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General Formulation for Image Segmentation

Given n ≥ 1 labels from a discrete labelspace L = {1, 2..., n}, seek for a
label assignment such that : with:

ui(x) =

{
1, if label i is set in pixel x,
0, otherwise.

and u ∈ S

S :=
{

(u1(x), ..., un(x))T
∣∣∣∣ n∑
i=1

(u(x)) = 1, ui(x) ≥ 0
}
. (1)

with u minimizing the energy:

E(u) = ED(u) + ES(u) + EL(u).
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The Data Term

Data Term ED(u)

The data term has the following form:

ED(u) =
n∑
i=1

∫
Ω
ui(x)%i(x)dx. (2)
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Smothness Term ES

Primal Formulation
For the smoothness term one can choose the simple Potts model

ES(u) =
n∑
i=1

∫
Ω
|∇ui(x)|dx

which penalizes the total interface length.

Dual Formulation

ES(u) = sup
p∈K

n∑
i=1

∫
Ω
pi(x)∇ui(x)dx

s.t p ∈ K with K =
{
p : Ω→

(
R2
)n ∣∣ |pi(x)| ≤ 1

2

}
.
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The Label Cost Energy EL

It is independent of location and size of the region in the
segmentation.
Is only dependent of the occurence of labels in the resulting
segmentation.

Example: Co-occurrence Prior.

Rabinovich et al. ’07
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Convex Formulation

Introduce indicators l ∈ {0, 1}n for label occurrence in segmentation:

li =

{
1 if label i occurs in the labeling,
0 otherwise.

Now we can write EL(l).

Observe that the indicator variables li are given by

li = max
x∈Ω

ui(x) ∀i.
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Relaxation

After relaxing u and l to the unit interval [0,1]. The expression
li = maxx(u(x)) can be recovered by the constraint:

li ≥ ui(x) ∀x ∈ Ω ∀i

Constrains on EL(l):

EL(l) is convex.
EL(l) is monotonically increasing in l.

l̃ � l̄⇒ EL(l̃) ≤ EL(l̄).
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Minimum Description Length Prior

min
u, l

max
p

n∑
i=1

∫
Ω
ui(x)%i(x) dx +

n∑
i=1

∫
Ω
ui(x) div pi(x) dx

+ EL(l).

s.t. p ∈ K u ∈ S li ≥ ui(x) ∀x ∈ Ω

Arbitrary Convex Penalization of number of occurring labels:

EL(l) = f

(
n∑
i=1

li

)
. (3)
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Linear penalty of label numbers

EL(l) =
∑n

i=1 liCi
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Imposing an upper bound on label count

EL(l) = f (
∑n

i=1 li) with f(s) = δs≤s0

s0 = 2
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Co-ocurrence Prior

Say we want to penalize the occurrence of a certain label subset:

L ⊆ L

The indicator of a label subset L:

δL =
{

1 if L is in labeling
0 else

Can be written as the product of the label indicators li:

δL =
∏
i∈L

li

Relaxation (Strekalovskiy et al. 2011)

δL = sup
ξ∈[0,1]

ξ

(∑
i∈L

li − (|L| − 1)
)
.
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Implementation

min
u, l

max
p, ξ

n∑
i=1

∫
Ω
ui(x)%i(x) dx +

n∑
i=1

∫
Ω
ui(x) div pi(x) dx

+
∑
L∈L

ξL

(∑
i∈L

li − (|L| − 1)

)
C(L).

s.t. p ∈ K u ∈ S li ≥ ui(x) ∀x ∈ Ω ξL ∈ [0, 1] ∀L ∈ L.
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Results:

a) Input b)Without Cooc c) With Cooc



Hierarchical Prior

Let L ⊂ L be a subgroup of labels. Let ηi ∈ Rn be the vector indicating
which labels j are contained in set Li, i.e.

ηL(i) =

{
1, i ∈ L,
0, otherwise.

l̃ =

{
1, ∃i ∈ L s.t label i is in segmentation
0, otherwise.

l̃ = |η ◦ l|∞ = max
i=1,...,n

(η ◦ l)i

l̃ = max
µ
〈η ◦ µ, l〉. s.t

n∑
i

η(i)µ(i) = 1, µ(i) ≥ 0, ∀ 1 < i < n
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Implementation

min
u,l

max
p,µ

n∑
i=1

∫
Ω
ui(x)%i(x) dx +

n∑
i=1

∫
Ω
ui(x) div pi(x) dx

+
∑
L⊂L

〈
ηL ◦ µL, l

〉
· C(L)

s.t. p ∈ K u ∈ S li ≥ ui(x) ∀x ∈ Ω
n∑
i

ηL(i)µL(i) = 1, µL(i) ≥ 0, ∀ 1 < i < n ∀L ⊂ L
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A Toy Example:
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L2
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a) Input b)L1 + L2 c) L1 d)L2
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Thank you.
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