Suggested Homework 1

Nonlinear Multiscale Methods for Image and Signal Analysis

Exercise 1. Convince yourself that

® every norm is convex.

e if £:R" — R is convex, then (E o A) for A € R™™ is convex.

Proof. e Let || - || be a norm on the vector space X. Let x,y € X and o € [0,1] be
arbitrary. Then

laz + (1 = a)y[| < flaz]| + (1 = )yl = allz] + (1 = a)|lyl]

where we have use the triangle inequality as well as the positive homogenity of the
norm.

e For z,y € R™, a € [0, 1], we have
E(A(az + (1 —a)y)) = E(adz + (1 — a)Ay) < aE(Az) + (1 — a)E(Ay),

where we have used the linearity of A as well as the convexity of E.

Exercise 2. Prove the following (1d) statement from the lecture. If £ : R — R U {oc0} is
convex, then F is locally Lipschitz on int(dom(FE)).

Proof. Part 1: Let x, 21,25 € int(dom(E)) such that z; < x < x9. Then for a = ﬁ we
have

azry + (1 — a)ry = a(r) — x2) + 22 = .

We can compute

E(x) — E(z1) < aB(z1) 4+ (1 — a)E(z2) — E(z1)
= (1 = a)(E(zs) — E(21))
E(xg) — E(x1)

= xr— ).
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On the other hand
E(z2) — E(x) > E(xs) — (aE(x1) + (1 — a)E(x2))
= a(E(z2) — E(z1))
E(z;) — E(21)

= Ty — 11 ($2 - LL'),
such that
Bla) ~ E(e1) _ Blas) — B(w)) _ Blas) - Blw)
T — T - Ty — T - To—T

Now for a given x € int(dom(FE)), pick a, b, 21, xo € int(dom(FE)) such that a < z; < z <
x9 < b. We claim that E is Lipschitz on |z, xe[. For any y; < yo €|x1, 22] we have

E(y2) — E(y1) < E(b) — E(y1) E(b) — E(x9)

< 1
Y2 — Y N b—u N b—xy @
as well as
E - F E - F E - K
) = Ey) , By =BG, Blas) = Fl) o)
Y2 — Y1 Ya —a To — Q
Using (1) and (2) we can conclude
E(zy) — E(a E() - E(x
|E(y2) — E(y1)| < max (’ (z2) (@) ,‘ ([)) (z2) )Iyz—?ﬂl,
To — Q — X9
such that F is Lipschitz on |z, x]. O

Exercise 3. Find an example of a convex function £ : R — RU{oco} which is not continuous

on dom(E).
Proof. Consider for instance

00 if x <0,
E(z) = 1 it x =0,
—vz ifz>0.

The set dom(E) = [0, 00| is convex. Furthermore

E(ar, + (1 — a)xs) < aFE(xy) + (1 — a)E(xs)

holds for x1, x5 €]0, 00| since E”(z) = —~ > 0 for all x €]0, 00[. The only thing we have to

- 4$3/2
take care of is z; = 0. In this case

Elaz;+ (1 —a)zs) = E(1 — a)xg) = /(1 — @)z
< (1—a)yr
<a+(1—a)yz
=aFE(z)+ (1 — a)E(xg).

This shows that E is convex and obviously £ is not continuous at 0 € dom(FE). O



