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This lecture is all about

b € argmin E(u),
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A set C c R" is called convex, if

ax+(1—a)yeC, Vx,yeC, Yael0,1]

— Draw a picture.
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Convex set - summary of online TED
Definitions and things to recall from analysis 1:

Definitions
« Aset C c R"is called open if for all x € C there exists a

e > 0 such that the ball with radius e around x, B(x, ¢), is
contained in C: B(x,¢€) C C.
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Definitions
« Aset C c R"is called open if for all x € C there exists a

e > 0 such that the ball with radius e around x, B(x, ¢), is

contained in C: B(x,¢) C C. Basics
+ Aset C C R" is called closed if its complement is open. e retens
i H Y3 H . 0 0 Uniqueness
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The following operations preserve the convexity of a set
* Intersection
* Vector sum
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The union of convex sets is not convex in general.
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where C C R" convex set, E : C — R convex function.
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2. What is a convex function?

Definition: Convex Function

We call E : C — R a convex function if C is a convex set and

forall u,v € C and all € [0, 1] it holds that

E(0u+ (1 — 0)v) < 0E(u) + (1 — B)E(v)

We call E strictly convex, if the inequality is strict for all

6 €]0,1[, and v # u.
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The following operations do preserve the convexity of a
function

« Summation
* Linear Transformation

The following operations do not preserve the convexity of a
function

+ Multiplication, Division, Difference
+ Composition

The sum of a convex function and a strictly convex function is
strictly convex.

Remember to check two conditions to show that a function is
convex!
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notion of extended real valued functions.

E:R" = R:=RU{c0}.

Convex Analysis

Michael Moeller
Thomas Méllenhoff
Emanuel Laude

Basics
Convex sets

Existence
Uniqueness

Optimality conditions
Derivative
Subdifferential

updated 13.04.2016



Convex energy minimization problems convex Analysis

Michael Moeller

Let’s get back to what the lecture is all about: Thomas Mallenhoff

Emanuel Laude

& e argmin E(u), (1)
ueC

where C C R” convex set, E : C — R convex function.
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E:R" = R:=RU{c0}.
The minimization problem (1) can then be written as
Uucarg {2]@ E(u),
by defining

= E(u) ifuecC,
) else.
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dom(E) :={ueR" | E(u) < oo} -

the domain of E. o
+ We call E proper if dom(E) # 0.
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We call E : R” — R a convex function if

@ dom(E) is a convex set.

® Forall u,v € dom(E) and all § € [0, 1] it holds that
E(Qu+ (1 —0)v) <OE(u)+ (1 —0)E(v)

We call E strictly convex, if the inequality in 2 is strict for all
6 €]0,1[, and v # u.
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First example of an imaging problem: Inpainting
Example: Inpainting
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First example of an imaging problem: Inpainting convex Analysis
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Example: Inpainting

Optimality conditions
Derivative

Subdifferential

. 2 2 P
UETQI"Q’"Z(UI"/ — U,',1’/') + (U,',j — U,"j,1) s.t. ujj = f/@/ V(I,]) el
1,

with index set I of pixels to keep and suitable boundary
conditions.

— Discuss convexity.



