Reminder: Fast optimization challenge

» Minimize the inpainting energy

E(u) = f||m u—f|+Zh

2 .
3 if |x] <e,
» Huber penalty h.(x) =

|x| =5 otherwise.

» Given all the parameters, return the solution once

E(u*) — E(u*)

E(r) <46

> See template challenge huber_inpainting.m

2
i)+ Bull



Gradient descent

2N
E() =2 llm-(u— NI+ A ((Du)) + 6 ol

i=1
Update

uf T =k — TV E(uY) (P-GD)

with a suitable step size:
» Line search:
Tk < large number
while E (uk — W VE(u¥)) > E(u*) — ar HVE(U")H2
Tk < BTk

end

» Compute Lipschitz constant of VE (see exercise).



Primal proximal gradient

E(u) = % lm - (u = £) + Blull*+ > he ((Du);)

=6(u) =:R(u)
Update:
uk+1/2 _ Uk _ TkVR(Uk)
Ukt = prox g (uF1/?) (P-PG)

1
= argmin §||u — 2|2 4 7K G (u)

» What are the formulas for VR and prox .« ¢(u*t?/2)?

» What is the Lipschitz-constant of VR?



Dual formulation

Let us compute a dual formulation for

A ) ) 2N
E(u) =7 llm- (u = F)II" + B lu] +Y . he((Du)))

i=1

=c) =:F(Du)

We know from Fenchel’s duality theorem

muin G(u) + F(Du) = m(?fo*(fD*q) — F*(q).

Let { be a solution of the primal problem and let § be a solution of the

dual problem, then

D*§€9G(d),  § e OF(Di)!



Dual formulation
To actually compute the dual note that
A 2 2
G(u) =5 llm-(u=F)" + Blull
1
= §<u, (AmT™m + 281 u) — (u, \m" mf) + (stuff indep. of u)

The matrix (Am” m + 231) is symmetric and positive definite, even
diagonal, and by taking the element-wise square root we find a matrix C
such that CC = Am™m+ 281. Thus

1
G(u) = §<u, CCu) — (Cu, \C*m" mf) + (stuff indep. of u)

1
= §||Cu —AC 'm" mf ||? + (stuff indep. of u)
=:b



Dual formulation
Up to neglectable constants we have
1 2
G(u) = 5llcu—b]

As a conclusion from chapter 2 " Conjugate of image functions” (or by

substitution) we find
(31--6=c) (o

= (31--67) (¢
(31124 81 ) ()
B
=

HC p—i—bH + (stuff indep. of p)



Dual formulation

Now consider
2N

F(Du) =" h((Du);)

i=1
and compute F*(p). Note that it is sufficient to find the conjugate of

= if |x|] <e
h-(x) = % H __ ’
|x| =5 otherwise.

and a short calculation shows

2N

F*(q) = Z (;‘%2 + L\~|§1(Qi)) .

i=1



Dual formulation
Dual formulation:

§ = argmin G*(—=D*q) + F*(q)
q

with

1
6*(p) = 5 llcp+ |
2N

Fi@) = (50 + mala).

i=1

C=+ImTm+23I,

b=XC"tm"mf,

and since D*§ € 9G(d) = {C(Cid — b)} for i being the primal solution
we find
0= (CC)"Y(D*§ + Cb).



Gradient projection on the dual

Dual energy written in a compact form:

N T
min 3 |c'D q—sz‘*‘%||Q||2+LI-Ioc§1(q)

Updates for gradient projection

qk+1 — Pr0j|.|oo§1 (qk _ Tchfl(Cle*qk _ b) _ Tkeqk)

Updates for proximal gradient

qk+1/2 :qk _ Tch—l(C—lD*qk _ b)

k+ k+1/2)

1_
q —pr°X§qu\2+b|A|ocs1(q)(q

Stepsize restrictions? Line search?

(D-GP)

(D-PG)



Saddle point form

Primal:

A\ 2N
min 2l (= £+ 6l + Y he ((Du))
i=1

=6(v) =:F(Du)

Dual: 1
. — * 2 €
min > [ C7'D%q = b]|" + Sllal* + ¢y <1(q)

Saddle-point / primal-dual:

muin max G(u)+ (Du,q) — F*(q)

. A
= minmax 2 [|m - (u— F)|* + 6 |u]* + (Du, )

€
- EHGHQ — U <1(q)



Primal PDHG

Saddle-point / primal-dual:

minmax G(u) + (Du, q) — F*(q)

u q
. A
= minmax Z [[m- (u—F)|* + 5 [u]® + (Du. q)
€
- §||CI||2 - L|»|m§1(q)

Primal-dual hybrid gradient method:

q“ 1 = prox, - (¢~ + oD¥),

W = prox, o (uk — 7D* ), (P-PDHG)

Uk+1 — Uk+1 + (uk+1 _ Uk).

