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Shape correspondence

Point-wise map 7 : X — )
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Shape correspondence
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Semantically meaningful!
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Functional Maps
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Functional maps T,: F(X,R) — F(Y,R)
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Geodesic error of recovery
ICP
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Probabilistic approach
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as random variables X, Y
X (

Matthias Vestner 6 /25



vt Comiputer Vision Group

Probabilistic approach

% T«(‘ We treat points on the shapes
as random variables X, Y
{ Notation
X X)T g0 =P(x =)

Matthias Vestner 6 /25



vt Comiputer Vision Group

Probabilistic approach

We treat points on the shapes
as random variables X, Y

Notation
g(x) = P(X = x)
f(yx) = P(x(X) = y[X = x)

Ch(xly) = P(r (V) = XY =)
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Probabilistic approach 2

Q f ro(X) = 7(X) + N

< coming from other method

N gaussian noise
| 7r(X
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Probabilistic approach 2

a-«

)

mo(X)=7(X)+ N

coming from other method
N gaussian noise

d5 (v, mo(x))

Flylx) oc exp(— =)

A g(x) constant (uniform)

Simple assumptions

more sophisticated
models possible
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Bayesian estimation

f(x|60)g ()

MO = T ¢ (x[6)g (6)d8
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Bayesian estimation

f(x|60)g ()
h(6
(Obx) = Jo f(x|0)g(0)d8
Let /: © x © — R be a loss function (/(a,6) : what does it cost if
6 is guessed to be a?).

Matthias Vestner 8 /25



vt Comiputer Vision Group

Bayesian estimation

f(x|60)g ()
f@ (x]0)g(0)do
Let /: © x © — R be a loss function (/(a,6) : what does it cost if

6 is guessed to be a?).
The expected loss if the parameter is chosen to be a (given the

observation x) is given by

E(I(a, )|x) = /@ I(a, 0)h(6]x)d0

h(0]x) =
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Bayesian estimation

o) - (X0(0)
f@ (x]0)g(0)do
Let /: © x © — R be a loss function (/(a,6) : what does it cost if

6 is guessed to be a?).
The expected loss if the parameter is chosen to be a (given the

observation x) is given by

E(I(a, )|x) = /@ I(a, 0)h(6]x)d0

The Bayesian estimator

A

6 = argminE(/(a, -)|x) = argmin /@ I(a,0)h(0]x)db

aco aco

minimizes the expected loss.
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Bayesian estimation - translated to shapes

The Bayesian estimation of the preimage of y € ) is given by
A1 (y) = argminE(/(x,-)ly)
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Intrinsic mean and median filter
The Bayesian estimation of the preimage of y € ) is given by
d3(y, mo(x'))

~A—1 . / !
T =argmin [ [(x,x")exp(————=—)dx
() = argmin [ (x5 expl~ LT
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Intrinsic mean and median filter
The Bayesian estimation of the preimage of y € ) is given by

#7(y) :algen;in/)(di(x,x’)exp(—w) X

p = 2 intrinsic mean

|
/ M) / p = 1 intrinsic median

Matthias Vestner 10 / 25



vt Comiputer Vision Group

Why intrinsic mean?
Let Q C R" be a euclidean domain and h: Q — [0, 1] a probability

density and define
/ d?(x,x" ) h(x")dx’

_/Q<x—x x = X'V h(x')dx’

:/2xh(x')dx'—/2x’h(x')dx'
Q Q
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Why intrinsic mean?
Let Q C R" be a euclidean domain and h: Q — [0, 1] a probability

density and define
/ d?(x,x" ) h(x")dx’
—/<x—x x — x"Yh(x")dx’
Q
VE(x) :/2xh(x')dx'—/2x’h(x')dx'
Q Q

The gradient vanishes iff

x=/x'h(x')dx’
Q

This formulation is not applicable to non euclidean domains.
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Intrinsic mean and median filter
The Bayesian estimation of the preimage of y € ) is given by
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Intrinsic mean and median filter
The Bayesian estimation of the preimage of y € ) is given by

