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3. Introduction to Graphical models 2 /36

Agenda for today’s lecture *

In the previous lecture we learnt about

B Expectation-maximization algorithm, which is an iterative method for parameter estimation, where the model also depends on latent variables

Today we are going to learn about

1. Expectation-maximization algorithm for mixture of Gaussians
2. Introduction to Graphical models

B Directed graphical models: Bayesian network
B Undirected graphical models: Markov random field
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Mixtures of Gaussians 4 /36

Multivariate Gaussian distribution

Assume a D-dimensional random vector X = (X1,...,Xp), i.e. a vector whose components are random variables, with the joint density function

W= )

( )= e

T1,-..,Tp) = ———=e€xXp | —=
P N A
X is said to have multivariate Gaussian (or Normal) distribution with parameters u € R” and X € RP*P assuming that X is positive definite.

w is called the mean vector and X is called the covariance matrix. We often use the notation X ~ A/ (x | i, ) denoting X has Normal distribution.

Reminder: A symmetric A € R™*™ matrix is said to be positive definite, if u’ Au > 0 for all non-zero u € R™.
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Mixtures of Gaussians

While the Gaussian distribution has some important analytical properties, it suffers from limitations when it comes to modelling real data sets. However the
linear combination of Gaussians can give rise to very complex densities.
Let us consider a superposition of K Gaussian densities

p(z)a
Z 7rk X ’ K 216)
which is called a mixture of Gaussians.
The parameters 75 are called mixing coefficients.
"
Mixture of three Gaussians
K
L e [ Zm (x| B = P

R k=1

All the density functions are non-negative, hence mp > 0 for 1 < k < K, therefore
O0<mp <1 forall k=1,... K.
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Latent variables

We introduce a K-dimensional binary random variable z having a I-of-K representation, i.e. z;, = 1 and all other elements are equal to 0. Let us define

the marginal distribution over z as
p(Zk = 1) =Tk,

which is considered as the prior probability of picking the k™" component of a mixture of Gaussians. This distribution can be also written in the form

K
p(z) = [ [+
k=1

Moreover, the conditional distribution of x given a particular value for z, i.e.the likelihood, can be written as

K
p(X | Rk = 1) :N(X | Hk’zk) , thus p(X | Z) = HN(X | Hk’zk)Zk .
k=1
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Latent variables: responsibilities

The distribution of mixture of Gaussian, specified by the parameter vector 6 = (7, u, X2), is given by

p(x) 2 p(x | 6) = przre Zp(zw)p(x\z,e)

:ZH WkpX’[J,k,zk Zﬂ_k X’/“l’]wzk)

z k=1

The posterior probabilities p(z;, = 1 | x), denoted by 7. (x), a.k.a. responsibilities, show the probability that a given sample x belongs to the k™
component.

(%) 2 plzp = 1] %) = p(x |z =Vp(zr =1) _ p(x| 2z =1Dplze = 1)

p(X) leil p(Zl,X)
_ pl=pxla=1) _ m N(x |y, )
Siipz=px|a=1) X5 mNE| @)
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Example: Mixture of three 2D Gaussians *

0 0.5 1 0 0.5 1 0 0.5 1

Samples from Values of responsibilities
P Samples from p(x | 0) coded by RGB colors

p(z | 0)p(x | 2,0) (1) 7 )]
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Example: Mixture of three 2D Gaussians *

1t
0.5¢
Ot
0 0.5 1 0 0.5 1
Iso-countours of each
component Iso-contours of p(x | 6) Surface plot of p(x | 0)
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Estimation of a mixture of Gaussians
Suppose we have a set of i.i.d. data samples {xy,...,Xy} drawn from a mixture of Gaussians. The data set is represented by X € RV*P,

The goal is to find the parameter vector 6 = (, u, X), specifying the model from which the samples x,, have most likely been drawn. We may find the
parameters which maximize the likelihood function p(x | @). To simplify the optimization we use the log-likelihood function £(0)

_ N
6 € argmax £(0) = argmax Inp(X | 0) Fid argmax In H p(x, | 0)
o n=1
N K
= argmax In H H N (x| pg, Bk)) ™

N K
= argma Z Z (Inm + InN (%, | pg, i) -

Note that there is no closed-form solution for this model = iterative solution.
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Recall the EM algorithm

