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Primal-Dual Algorithm:
Structured problems

Michael Moeller

1 Gradient descent: il
manuel Laude
min E(u)
u

for E: R" — R L-smooth: O(1/k), -
e

2 Subgradient descent:

PDHG
mln E( u) Algorithm
u

Primal-dual gap

Convergence

E : R” — R Lipschitz continuous, stepsizes— 0: O(1/Vk). Aoptatone
3 Proximal gradient:
muin F(u)+ G(u)
F :R" — R L-smooth, G: R" — RU {oo} simple: O(1/k).
3* Gradient projection: Special case of prox. grad. for G = (¢

Strong convexity: Linear convergence O(cX),c < 1, of 1 and 3.
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Primal-Dual Algorithm:
Structured problems
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Thomas Méllenhoff
How would you solve

Emanuel Laude

.1
min o lu = flls + o[ Kul3

— Proximal gradient

e
PDHG
How would you solve :lgm‘.hdm.gp
Convergence
. 1 2 2 Applications
min  [[u — f|I" + al|Kullz

Gradient Descent (although there are better ways).

How would you solve

o1
min 2 u — f||* + o Kulls

— Derive dual problem, apply gradient projection

updated 01.06.2016



Primal-Dual Algorithm:

Structured problems
Michael Moeller

Thomas Méllenhoff
Emanuel Laude

How would you solve

o1
min 5 {|u — flli + af|Kul;

— Subgradient descent
PDHG
Algorithm
Primal-dual gap
Is this really the best we can do for such a problem? No! S

Applications

Very important class of algorithms we have not considered yet!

Applicable to
muin G(u) + F(Ku)

with G: R” — R U {oo} simple’, F: R™ — R U {oo} simple,
K :R" — R™ linear.

updated 01.06.2016
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Primal-dual hybrid gradient method
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Reminders

The convex-conjugate of E is

E*(p) = sgp<u,p> - E(u)

Fact 1: For a proper, closed, convex E it holds that

E:E**

Trick to optimize the TV functional: Use

IKull2,s = (Il - l21)™"(Ku) = sup_(Ku,p)

Hp‘|2,oos1
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. Primal-Dual Algorithm:
Reminders
Michael Moeller

Thomas Méllenhoff

Proximal operator Emanuel Laude

proxg(v) := argmin E(u) + %Hu —v? -
u

Recap

Moreau decomposition: oHe

Algorithm
Primal-dual gap
V = proxg(Vv) + proxg.(v) v

Applications

Fact 2: If E is simple, E* is simple, too!

Fact 3: The operator prox . has the interpretation of an implicit
gradient descent step (even for nondifferentiable functions).

Opposed to explicit (sub-)gradient descent it guarantees the
reduction of E for any 7
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Primal-dual formulation

Let us consider
muin G(u) + F(Ku)

with G and F being simple.

Let us try what helped us in our first computation for deriving
duality: Use "fact 1”: F = F**

min G(u) + F(Ku) = minsup G(u) + (Ku, p) — F*(p)
u u P

Based on "fact 2”, proxr. is easy to evaluate.

Let’s try to alternate between an implicit gradient descent on u
and an implicit gradient ascent in p!
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Primal-dual formulation

Define
PD(u, p) := G(u) + (Ku,p) — F*(p)
and try
pht :prox—aPD(u",~)(pk),
Uk-"_lI :prOXTPD(,,pkM)(Uk)7
One finds
pit :prOX—UPD(UK,~)(pk)7

n .
=argmin 5 ||p — p||* + o F*(p) — o (KU", p)
P

= argmin %Hp — X — oKUK |? + o F*(p)
D

—=prox,, . (p* + o Kuk)
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Primal-dual formulation

Define

and try

One finds

u

k

PD(u, p) := G(u) + (Ku,p) — F*(p)

K1 =prox, g. (" + o Kuk),

1 K
=Prox, pp(. g1y (U°),

p

uk

1 :prox-rPD(~,pk+1)(uk)7
1
= argmin ||u - Uk |2 + G(u) + (Ku, p*)
u
= argmin %Hu — U+ 7K "2 + 7 G(w)
u

=prox, g(u — TK*p*1)
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Primal-dual hybrid gradient method

We found

¥

k

1 = prox, g (p* + oKU),

Ukt = prox, g(uk — TK* ).

One should make one (currently unintuitive) modification:

Pt = prox, . (p* + oK),

Uk

Dk—H _ 2Uk+1

1= prox, g(u — 7K*p**),

k

—u.

(PDHG)

We will understand this modification very well in about 2 weeks!