#7(y) :algen;in/)(di(x,x’)exp(—w) X

Given a perturbed/noisy input correspondence 7y we estimate the
underlying bijective correspondence 7 via

. : b ) d3(y, m(x)),
ﬂ=ar§(ri';// dh (7 (y), x') exp(— yT) x'dy
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Discretization
Assuming X and ) discretized at n points

2 /
[ a0 ep- BN g,
XxXY
(Dy) ()
~ Z (D)7 @ Ty
ij=1
= trace (HTPI‘)
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Discretization
Assuming X and ) discretized at n points
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Discretization
Assuming X and ) discretized at n points

2 /
[ a0 ep- BN g,
XxXY
(Dy) ol
=~ Z DX 71(])/ 20—2 Wivj
ij=1
= trace (HTPI‘)

m Il = n X n permutation matrix

= (D) = (Dx)j piv;
m Dy, Dy pairwise distance matrices on X and Y

(Dy)2 .,
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Discretization

min trace (HTPI‘)
M

m Linear assignment problem
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Discretization

mrin trace (HTPI‘)

m Linear assignment problem

m Auction algorithm: O(n*log n) average
complexity
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Discretization

mrin trace (HTPI‘)

m Linear assignment problem

m Auction algorithm: O(n*log n) average
complexity

m Multi-scale acceleration reduces complexity by
orders of magnitude
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Multiscale acceleration
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Multiscale acceleration
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Multiscale acceleration
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Evaluation: Functional correspondence

ICP ICP+Bayes CPD CPD+Bayes
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Evaluation: Functional correspondence
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Technische Universitat Minchen

Evaluation: Functional correspondence
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Run times

n | 1000 | 1000 | 6890 6890
k| 20 50 20 50
Nearest neighbors | 0.04 | 0.06 1.35 2.88
Bijective NN | 2.79 | 2.30 | 463.66 | 253.03
ICP | 0.14 | 0.24 | 12.72 30.08
CPD | 479 | 4.67 | 1745.06 | 2085.65
NN + Bayesian | 1.75 | 1.28 | 382.86 | 244.10
Bij. NN + Bayesian | 4.06 | 3.44 | 746.00 | 440.94
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lterative process

The inference step can be iterated:

d2 7 /
7Tk+1:argmin// d;(w_l(y),x')exp(—%)dx’dy
yJx g

W:Xl—:})i
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lterative process

The inference step can be iterated:

d2 7 /
7Tk+1:argmin// d;(w_l(y),x')exp(W)dx’dy
matly SV I 7

Open question: Can this be seen as some type of
gradient descent of a smoothness supporting
energy?
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Evaluatlon Sparse correspondence
Init = 20 sparse corresponding points
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Evaluation: Sparse correspondence
Init Iter 1

Matthias Vestner 20 /25



Comiputer Vision Group

Evaluation: Sparse correspondence
Init Ilter 1  Iter 2
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Evaluation: Sparse correspondence
Init Ilter 1 Iter 2 lter 3
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Evaluation: Sparse correspondence
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Evaluation: Sparse correspondence
Init Ilter 1 Iter 2 lter 3

Iter 4
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Evaluation: Sparse correspondence

lter 1 Iter 2 Iter 3 Iter 4 Iter 5
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Evaluation: Sparse correspondence

o N
o o

% correspondences
(4]
o

40 a— it
— 1 jter
30 2iters
20 3iters
4 iters
10 - w5 iters
0 | | | | | | | | |
0 1 2 3 4 5 6 7 8 9 10

Geodesic error (in % of the diameter)

Matthias Vestner 22 /25



Comiputer Vision Group

An elefant approach to shape matching
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Conclusion

m Correspondence as an inference problem from
stochastic data
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Conclusion

m Correspondence as an inference problem from
stochastic data

m Intrinsic analogy of mean and median filter

m More interesting noise models: intrinsic analogy
of bilateral or non-local means filter

m No isometry assumptions (horse/elephant)

m Towards a continuity/smoothness prior for shape
matching
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Thanks for your attention
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