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Probability, conditional probability

A probability space is a triple pΩ,A, P q, where pΩ,Aq is a measurable space, and P is a measure such that P pΩq “ 1. We called discrete probability
space, if Ω “‰ H is countable.

Let P pBq ą 0, then the conditional probability of A given B is defined as

P pA | Bq
△
“
P pAXBq

P pBq
.
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Independence, conditional independence

If two events A and B are independent (A K B), learning that B happened does not make A more or less likely to occur:

P pA | Bq “ P pAq

or, equivalently, iff
P pA XBq “ P pAqP pBq .

A and B are conditionally independent given C means that once we learned C, learning B gives us no additional information about A.

P pA | Cq “ P pA | B X Cq ,

or, equivalently, iff
P pA XB | Cq “ P pA | CqP pB | Cq .
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Random variable, probability distribution

A measurable mapping X : pΩ,Aq Ñ pR,A1q is called random variable.

Let X : pΩ,Aq Ñ pΩ1 Ď R,A1q be a random variable and P a measure over A. Then

P 1pA1q :“ PXpA1q
∆
“ P pX´1pA1qq

defines a measure over A1. PX is called the image measure of P by X.

The image measure PX of P by X is called probability distribution. FX : R Ñ R

FXpxq
∆
“ P pX ă xq , x P R

is called cumulative distribution function (cdf.) of X.
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Joint and marginal distribution

Suppose a probability space pΩ,A, P q. Let X : pΩ,Aq Ñ pΩ1,A1q and Y : pΩ,Aq Ñ pΩ2,A2q be discrete random variables, where x1, x2, . . . denote the
values of X and y1, y2, . . . denote the values of Y .

We introduce the notation
pij

∆
“ P pX “ xi, Y “ yjq i, j “ 1, 2, . . .

for the probability of the events tX “ xi, Y “ yju :“ tX “ xiu X tY “ yju. These probabilities pij form a distribution, called the joint distribution of X
and Y .

The distributions defined by the probabilities

pi
∆
“ P pX “ xiq and qj

∆
“ P pY “ yjq

are called the marginal distributions of X and of Y , respectively.
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Conditional distribution

Suppose a probability space pΩ,A, P q. Let X and Y be discrete random variables, where x1, x2, . . . denote the values of X and y1, y2, . . . denote the
values of Y .

The conditional distribution of X given Y is defined by

P pX “ xi | Y “ yjq “
P pX “ xi, Y “ yjq

P pY “ yjq
“

pij
ř

k pkj
“
pij

qj
.
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The EM algorithm

1: Choose an initial setting for the parameters θp0q

2: t Ñ 0

3: repeat
4: t Ñ t` 1

5: E step. Evaluate qpt´1qpZq
∆
“ ppZ | X,θpt´1qq

6: M step. Evaluate θ
ptq given by

θ
ptq “ argmax

θ

Qpθ,θpt´1qq ,

where Qpθ,θpt´1qq
∆
“Erln ppX,Z | θq | X,θpt´1qs

“
ÿ

Z

ppZ | X,θpt´1qq ln ppX,Z | θq

7: until convergence of either the parameters θ or the log likelihood Lpθ;Xq
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Graphical models

Probabilistic graphical models encode a joint ppx,yq or conditional ppy | xq probability distribution such that given some observations we are provided
with a full probability distribution over all feasible solutions.

The graphical models allow us to encode relationships between a set of random variables using a concise language, by means of a graph.

■ Directed:

◆ Bayesian network

■ Undirected:

◆ Markov random field

■ Factor graphs
■ Conditional random field
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Bayesian networks

Assume a directed, acyclic graphical model G “ pV, Eq, where E Ă V ˆ V.

The factorization is given as
ppY “ yq “

ź

iPV

ppyi | ypaGpiqq ,

where ppyi | ypaGpiqq is a conditional probability distribution on the parents of node i P V.

Yi

Yk

Yj

Yl

The conditional independence assumption is encoded by G that is a variable is conditionally independent of its non-descendants given its parents.
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Markov random field

An undirected graphical model G “ pV, Eq is called Markov Random Field (MRF) if two nodes are conditionally independent whenever they are not
connected.
In other words, for any node i in the graph, the local Markov property holds:

ppYi | YVztiuq “ ppYi | YNpiqq ,

where Npiq is denotes the neighbors of node i in the graph.

Alternatively, we use the following equivalent notation:

Yi KK YVzclpiq | YNpiq ,

where clpiq “ Npiq Y tiu is the closed neighborhood of i.

Yi Yj

Yk Yl
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Hammersley-Clifford theorem

■ An undirected graphical model G “ pV, Eq is called Markov random field, if the local Markov property holds,
i.e. two nodes are conditionally independent whenever they are not connected.

Yi Yj

Yk Yl

■ A probability distribution ppyq on an undirected graphical model G “ pV, Eq is called Gibbs distribution if it can be factorized into potential functions
ψcpycq ą 0 defined on cliques:

ppyq “
1

Z

ź

cPCG

ψcpycq , where Z “
ÿ

yPY

ź

cPCG

ψcpycq ,

and CG denotes the set of all (maximal) cliques in G.

