑛 ∆𝑥 = 𝑟 + 𝐽𝑥 2

= 𝑟⊤ 𝑟 + 2𝑟⊤𝐽Δ𝑥 + Δ𝑥⊤𝐻Δ𝑥

Solve by

Levenberg–Marquardt 

Jacobian 𝐽

Linearize in every 

LM iteration

cameras
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Schur complement trick

Reduced Camera System (RCS)𝐻𝑝𝑝 𝐻𝑝𝑙

𝐻𝑙𝑝 𝐻𝑙𝑙

−∆𝑥𝑝

−∆𝑥𝑙
=

𝑏𝑝

𝑏𝑙 𝑯𝒑𝒑 −∆𝒙𝒑 = ෩𝒃𝒑

𝐻𝑝𝑝 = 𝐻𝑝𝑝 − 𝐻𝑝𝑙𝐻𝑙𝑙
−1𝐻𝑙𝑝

෨𝑏𝑝 = 𝑏𝑝 − 𝐻𝑝𝑙𝐻𝑙𝑙
−1𝑏𝑙
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Schur complement trick

10 cameras
982 landmarks

Hessian 𝐻
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Schur complement trick

𝐻𝑝𝑝 −∆𝑥𝑝 = ෨𝑏𝑝

𝐻𝑝𝑝 = 𝐻𝑝𝑝 − 𝐻𝑝𝑙𝐻𝑙𝑙
−1𝐻𝑙𝑝

Solve by

Preconditioned Conjugate 

Gradient

Explicit SC Implicit SC

𝐻𝑝𝑝 𝑣 𝐻𝑝𝑝𝑣 − 𝐻𝑝𝑙𝐻𝑙𝑙
−1𝐻𝑙𝑝𝑣

Diagonal blocks of 𝐻𝑝𝑝 are used as preconditioner
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Factor grouping

Schur

complement
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𝐻𝑝𝑝

Time complexity of matrix-vector multiplication

#cameras = 𝑃, #landmarks = 𝐿

Explicit: 𝑶 𝑷𝟐 Implicit: 𝑶(𝑷𝑳)

Explicit is better than Implicit only if 𝑷 < 𝑳

Factor grouping

𝑷 × 𝑷 blocks
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(assume all cameras see all landmarks)

𝑣
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Factor grouping

𝑷 < 𝑳
𝑷 = 𝟐, 𝑳 = 𝟑

Explicit: 𝑶 𝑷𝟐 Implicit: 𝑶(𝑷𝑳)

Explicit Implicit
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Factor grouping

Frequent Pattern Tree

group landmarks having a common set of camera observations
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Square Root Bundle Adjustment

min
∆𝑥𝑝,∆𝑥𝑙

E𝑙𝑖𝑛 ∆𝑥𝑝, ∆𝑥𝑙 = 𝑟 + 𝐽𝑝 𝐽𝑙

∆𝑥𝑝

∆𝑥𝑙

2

Nullspace Marginalization

QR decomposition

𝐽𝑙 = 𝑄1 𝑄2
𝑅1

0

Project 𝑄2

min
∆𝑥𝑝

𝑄2
𝑇𝑟 + 𝑄2

𝑇𝐽𝑝∆𝑥𝑝
2
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Square Root Bundle Adjustment (√BA)

min
∆𝑥𝑝,∆𝑥𝑙

E𝑙𝑖𝑛 ∆𝑥𝑝, ∆𝑥𝑙 = 𝑟 + 𝐽𝑝 𝐽𝑙

∆𝑥𝑝

∆𝑥𝑙

2

Nullspace Marginalization

QR decomposition

𝐽𝑙 = 𝑄1 𝑄2
𝑅1

0

Schur complement

Project 𝑄2

min
∆𝑥𝑝

𝑄2
𝑇𝑟 + 𝑄2

𝑇𝐽𝑝∆𝑥𝑝
2 𝐻𝑝𝑝 −∆𝑥𝑝 = ෨𝑏𝑝

equivalent
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√BA Schur complement

Preconditioned Conjugate Gradient

𝑸𝟐
𝑻𝑱𝒑

𝑇
𝑸𝟐

𝑻𝑱𝒑 𝑣 𝐻𝑝𝑝𝑣

landmark

Square Root Bundle Adjustment (√BA)

√BA landmark block
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Marginalization
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Square Root Bundle Adjustment (√BA)

Marginalization

For every multiplication:

1. Copy to √BA landmark

2. Perform marginalization

Implicit √BA

√BA

Factor grouping + Implicit √BA → Factor √BA
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Experiments & Analysis
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Explicit and Implicit SC

Matrix-Vector Multiplication

Compute Preconditioner

Prepare RCS
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Explicit and Implicit SC

Explicit SC
• Expensive to prepare RCS ( 𝐻𝑝𝑝)

• Cheap to compute preconditioner

• Cheap multiplication

Implicit SC
• Cheap to prepare RCS

• Expensive to compute preconditioner

• Expensive multiplication

Time complexity

Explicit SC Implicit SC

Prepare RCS 𝑶 𝑳𝑷𝟐 𝑶(𝑳𝑷)

Preconditioner 𝑶 𝑷 𝑶(𝑳𝑷)

Multiplication 𝑶(𝑷𝟐) 𝑶(𝑳𝑷)

#cameras = 𝑃, #landmarks = 𝐿

L>>P

𝐻𝑝𝑝
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Factor grouping

Matrix-Vector Multiplication

Compute Preconditioner

Prepare RCS
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Factor SC
• Relatively cheap to prepare RCS ( 𝐻𝑝𝑝)

• Relatively cheap to compute preconditioner

• Relatively cheap multiplication

Factor grouping

Explicit SC performed worse when given many 

cameras (large-scale or dense problems)

Explicit Implicit

• Less cameras → Mitigate the quadratic complexity

• Improve overall multiplication runtime
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Factor grouping

sparse

dense 

small large
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♦ fastest for that problem 

Speed compared 

to the fastest 
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Square Root Bundle Adjustment (√BA)

easier to solve, double precision
(Bundle Adjustment in the Large)

harder to solve, single precision
(1DSfM)
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Square Root Bundle Adjustment (√BA)
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Lower 

accuracy 

Higher

accuracy 



√BA and Implicit √BA 
√BA

Implicit √BA 

Recall from memory for every 

multiplication

Deliciated memory block

Recompute for every multiplicationRecall from 

memory for every 

multiplication

Tin Chon Chan | Factor Grouping for Efficient Bundle Adjustment | Informatik IX 25



Implicit √BA

Deliciated memory block

• Write result to closer memory location (linearization)  

• Recall and consume less amount of memory

• Marginalize on same memory block

Better memory access pattern
(spatial and temporal locality)
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Overall performance
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♦ fastest for that problem

× solution didn’t reach the accuracy

* Power Bundle Adjustment for Large-Scale 3D Reconstruction

*
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• Implemented 5 solvers (highly parallelized and vectorized)

• Analyzed the performance of 7 solvers

• Analyzed time complexity and memory access pattern

• Recomputing intermediate result can be faster than recalling from memory

Conclusion

Recommendations

• Implicit SC for large-scale and dense problems

• Factor SC for small- and medium-scale problems

• Implicit √BA for solving in single precision

• Power BA for solving double precision and values speed over accuracy 
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