Infimal convolution and its convex conjugate
The infimal convolution f O g of two functions f : R™ — RU {c0} and g : R” — RU {oo} is defined as

(f O g)(u) = inf flu—v)+g(v)
Let Let f, g be proper on R™. Then (f O g)*(v) = f*(v) + g*(v).
Proof.

(fOg)"(v) = Sgﬂ%?n(u’ v) — (f O g)(u)

= sup {u,v) — piéan" flu—p)+9()

ueR”
= sup (u,v) + sup —f(u —p) — g(p)
wER™ pER™
= sup (u,v) — f(u—p) —g(p)
u€R™,
peR™

We introduce the substitution z := u — p <= w = z + p, eliminate u and obtain:

.= sup (z+p,v) — f(2) —g(p)

ZG]R”,
pER™
= sup (z,0) = f(2) + (p,v) — 9(p)
z€ 717
peER™
= sup (z,v) — f(z) + sup (p,v) — g(p)
zER™ peER”
=f"(v)+9"(v)
O
The Huber penalty and its convex conjugate
The Huber penalty h. : R — R is given as
g2 if |z| <e,
ha (l’) _ 2e —
lz] — 5 otherwise.
It holds that (o
no) = (G 011) @
Proof. Exercise. O

Using the above result the convex conjugate h? is given as:

. €
Wi(y) = 5v° + wi<a®)



