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Part I: Theory

1. (a) λ1, λ2, λ3 ∈ C eigenvalues of R ⇒ ∃ v1, v2, v3 6= 0 : Rvj = λjvj ∀j

Let vj be eigenvector of R, λj = a+ ib ∈ C the corresponding eigenvalue:

< vj , vj > = v>j vj

= v>j R
>Rvj (R ∈ SO(3)⇒ R>R = I)

= < Rvj , Rvj >

= < λjvj , λjvj >

= λj λ̄j < vj , vj >

⇔ 1 = λj λ̄j = |λj |2 (because vj 6= 0)

⇒ 1 = |λj | (|λj | =
√
a2 + b2 ≥ 0 as a, b ∈ R)

(b) To show:
If ∃ v 6= 0 : Rv = λv ⇒ ∃ w 6= 0 : Rw = λ̄w

λ ∈ C, R ∈ R3×3 : Rv = λv ⇔ Rv = λv

⇔ Rv̄ = λ̄v̄

⇔ λ̄ eigenvalue to R, with v̄ as an eigenvector.

(c) 1
R∈SO(3)

= det(R)
EVD
= det(QΛQ−1) = det(Q)det(Λ)det(Q−1) = det(Λ) = λ1 · λ2 · λ3

(d) To show: ∃ j : λj = 1

1
(c)
= λ1λ2λ3

(b)
= λ1λ2λ2 (Wlog we assume λ3 = λ2. E.g. λ2 = cos θ + i sin θ)

= λ1 |λ2|2 (In (a) we saw: |λj | = 1 ∀ j)
(a)
= λ1

The corresponding eigenvector is the rotation axis. (Rv = v)
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2. We know: ω = (ω1 ω2 ω3)
T with ||ω|| = 1 and ω̂ =

 0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0

.

(a)

ω̂2 =

 −(ω2
2 + ω2

3) ω1ω2 ω1ω3

ω1ω2 −(ω2
1 + ω2

3) ω2ω3

ω1ω3 ω2ω3 −(ω2
1 + ω2

2)



=



ω2
1 − (ω2

1 + ω2
2 + ω2

3)︸ ︷︷ ︸
1

ω1ω2 ω1ω3

ω1ω2 ω2
2 − (ω2

2 + ω2
1 + ω2

3)︸ ︷︷ ︸
1

ω2ω3

ω1ω3 ω2ω3 ω2
3 − (ω2

3 + ω2
1 + ω2

2)︸ ︷︷ ︸
1


=

 ω2
1 ω1ω2 ω1ω3

ω1ω2 ω2
2 ω2ω3

ω1ω3 ω2ω3 ω2
3

−
 1 0 0

0 1 0
0 0 1


= ωω> − I

ω̂3 =

 −(ω2
2 + ω2

3) ω1ω2 ω1ω3

ω1ω2 −(ω2
1 + ω2

2) ω2ω3

ω1ω3 ω2ω3 −(ω2
1 + ω2

2)

 ·
 0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0



=



0 ω3 · (ω2
1 + ω2

2 + ω2
3)︸ ︷︷ ︸

1

−ω2 · (ω2
1 + ω2

2 + ω2
3)︸ ︷︷ ︸

1

−ω3 · (ω2
1 + ω2

2 + ω2
3)︸ ︷︷ ︸

1

0 ω1 · (ω2
1 + ω2

2 + ω2
3)︸ ︷︷ ︸

1

ω2 · (ω2
1 + ω2

2 + ω2
3)︸ ︷︷ ︸

1

−ω1 · (ω2
1 + ω2

2 + ω2
3)︸ ︷︷ ︸

1

0


= −ω̂

(b) n even: ω̂n = (−1)
n
2
+1 ω̂2

n odd: ω̂n = (−1)
n−1
2 ω̂

Proof via complete induction:

i. For even numbers n:
- n = 2 : ω̂2 = (−1)

2
2
+1ω̂2

- Induction step n→ n+ 2 :

ω̂n+2 = ω̂n · ω̂2

= (−1)
n
2
+1 · ω̂2 · ω̂2 (assumption)

= (−1)
n
2
+1 · ω̂3 · ω̂

(a)
= (−1)

(n+2)
2

+1 · ω̂2
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ii. For odd numbers n:
- n = 3 : ω̂3 = −ω̂ = (−1)

3−1
2 ω̂

- Induction step n→ n+ 2 :

ω̂n+2 = ω̂n · ω̂2

= (−1)
n−1
2 · ω̂ · ω̂2 (assumption)

= (−1)
n−1
2 · ω̂3

(a)
= (−1)

n−1
2

+1 · ω̂

= (−1)
(n+2)−1

2 · ω̂

(c) We know: ω ∈ R3. Let v = ω
‖ω‖ and t = ‖ω‖. Hence, w = vt.

eω̂ = eν̂t

=
∞∑
n=0

(ν̂t)n

n!

(b)
= I +

∞∑
n=1

(−1)n+1 t2n

(2n)!︸ ︷︷ ︸
1−cos(t)

ν̂2 +

∞∑
n=0

(−1)n
t2n+1

(2n+ 1)!︸ ︷︷ ︸
sin(t)

ν̂

(def.)
= I +

ω̂2

‖ω‖2
(1− cos(‖ω‖)) +

ω̂

‖ω‖
sin(‖ω‖)

3. (a) ġ(t) =

(
Ṙ(t) Ṫ (t)

0 0

)

g(t)−1 =

(
R(t)−1 −R(t)−1T (t)

0 1

)
R∈SO(3)

=

(
R(t)> −R(t)>T (t)

0 1

)

(b) ġ(t) · g−1(t) =

(
Ṙ(t)R(t)> −ṘR(t)>T (t) + T (t)

0 0

)
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