: Choose an initial setting for the parameters 6

1

2. t—0

3: repeat

4: t—t+1

5. E step. Evaluate ¢t~ (Z) 2 p(Z | X,0(7D)
6: M step. Evaluate ) given by

0 = argmax Q(0,0" V)
6

where

Q(6,6Y) SE[mp(X,Z | 0) | X, 0]
= > p(Z | X,00" D) Inp(X,Z | 6)
Z

7: until convergence of either the parameters 6 or the log likelihood £(6;X)
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E step *

We need to calculate p(Z | X, 0°9). It is calculated based on p(z, | x,,,0°9) forall n = 1,..., N

Xn | Zy, OOId) p(zn | OOId)
p(xn | 6°9)
T W Gt | g )™
S TN oo | i S)
e N(x, , 2 A
D1 TN (Xn | gy, Bi)

Therefore, in the E step we need to calculate the responsibilities . (x,,) for all data points x,, and components k =1,..., K.

p(zn ’ anaold) = p(

11
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M step for p *

We have already known that z,; = vx(x,). Therefore, we may consider

6 € argmax i i Ye(%n) (In g + In N (% | g, Bi)) st m >0, i T =1.
O k=1
We calculate the derivative of £(0) w.r.t. p,
u 1 G
9—uk£ - z:: M) R T i ) By 5 #0B0)
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M step for p *

Let us now consider the derivative of a Gaussian only

2 1 d 1
N (x| e, Bp) = ——== = —exp | — = (%0 — i) Sy (%0 —
o | s 2k T o Xp( 5 (Xn = pi)" By (x M))

1 -1 _ _
exp (- (% — 1) TS5 (0 — 1) ) 5 (0 — )

NN 2

:N(Xn ’ Mk,Ek)EZI(Xn - Nk) .

By substituting back and setting the derivative of £(0) w.r.t. p; to 0, we get

Seo-3

V2R (% — ) = 0
EI = (Xn’ll'k k) k (Xn Nk)

XTL | p’k’ zk)

27]:;1 ’Yk(xn) Xn
Z%:l Tk (Xm)

= Hg -
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M step for X *

N K K
0e argmax Z Z fyk(xn)(lnﬂk + In N (x5, | (g, Ek)) st. m, >0, Z mp=1.
n=1k=1 k=1

Setting the derivative of £(6) w.r.t. 3 to 0, one can obtain (see exercise)

27]:;1 ’Vk(xn)(xn - .U’k)(xn - /J’k)T

Z%:l Tk (Xm)

3 =

Remark: A X € RP*D matrix, calculated as LW
_ T
E_N_lnz::l(xn_ﬂ)(xn_ﬂ) )

is called sample covariance matrix of data points {x,, € RP}Y_, where p is the sample mean.
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M step for 7 *

To integrate the conditions on 7t we use the Lagrange multiplier method

N K K
Heargmaxz Z'yk xp) (In g + In N (x5 | gy, i) + A1 Zwk) .
n=1k=1 k=1

Setting the derivative w.r.t. m; to 0, we obtain

n=1 Tk
N K K
ZZ%(Xn) =)\Z7Tk = N=)
n=1k=1 k=1
therefore
T Zn—l Fyk(xn)
r N
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The EM Algorithm for mixtures of Gaussians

1: Initialize the means u,, covariances 3j, and mixing coefficients 7y for all k =1,... K
2: repeat
3: E step. Evaluate the responsibilities using the current parameter values

_ T N (% | g )
S m N (x| g, 2)

Vi (Xn) forl<n<Nand1<k<K.

4. M step. Re-estimate the parameters (7, py, X)) forall k =1,... | K

rew Y (%) Xn sypew _ St Ve (%) (X — ™) (30 — prpe)”
Z%:l Vi (Xm) ’ Zanzl Vi (Xm)
N
5: until convergence of either the parameters 6 or the log likelihood £(6)
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Example *

(f)

17
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Remarks

B The EM algorithm is not limited to mixtures of Gaussians, but it can also be applied to other probability distributions.
B The algorithm does not necessary yield global maxima. In practice, it is restarted with different initializations and the result with the highest

log-likelihood after convergence is chosen.
B One can think the EM algorithm as an alternating minimization procedure. Considering f(6,q) as the objective function, one iteration of the EM

algorithm can be reformulated as
E-step: ¢V cargmax f(8Y, q)
q
M-step:  0%FD e argmax f(O,q(t))
6
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Introduction to Graphical models 21 / 36

Graphical models

Probabilistic graphical models encode a joint p(x,y) or conditional p(y | x) probability distribution such that given some observations we are provided
with a full probability distribution over all feasible solutions.

