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Part I: Theory

1. (a) M =

(
I T
0 1

)
=


1 0 0 tx
0 1 0 ty
0 0 1 tz
0 0 0 1



(b) M =

(
R 0
0 1

)
=


r11 r12 r13 0
r21 r22 r23 0
r31 r32 r33 0
0 0 0 1



(c) M =

(
I T
0 1

)(
R 0
0 1

)
=

(
R T
0 1

)
=


r11 r12 r13 tx
r21 r22 r23 ty
r31 r32 r33 tz
0 0 0 1



(d) M =

(
R 0
0 1

)(
I T
0 1

)
=

(
R RT
0 1

)
=


r11 r12 r13 r1tx
r21 r22 r23 r2ty
r31 r32 r33 r3tz
0 0 0 1

,

where r1, r2, r3 are the row vectors of R: R =

— r1 —
— r2 —
— r3 —

.

2. ”⇒”: x>M1x = x>M2x for all x ∈ R3

⇔ x>M1x− x>M2x = 0

⇔ x>(M1 −M2)x = 0

⇔ (x1 x2 x3)

m11 m12 m13

m21 m22 m23

m31 m32 m33

x1
x2
x3

 = 0, where M1 −M2 :=

m11 m12 m13

m21 m22 m23

m31 m32 m33


⇔ m11x

2
1 +m12x1x2 +m13x1x3

+m22x
2
2 +m21x1x2 +m23x2x3

+m33x
2
3 +m31x1x3 +m32x2x3 = 0

⇔ m11x
2
1+m22x

2
2+m33x

2
3+(m12+m21)x1x2+(m13+m31)x1x3+(m23+m32)x2x3 = 0

⇒ m11 = 0 ∧ m22 = 0 ∧ m33 = 0 ∧ m12 = −m21 ∧ m13 = −m31 ∧ m23 = −m32

⇒ M1 −M2 ∈ so(3).
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”⇐”: M1 −M2 ∈ so(3) ⇒ M1 −M2 :=

 0 a −b
−a 0 c
b −c 0


Let x ∈ R3

⇒ x>(M1 −M2)x = (x1 x2 x3)

 0 a −b
−a 0 c
b −c 0

x1
x2
x3


= ax1x2 − bx1x3 − ax2x1 + cx3x2 + bx1x3 − cx2x3 = 0

⇒ x>M1x = x>M2x for all x ∈ R3

Another possible solution:

”⇒”: x>M1x = x>M2x for all x ∈ R3

⇔ 〈x,M1x〉 = 〈x,M2x〉 for all x ∈ R3

⇔ 〈x, (M1 −M2)x〉 = 0 for all x ∈ R3

⇒ in particular: a) 〈ei, (M1 −M2)ei〉 = 0 where ei = i-th unit vector

and b) 〈ei + ej , (M1 −M2)(ei + ej)〉 = 0 where ej = j-th unit vector

Let (M1 −M2) =

m11 m12 m13

m21 m22 m23

m31 m32 m33

.

a) ⇒ mii = 0

b) ⇒ 0 = mii +mij +mji +mjj = mij +mji ⇒ mij = −mji

⇒ M1 −M2 ∈ so(3).

”⇐”: We assume: M1 −M2 ∈ so(3) ⇒ (M1 −M2)
> = −(M1 −M2).

〈(M1 −M2)x, x〉 = 〈x, (M1 −M2)x〉 for all x ∈ R3

⇔ x>(M1 −M2)
>x = x>(M1 −M2)x

⇔ −x>(M1 −M2)x = x>(M1 −M2)x (assuming M1 −M2 ∈ so(3))

⇔ −x>M1x+ x>M2x = x>M1x− x>M2x

⇔ 2x>M1x = 2x>M2x

⇔ x>M1x = x>M2x for all x ∈ R3
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3. We show that: x ∈ kernel(A)⇔ x ∈ kernel(A>A).

”⇒”: Let x ∈ ker(A)
⇒ Ax = 0 ⇒ A>Ax = 0 ⇒ x ∈ ker(A>A)

”⇐”: Let x ∈ ker(A>A) and A =

 | |
a1 · · · an
| |

 ∈ Rm×n

⇒ 0 = A>Ax =

— a>1 —
...

— a>n —


 | |
a1 · · · an
| |

x =

a>1 a1 · · · a>1 an
...

...
a>n a1 · · · a>n an


x1

...
xn

 =


∑
i
a>1 aixi

...∑
i
a>n aixi


⇒ a>1

∑
i
aixi = 0 ∧ . . . ∧ a>n

∑
i
aixi = 0

⇔ a>j
∑
i
aixi = 0 for all j = 1, . . . , n

⇒ a) aj = 0 for all j = 1, . . . , n ⇒ A = 0 ⇒ Ax = 0 ⇒ x ∈ ker(A)

⇒ b)
∑
i
aixi = 0 ⇔ Ax = 0 ⇔ x ∈ ker(A)

Another possible solution:

⇐”: Let x ∈ ker(A>A)

⇒ A>Ax = 0

⇒ 0 = 〈y, 0〉 = 〈y,A>Ax〉 = 〈Ay,Ax〉 for all y ∈ Rn (and in particular for y = x)

⇒ 0 = 〈Ax,Ax〉 = ‖Ax‖2 ⇒ Ax = 0 ⇔ x ∈ ker(A)
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