Prox of quadratic function

argmy}n %(w,Aw) + (b,x) +c+ %Hf —vl? (1)
& 0=Av+b+ " (2)
& 0=T7Ax+71b+2—"0 (3)
& 0={U+71A)x+71b—0 (4)
& v—1b={I+T7A)x (5)
& x=T+7A) " (v—71b) (6)

Moreau decomposition

u = proxg(v)

u=argmin F(w)+ %Hw —ol?
0€dE(u)+u—v

v—u € 0E(u)

u € OE* (v —u)
0€—u+IE*(v—u)

r ¢t 0

1
v—u=argmin F*(u)+ §||u —|)?

Extension of subspace decomposition
Let

0, ifxeV,
flx) =

0o, otherwise.

Then the convex conjugate is given as

0 if y e V4,
f*(y) =sup (y, ) =sup (y' +4° 2) =sup (y', )+ (y*,2) =~ ,
z€V zeV zeV oo, otherwise.

In the above calculation we split up y = y' + y? in y' € V and y?> € V. The supremum evaluates to
infinity since V' is a subspace (z € V = az € V).
Hence f(z) = vy (z) and f*(y) = ¢ty (y) and the Moreau decomposition states that

x = prox;(z) + proxs. (v) = Uy (z) + Iy (z).

Extended Moreau decomposition
We apply the standard Moreau decomposition to the function 7E:

w = prox, s(u) -+ prox(, - ()

Due to the scaling rule from last lecture



we have with w = 2 & u = Tw

1 e
ut = arg min TE*(E) 4 *Hu _ UH2 subbtl_t)utlon
u T 2

1
u* = Targmin 7E*(w) 4+ §H7'u) —o|? =
w

u* = rTargmin TE*(w) + %H - ;HZ =
w

u* = Targmin E*(w) + z||w - E||2~
w 2 T

=u' = TproxlE*(E).
i

From that it follows that

v
u = prox,_p(u) + Tprox%E*(;).

Prox of /5-norm

We already know that for
E(u) = [|ull,

we have that

0 if |lul| <1

) — Jul <

00 otherwise.

Then the proximal operator of E* is simply the projection onto the unit ball

oflloll i ol > 1
prox g« (v) =
v otherwise.

Then using the Moreau decomposition we have

prox, p(v) = v — TProx g« (E)
TENr

_ oflloll i vl = 7
v/T otherwise.
v—ro/lloll it vl =7

0 otherwise.

(A =7/llvlhv i ol = 7

0 otherwise.

MM interpretation

ProX(1/)G (uk — (l/L)VF(uk))

— argmin G(u) + %Hu _ b 4 (1/L)VEh)2
= argmin G(u) + g (lw = w*|1* + 2(u — u*, (1/L)VF (u*)) + ||(1/L)VF (u")||?)

. L
= argmin G(u) + (VF(u*),u — u¥) + §||u — uF|?



Nonexpansiveness of prox
Let x = proxg(u) and y = proxg(v). Then we want to show

(w—v,2—y) > llz -yl
Since z = argmin, E(z) + 3||z — ul|* and y = argmin, E(z) + 3|z — v||? we have that

u—x € 0E(x)
v—y € 0E(y)

From that it follows
With special choice of z it follows

and adding these two inequalites gives
0> (u—zy—z)+w—y,x—y)=v—-y+2x—ux—y),
And hence
(y—v+u—x,x—y) >0
& (u—v,x—y) > [lz—y?
& (u—wv,proxg(u) — proxg(v)) > |[proxg(u) — proxg(v)|?
With Cauchy-Schwarz it follows
llu — vl [[proxg (u) — prox(v)|| > (u — v, proxg(u) — proxg(v)) > ||prox g (u) — proxg(v)||?

[l —vl| = [[proxp(u) — proxp(v)|

Convergence of Proximal gradient method
Gradient map in subdifferential
Since x = proxg(u) = u —z € IE(u) we have for u — 7@, (u) = prox,.(u — 7TVF(u)) that:

u—7VEF(u) — (u— 79, (u)) € TOG(u — TVF (u))
< ¢r(u) € VF(u) + 0G(u — 7VF(u))



Global estimate
Define p = ¢, (u) — VF(u) € 0G(u — 7o (u)):

E(u = ,(w) < F(u) = H(VF(w),0- () + Zllor @) + Glu = 7or(w)

convexity (¥), (**)
<

+ G(w) + {pyu—w = mipr (w)

= F(w) + (VF(u),u = w) = 7(VF(u), oy (w)) + 3l or ()]
+ Gw) + (pr (w) = VF(u),u = w = 70 (u))

= F(w) + G(w) + (or(w),u = w) = Zlor (u)|

= E(w) + {pr(w),u — w) = Zljpr ()

(
)

(*) F(w) = F(u) = (VF(u), u = w), Yw

(%) G(w) = G(u — 17 (u) — (p,u — 77 (u) — w), p € OG(u — 77 (u))
Choice w = u*

B(u*) = E(w") < {pr(u),u—u’) = o (u)?
27 (o (), u — u*) — 72l pr (w)[|?)
= || = [l — ][> + 27 {pr (u), u — ) — |70, (w)]|?)

*||2

lu—u lu—u* =77 (u)]?)

(2r(
(
(e = w|* = (lu = @[ = 27(pr (w), u — w”) + 77 (w)]]*))
(
- (

“\HS’\HS’\HS’\HS’\H

lu = u|* = fu — %)

Final convergence estimate

Summing the above inequalities with u™ = u?, u = u*~! yields

k
> E(') - EB(u*) < EZ(HU*U 12 = flu* —u|?)
i=1 =1
1
=5 (llu® = u*|? = flu* = w*[|?)
1
< -

F(w) + (VF(u),u —w) = 7(VF(u), pr(u)) + gl\%(u)ll2