The graphical models allow us to encode relationships between a set of random variables using a concise language, by means of a graph.

We will use the following notations

BV denotes a set of output variables (e.g., for pixels) and the corresponding random variables are denoted by Y; for all i € V.
B The output domain ) is given by the product of individual variable domains ); (e.g., a single label set £), so that Y = X .y, ;.
B The input domain X is application dependent (e.g., X is a set of images).
B The realization Y = y means that Y; = y; for all i € V.
B G= V&) isan (un)directed graph, where £ encodes the conditional independence assumption.
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Bayesian networks

Assume a directed, acyclic graphical model G = (V,€), where £ <V x V.

The factorization is given as e e
p(Y =) =] [pi | Ypauti) » e
%

where p(yi | Ypa(i)) is @ conditional probability distribution on the parents of node i € V.

The conditional independence assumption is encoded by GG that is a variable is conditionally independent of its non-descendants given its parents.
For example:
p(y) =p(i | ) p(yr | vi,y;) p(yi) p(y))
p

=p(y | v&) p(ye | i, v5) Wi, v;) = (v | y&) p(Yis Y5, Uk)
=p(yi | Yi» Y5> Y) P(Wi, i Uk) = (Wi Yo Yk Y1) -
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Markov random field 24 / 36

Markov random field

An undirected graphical model G = (V, ) is called Markov Random Field (MRF) if two nodes are conditionally independent whenever they are not
connected. In other words, for any node i in the graph, the local Markov property holds:

p(Y | Vo) = p(Yi | Yivesy) @ Q

where N (i) is denotes the neighbors of node i in the graph.

Alternatively, we use the following equivalent notation: a a

Yi L Yoagy | Yvgy
where cl(i) = N (i) u {i} is the closed neighborhood of i.
Example:

i LYY, Ye = pilyveu) =0l vy,
P | vis i, uk) = Pt | vy, k) -
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Gibbs distribution

Ye(ye) > 0 defined on cliques (i.e. fully connected subgraph) that cover all nodes and edges of G. That is,

py) = 5 [ velve).

CECG

where C¢ denotes the set of all (maximal) cliques in G and

Z = Z ch(}’c)'

A probability distribution p(y) on an undirected graphical model G = (V, ) is called Gibbs distribution if it can be factorized into potential functions

Ca, = 203k} (ie. all subsets of Vs)

=7 ] e

662{i,j,k,l}

20T ={{a}, {5} (k). {1},
Ui g%, 0, k3 {a, 1, {9, kY {0, 1,
{63, kY, 46 3, 1 {i b 1 {0, K, 1
{63,k 13}

yeY ceCqa
is the normalization constant. Z is also known as partition function.
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CGI = {{Z}v{j}v{k}v{l’]}v{jvk}}' hence
1
p(y) = E@bi(yi)@bj(yj)¢k(yk)¢ij(yi7yj)¢jk(yjayk) Gy

IN2329 - Probabilistic Graphical Models in Computer Vision
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Hammersley-Clifford theorem
Let G = (V, &) be an undirected graphical model. The Hammersley-Clifford theorem tells us that the followings are equivalent:

B G is an MRF model.
B The joint probability distribution p(y) on G is a Gibbs-distribution.

An MREF defines a family of joint probability distributions by means of an undirected graph G = (V,€), £ € V x V (there are no self-edges), where the
graph encodes conditional independence assumptions between the random variables corresponding to V.

IN2329 - Probabilistic Graphical Models in Computer Vision 3. Introduction to Graphical models — 28 / 36

Proof of the Hammersley-Clifford theorem (backward direction) *

Let cl(?) = N; u {i} and assume that p(y) follows a Gibbs-distribution.

p(yi | yn,) = P(Yi, YN;) _ ZV\cl(i)p(Y) _ Zv\cl(i) % HCECG Ye(ye)
' ' p(yn;) 2y 2@ PY) 2, 2IV\el(i) 7 [Teece Ye(ve)

Let us define two sets: C;:={ceCq:i€c}and R;:={ceCq:i¢c}.

