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Probabilistic Inference (8 Points)

Exercise 1 (Inference on chains, 2 Points). Consider the following factor graph, which
is a chain:

The joint distribution can be written in the form

p(Y) = %¢F1 (y17 y2)¢FQ (927 3/3) et 1/}Fn_1(yn—17 yn) )

where Z = 3§ 17} %F, (vi, yi+1) denotes the partition function. Show that the marginal
distribution p(y;) decomposes into the product of two factors:

1
p(yi) = 7 TP (Wi)rF—v; (Yi) -

Solution. Using the definition of p(y;) we have:
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Exercise 2 (Sum-product and max-sum, 6 Points). Consider the following factor graph,

Ox-
AOS
O

The potential functions are defined for k£ € {1,2,3}

¥, (Yi, y;) = exp (—(lys — y;| + (ck — vi)?)) , wherec; =0,¢5=1,c3 =1, and
Yy (ya) = exp(—(2 — y1)?) .

Assume Y} as the root node and y € £* = {0,1,2}*.

a) Perform the sum-product algorithm in order to achieve probabilistic inference of
the model expressed by the graph above. Show the intermediate steps in details.

b) Perform the max-sum algorithmto achieve MAP inference of the model expressed
by the graph above. Show the intermediate steps in details.

Solution. Instead of the potential functions, we use energy functions, defined as

Ey(yi,y;) = |yi — yj| + (ck — v:)* , wherec; =0,¢5=1,c3=1, and
Ey(ys) = (2 — ya)”

a) Let us consider Y} as the root node. Starting with the leaf nodes, we then have
the following leaf~to—root messages:

qvi-m(y1) =1  forVy € L @D

TFi—Ys (y3) = Z eXp(_EFl (ylayfi)) Qi —Fy (yl) ()
y1€L

Qoo (y2) =1 for Vyo € L 3)

rEyys (y3) = Y exp(—Er, (y2,43)) - ava 5 (2) 4)
y2€L

Qys—F5(Y3) = TH—v3 (Y3) - TR 5 (Y3) ©)

rEoyva(ya) = Y exp(—Ery(y3,v4)) - avs - (u3) (6)
y3€eL

Try—v, (Ya) = exp(—Er, (y4)) - (7)
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Starting with the root node, we then have the following root—to—leaf messages:

qvy—F, (Ya) = TRy, (Ya)
Qyi—F;(Ya) = rri—v; (Y4)

rr-yva(ys) = O exp(—Ep, (Y3, ya)) - @vas s (va)
ya€L

qu—)Fz (y3) = TF1—>Y3 (y3) . TF3—)Y3 (yS)

TRy (12) = > exp(—Er, (y2,43)) - @vaes s (u3)
ysel

qY3—>F1 (y3) = TF2—>Y3 (93) : TF3—>Y3 (y3)

TFi—Y; (yl) = Z exp(_EF1 (y1a3/2)) Qs —F (y3) :
Yyl

Easy calculations show that the messages are given as:

0 1 2
Qyi—»r |1 1 1
Tr—Ys | 1.5032 0.63855 0.027532
Qys—pm | 1 1 1
Try—Yy | 0.78555 1.2707  0.78555
qvs—r; | 1.1808 0.81139 0.021628
rroy, | 073398 097412 0.36524
rr—y, | 0.018316 0.36788 1
Gviom | 073398 097412 036524
qv,—r, | 0.018316 0.36788 1
Tr—Yy; | 0.10631 0.7425  0.41858
qy;—ry | 0.15981 0.47412 0.011524
rmoy, | 012353 0.53715 0.076361
qvs—r | 0.083513 0.94347 0.32881
Ry, | 021201 038002 0.14501

The partition function Z can be calculated as:

Z = Z TFlﬁyl(yl)

y1€L

= Z TF—Y, (Y2)

y2EL

= Z TFi—Ys (y3) TR—Ys (y3) "TE—Ys (y3)

yseLl

= Z TF—Y, (y4) *TEy—Y, (Z/4) =0.737.

ya€L

(8)
©)
(10)

(11)
(12)

(13)
(14)

(15)

(16)

(17)

(18)
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b) Let us consider Y} as the root node. Starting with the leaf nodes, we then have
the following leaf~to—root messages:

@visr (1) =0 forVy e L (19)
TR —Ys(Y3) = max {=Er(y1,y3) + avi—m (Y1)} (20)
qYs—F (y2) =0 for Vys € L (21)
TRy—Y; (Y3) = max {=Er,(y2,3) + avos i (y2) } (22)
Qys—F;(Y3) = TR 5vs (Y3) + TRy—vs (Y3) (23)
TRy, (Ya) = max {=Er(y3,94) + qva—r;(y3)} (24)
TFy—Yy (y4) = _EF4 (y4) . (25)

o 1 2
Qvi»r |00 0
rroy, |0 -1 -2
G,k |0 0 0

rEy, | -1 0 -1
QY3—)F3 -1 -1 -3
TF3—Y, 2 -1 -4

TF,—Y, 4 -1 0
Hence, the maximizing energy is given as:

E(y*) = ZHZGDL({TF;;—))@ (y4) S N (y4)} =-2.
4

To find a maximizing configuration, we have the following sequence of updates:

ya € argmaxy, e {rr—v; (Ya) + 7R v, (ya) } = {1} (26)
y3 € argmaxy, e {—Er (Y3, 1) + 1rovs (U3) +7rovs(3)} = {1} (27)
ys € argmaxy, e {—Er(y2,1)} = {1} (28)
Yi € argmax, ¢ {—Ep (y1,1)} = {0, 1}. (29)

Thus, two global maximizers are given by:

y e€{(0,1,1,1),(1,1,1,1)} .