Our goal: Prove that the Primal-Dual Hybrid Gradient

Method? (PDHG) converges!

2Pock, Cremers, Bischof, Chambolle '08, Esser, Zhang, Chan '09,

Chambolle, Pock 10
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. Primal-Dual Algorithm:
Saddle points

Michael Moeller
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Emanuel Laude

We wrote
muin G(u) + F(Ku) = muin s%p PD(u, p) -
Recap
where oo
PD(u,p) = G(u) + (Ku.p) — F*(p)
for proper, closed, convex G and F. We assume that a ETERETe

Applications

minimizer I exists. Is the "sup” attained for some p, too?
Definition

Let we call (&1, p) a saddle-point of PD : R" x R™ — R, if
PD(d, p) < PD(u, p) < PD(u, p)

holds for all u € R", p € R™.
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g . Primal-Dual Algorithm:
Existing saddle-point

Michael Moeller
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1. Let there exist & € argmin, G(u) + F(Ku), -
2. Let there exist a u € ri(dom(G)) such that Ku € ri(dom(F)).

Recap
Then (according to the sum rule) PDHG

Algorithm

0 € 0G(D) + K*9F (K1)

Convergence

Applications

In particular, F is subdifferentiable at K7 and we know that
Sl;p<KU,p> — F*(p) = F**(K) = (K, p) — F*(P)
for p € 9F (K@) according to the Fenchel-Young inequality.

— Under 1. and 2., a saddle point of PD exists!
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Partial primal-dual gap
Definition

Given two compact sets By and B,, we call
gB1 XBz(ua p) = [g]GaB); PD(U7 p/) - ur/neirﬂl PD(U/, p)
the partial primal-dual gap.

Properties of the partial primal-dual gap

Let (&, p) be a saddle point of the min-max problem
minmax G(u) + (Ku. p) — F*(p).

and let (&1, p) € By x By. Then

Gg,xB,(U,p) >0  Y(u,p) e R" x R”
G, xB,(U,p) =0 = (u,p) is a saddle point.
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Primal-Dual Algorithm:

PDHG convergence theorem

Michael Moeller

Theorem (Chambolle-Pock 10) ot

Emanuel Laude

In addition to the previous assumptions, let L = ||K]|, let
Tol? < 1, and let (p", u", ") be the iterates of (PDHG) for an
arbitrary starting point u°, p° and @° = u°.

Recap

Then (u", p™) converge to a saddle-point (u*, p*) of PD. For PAZ:':W

un = (4 UF)/N, py = (34, p¥)/N, and any compact
By x B> ¢ R™ x R™, it holds that opicators

D(B,, B
GB, x8,(UN, PN) < ¥,

where

Ju—=d°12 | llp—p°2
D(B;,B>) = max
( b 2) (U,p)EB1 X By 2T l 20 ’

and (up, pn) also converge to (u*, p*).

Proof: Board. updated 01.06.2016



PDHG

The primal-dual hybrid gradient method

Pkt = prox, g (0f + oK),

k

Dk+1 —u

k+1

+ (u

k+1

Ut = prox_g(uf — TK* k),

—uh).
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Primal-Dual Algorithm:
ROF Denoisin
g Michael Moeller
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A
min P(u) = min 5|u — f12 4 o||Ku||2.1

Recap
with K being a discretization of the multichannel gradient POHG

operator. Aot

Primal-dual gap

Convergence
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ROF Denoising
We write

. . 1
min P(u) = minmax 3 4~ £ + (Ku. p) ~ 1., .. <a(P):

The (PDHQG) updates are

P! = prox, . (p* + o Ki¥)
K

Ut = prox_g(uf — TK* k),
Uk+1 _ 2uk+1 _ Uk.

which in this case amounts to

U = argmin 1||u — (UF — K P+ I
y 2 2
uk —TK*pkt! o f
147
Dk+1 _ 2uk+1 _ Uk.