2w Heee, Ye¥e) Taer, $a(ya)
2 2w Heee, Ye(ve) Taer, Ya(ya)
B [Teee, Ye(ye) Zv\cl(i) [ aer, Yalya)
2y eee Ye(ye) Zvagy aer, Ya(va)
_ Hceci Ye(ye)

- Zyi Hce(,’i Ye(ye)
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Proof of the Hammersley-Clifford theorem (backward direction) *

p(yi ’ YN.) = Hceci wC(YC)
X Teee, velye)
_ Hceci Ye(ye) ' HceRi Ye(ye)
= Zyi Hcec’i %(yc) HceRi ¢C(yc)
HCECG Q;Z)c(yc)

p(y)

~ 3 Tecey Ye(ye)

~ plywiyp ¥i)

Therefore the local Markov property holds for any node ¢ € V.

- plywy)  p(ywy)
=p(Yi | ywg}) -
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Binomial theorem *

Reminder: Let x,y € R and n € N, then

(a+b)" =
k
where (Z) = ﬁlk),
We will use the following identity
0=01-1)"

Reminder: A k-combination of a set S is a subset of k distinct elements of S. If |S| = n, then number of k-combinations is equal to (

o)

n

k

).
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Proof of the Clifford-Hammersley theorem (forward direction) *

We define a candidate potential function for any subset s € V as follows:

fo¥s = ys) = [ [plyay)

z2Cs

where p(y.,y¥) is a strictly positive distribution and y* means a fixed (but arbitrary), default realization of the variables Y; for the set z = V\z. We will
use the following notation:
a(y=) :==p(y=¥3) -

Assume that the Jocal Markov property holds for any node i € V.
First, we show that, if s is not a clique, then f.(ys) = 1. For this sake, let us assume that s is not a clique, therefore there exist a,b € s that are not

connected to each other. Hence (va) a ) (—1%)
_1lsl=lz| AYw) I\ Ywo{a,b}
[s(Ys=ys) = Q(YZ)( ! ) = < ) )
!‘;L wcg[a,b} q(Y'wu{a}) q(Ywu{b})

where —1* meaning either 1 or -1 is not important at all.
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Proof of the Clifford-Hammersley theorem (forward direction) *

We have

(-1%)
fs(Ys _ yg) _ H ( Q(Yw) Q(Ywu{a,b}) )> '

wSs\{a,b} q(Ywu{a}) q(Ywu{b}

p(ys | Yw,y;)k,y;\{mb})

PWa | Yw, U Ui ()
P(Yw: Yos Yy (1))

a(yw) & PYws Y Y5 Y fasy)
A(Yw:Ya)  PWasYus Ui Vi (o))

allb p(y; | Yw; Yb, yzj\{a,b})
PWa | Y Us: Ui (apy)

P(YewsYas Y Vi 1a.0y)

Therefore

f(Yo=y)= ] 169 =1 foralls¢ce.
ws\{a,b}

A q(Yw,y)
Q(Ywa Ya yb)

IN2329 - Probabilistic Graphical Models in Computer Vision
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Proof of the Clifford-Hammersley theorem (forward direction) *
We also show that [ [,y fs(ys) = p(y). Consider any z = V and the corresponding factor ¢(y.). Let n := [V| — |z|.

B q(y:) occurs in f.(y:) as q(y.) ") = q(y2).

m ¢(y.) also occurs in the functions fs(ys) for s €V, where |s| = |z| + 1. The number of such factors is (). The exponent of those factors is
—lsl=lel = 11 = 1.

m  ¢(y.) occurs in the functions f,(ys) for s =V, where |s| = |z| + 2. The number of such factors is (%) and their exponent is —1lsl=lel = 1.

If we multiply all those factors, we get

n

av:)" a(y2)" (D a(y)®) L aly) T = g(y,) 0G0 6)

So all factors cancel themselves out except of ¢(y) = p(y). O
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Summary *

B A graphical models allow us to encode relationships between a set of random variables using a concise language, by means of a graph.

B A Bayesian network is a directed acyclic graphical model G = (V,£), where conditional independence assumption is encoded by G that is a variable is
conditionally independent of its non-descendants given its parents.

B An MREF defines a family of joint probability distributions by means of an undirected graph G = (V, £), where the graph encodes conditional
independence assumptions between the random variables.

In the next lecture we will learn about

m Conditional random fields (CRF)
B Binary image segmentation

27
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