Prox operators? Stepsize restriction? Algorithm with adaptive stepsizes
for strongly convex problems?



Saddle point form

Primal:

A 2N
min = llm- (u = N2+ 8l + > he ((Du),)

i=1

=e) =:F(Du)

Dual: 1
. —1py* 2 € 2
min 5 [|C7*0%q = b + 5 1all” + ¢ 1. <1(9)
Saddle-point / dual-primal:

. 1 1 €
min max(v, €'D"q = b) — = V[ + Sl + 111 1(a)



Primal PDHG

Saddle-point / dual-primal:

. e 1 €
minmax(v, C1D"q — b) — L |vIP + SllalP + 1.1 :(9)

Primal-dual hybrid gradient method:

Vk-"_1 = prox%‘|_|‘z+g<.,b>(qk + O'C_ID*(T]k),

gt = prox, . (g% — 7DC 1<), (D-PDHG)
C_]k+1 _ qk+1 + (qk+1 _ qk)'

Prox operators? Stepsize restriction? Algorithm with adaptive stepsizes

for strongly convex problems?



Splitting methods / ADMM

min G(u) + F(Du)
Introduce a new variable d a:d the constraint Du = d:
T,i(? G(u)+ F(d) st. Du=d
Formulate constraint in primal-dual form
T,ic? max G(u) + F(d)+ (Du—d, p).

You could apply PDHG now:

pk+1 _ pk -i-U(Dljk _ gk)
(U, d*H) = (prox, g (uk — TD*p*H1), prox, £(d* + rp+1))

(8441, G441) = (W, 0 + (w04 — (uF, o),

(P-GP-PDHG)



Splitting methods / ADMM

mi(? max G(u) + F(d) + (Du — d, p).
ud p

Alternatively, augment the above term by defining
A
L(u,d,p) = G(u) + F(d) + (Du = d, p) + 5||Du - d|?

and apply ADMM

u** = argmin L(u, d*, p*),
d**t = argmin L(u* T, d, p*), (P-ADMM)
d

Pl = pk 4 A(Duktt — gkt

Update equations? How do we solve the linear system arising in the
u-update? Nice: Unconditionally stable independent of A, but
convergence speed depends on it!



Splitting methods / ADMM

Consider the dual problem
. ]. 1 Nk 2 € 2
mqmﬁHC D*q — b|| +§||CI|| + 4 w<1(q)

Introduce a new variable z along with the constraint z = g and formulate

constraint in primal-dual form

. 1 1 2 €
mmmaxEHC 'D*z — b|| —|—EHqHz-I-q.‘Dogl(q)—F<z—q,v>.

q.z v

You could apply PDHG now!

r

(2k+17 C_]k

+1)

_ 2(ZI<+17 qk+1) _ (Zk7 qk)’

ViR = vk o (2K - %)
k g ‘

kL prOX%”c—lD*»fsz(Z A +1) (D-GP-PDHG)
1 ) (dk + k+1)

g = prox g ey, (dF +7v



Splitting methods / ADMM

minmax > | CD%2 — bl*+ Sllal + 1y <1(0) + {2 — 0, )

Alternatively, augment the above term by defining
L(q.z,v) = HC 1Dz = b|* + S Il + 1y <1(9)

Hle—aqv)+ 5zl

and apply ADMM

g™ = argmin L(q, z¥, v¥),

q

"1 = argmin L(q

z

vl = vk \(gftt — 25,

k+17za Vk)a (D_ADMM)

Update equations? What is a good A? We called this ADMM, do you

know a different name (since K = [)?



Possible algorithm:

We have discussed
1. Primal gradient descent — (P-GD)
Primal proximal gradient — (P-PG)
Dual gradient projection — (D-GP)
Dual proximal gradient — (D-PG)
PDHG on primal problem — (P-PDHG)
PDHG on dual problem — (D-PDHG)
Primal graph-projection PDHG — (P-GP-PDHG)
Dual graph-projection PDHG — (D-GP-PDHG)
Primal ADMM — (P-ADMM)
Dual ADMM — (D-ADMM)
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Choose your weapon and start coding!!