1 _
P! = argmin 5 lp - (P + aKT)|? + o)., . <a(P);

lu— £
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. Primal-Dual Algorithm:
TV-L' Denoising

Michael Moeller
Thomas Méllenhoff
Emanuel Laude

min P(u) = mJn lu—fll1 + a||Kul|2,1

Recap
with K being a discretization of the multichannel gradient POHG
operator. Aot

Primal-dual gap

Convergence
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TV-L' Denoising

We write

. . 1
min P(u) = minmax 3 4~ fls + (KU, p) ~ 1., .. <a(P):

The (PDHG) updates are
P! = prox, . (p* + oK)
Ukt = prox_g(uf — TK* Pk,
UkJr‘I _ 2uk+1 o Uk.

which in this case amounts to

An exercise! :-)
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. . Primal-Dual Algorithm:
TV-Inpainting

Michael Moeller
Thomas Méllenhoff
Emanuel Laude

min P(u) = muin v, (U) + o Kull2,1

with K being a discretization of the color gradient operator, and  Recap

PDHG
0 ifui="£ foralljel, Aigorthm

oo otherwise.

v, (U) =

Primal-dual gap

Convergence
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TV-Inpainting

We write

mJn P(u) = muin mglx L,‘,(u) + (KU, p) = ¢ [l5..c <a(P)-

The (PDHQG) updates are

! = prox, g. (p* + oKTX)
U = prox, g(u* — TK* ),
f; ifiel
Kk+1 1 )
= ut = ,
! (uF — 7K*pf*1);  otherwise.

L—Ik+1 — 2uk+1 _ Uk.
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. Primal-Dual Algorithm:
TV-Deblurring e

Michael Moeller
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Emanuel Laude

. 1
min P(u) = min 5[|Au — f12 + a||Kul|2.1

Recap
with K being a discretization of the multichannel gradient PoHG
operator, A being a convolution with a blur kernel. -

Primal-dual gap

Convergence
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TV-Deblurring - Option 1
We write

. 1
min P(u) = minmax 5 ||Au — f|* + (Ku, p) — ¢, .. <a(P)-
u u p 2 :

The (PDHQG) updates are

P! = prox, . (0¥ + o Ki¥)
Ut = prox_g(uf — TK* ),

ak+1 _ 2uk+1 _ Uk.

which in this case amounts to

1 ]
P = argmin 5l — (p" + o KT + o1y, . <a(P):

U1 = argmin %Hu — (UF =K p)|12 + %HAU —f|)?
u

= (I +7A*A) N (UF = 7K*p!t 4 7f)

Uk+1 _ 2Uk+1 _ Uk.
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Primal-Dual Algorithm:
TV-Deblurring - Option 2 ’

Michael Moeller
Thomas Méllenhoff
We write

Emanuel Laude

. 1 5
=minmax(Au —f,q) — 5|q]I" + (Ku; p) = ¢ . <a(P)

A q 1 PDHG
B < (K) ; <p>> =~ (19 =l ~penzalp)

Convergence

Now we have

F'(0.0) = (1.0) + 31al + 1.4y <o (P)
Gu)=0
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TV.Dequrring . opt|on 2 Primal-Dual Algorithm:
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The (PDHQG) updates are

Recap

1 — g PDH
g = argmin 5l — (6" + AT + o4h.) + F gl ;

Algorithm
Primal-dual gap

K41 Convergence

1 _
p = arg;nm 5P (o + o KT)|? + o1, . <a(P); oI

uk+1 _ uk . TK*pk+1 . 7_A>qu+1

Uk+1 — 2uk+1 _ Uk.
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TV-Zooming

1
min P(u) = min 5 || Au — f12 4 a||Kul|2.1

with K being a discretization of the multichannel gradient
operator, A = DB, with B being a convolution with a blur kernel,
and D being a downsampling, e.g. a matrix

1

0

D=1|0

PDHG implementation: Option 2 from the previous example.
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TV-Zooming

Nearest neighbor

TV Zooming
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Image Segmentation

min P(u) = muin ea(U) + eo(u) + (u, f) + a|Kul|2,1

where K : R"™*Mx¢ _, RMMeX2 peing a discretization of the

multichannel gradient operator, and

LA(U) =

t>o(U) =

0

00
0
00

if >, uije =1, V(i,j)
else.

if uijx >0, Y(i,j, k)
else.
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Image Segmentation

50 100 150 200 250 300 350 400

Upper row: data term minimization (=kmeans assignment),

lower row: variational method
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Primal-Dual Algorithm:

Image Segmentation
Michael Moeller
Thomas Méllenhoff
Emanuel Laude

Option 1: We solve -

min max ca (U) + e>o(U) + (U, f) + (KU, p) — ¢).)j,... <a(P)-

u P Recap
X . . i i . PDHG
— Primal proximal operator: Projection onto unit simplex. Aigoritim
Primal-dual gap
Convergence
dopeaons

Option 2: We solve

min n;%x(Su —1,9) + t>0(U) + (U, f) + (KU, P) — ¢).]|. .. <a(P)-

where (Su);; = >y Uij-

— Very simple proximal operators, but additional variable.
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