The Hammersley-Clifford theorem tells us that the above two definitions are equivalent.
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Factor graphs

Factor graphs are undirected graphical models that make the factorization explicit of the probability function.
A factor graph G “ pV,F , E 1q consists of

■ variable nodes V (©) and factor nodes F (�),
■ edges E 1 Ď V ˆ F between variable and factor nodes
■ N : F Ñ 2V is the scope of a factor, defined as the set of neighboring variables, i.e.

NpF q “ ti P V : pi, F q P Eu.

A family of distribution is defined that factorizes as:

ppyq “
1

Z

ź

FPF

ψF pyNpF qq with Z “
ÿ

yPY

ź

FPF

ψF pyNpF qq .

Yi Yj

Yk Yl

MRF

Yi Yj

Yk Yl

Factor graph

11
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Conditional random fields

We often have access to measurements X “ x, hence the conditional distribution ppY “ y | X “ xq could be directly modeled, too. This can be
expressed compactly using conditional random fields (CRF) with the factorization

ppy | xq “
ppy,xq

ppxq
“

ppy,xq
ř

y1PY ppy1,xq
“

1

Zpxq

ź

FPF

ψF pyNpF q;xNpF qq .

Note that the potentials become also functions of (part of) x, i.e. ψF pyF ;xF q instead of just
ψF pyF q.

Nevertheless, X is not part of the probability model, i.e. it is not treated as random vector.

Xi

Yi Yj

Xj

Shaded variables: The observations X “ x.
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Potentials and energy functions

We typically would like to infer marginal probabilities ppYF “ yF | xq for some factors F P F .

Assuming ψF : YF Ñ R
`, where YF “ ˆiPNpF qYi is the product domain of the variables adjacent to F , instead of potentials, we can also work with

energies.

We define an energy function EF : YF Ñ R for each factor F P F :

EF pyF ;xF q “ ´ logpψF pyF ;xF qq ô ψF pyF ;xF q “ expp´EF pyF ;xF qq .

ppy | xq “
1

Zpxq

ź

FPF

ψF pyF ;xF q “
1

Zpxq
expp´

ÿ

FPF

EF pyF ;xF qq

“
1

Zpxq
expp´Epy;xqq .

Hence, ppy | xq is completely determined by Epy;xq.

13
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Energy minimization

Assuming a finite X , the goal is to solve y˚ P argmaxyPY ppy | xq.

argmax
yPY

ppy | xq “ argmax
yPY

1

Zpxq
expp´Epy;xqq

“ argmax
yPY

expp´Epy;xqq

“ argmax
yPY

´Epy;xq

“ argmin
yPY

Epy;xq .

Energy minimization can be interpreted as solving for the most likely state of factor graph, i.e. MAP inference.

IN2329 - Probabilistic Graphical Models in Computer Vision 12. Summary – 19 / 61

Overview

Graphical models

Directed

Bayesian networks

Undirected

MRF

Factor graphs CRF
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Inference 21 / 61

Inference

The inference means the procedure to estimate the probability distribution, encoded by the graphical model, for a given data (or observation).

Probabilistic inference: Given a graphical model and the observation x, find the value of the log partition function and the marginal distributions for each
factor,

logZpxq “ log
ÿ

yPY

expp´Epy;xqq ,

µF pyF q “ ppYF “ yF | xq @F P F , @yF P YF .

Maximum A Posteriori (MAP) inference: Given a graphical model and the observation x, find the state y˚ P Y of maximum probability

y˚ P argmax
yPY

ppY “ y | xq .

Both inference problems are known to be NP-hard for general graphs and factors, but they can be tractable if the underlying graphical model is suitably
restricted.

IN2329 - Probabilistic Graphical Models in Computer Vision 12. Summary – 22 / 61

Graph cut

Assume a weighted directed graph G “ pV, E , cq. A cut pS,T q of G is a disjoint partition of V into S and T “ VzS.

The capacity of the cut pS,T q is defined as

cutpS,T q “
ÿ

pi,jqPSˆT

cpi, jq .

Assume distinct nodes s, t P V, a cut pS,T q is called s´ t cut if s P S and t P T .

s

v1

v2

v3

v4

t

16

13

10

12

4

14

9

20

7

4

s

v1

v2

v3

v4

t

The minimum s´ t cut problem is to find an s´ t cut with the lowest cost.

16
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Regular energy functions

Let us consider an energy function E of n binary variables which can be written as the sum of functions of up to two variables, that is

Epy1, . . . , ynq “
ÿ

i

Eipyiq `
ÿ

iăj

Eijpyi, yjq .

E is regular, if each term Eij (i ă j) satisfies
Eijp0, 0q ` Eijp1, 1q ď Eijp0, 1q ` Eijp1, 0q .

If each term Eij is regular, then it is possible to find the global minimum of E in polynomial time by solving a minimum s´ t cut problem.

IN2329 - Probabilistic Graphical Models in Computer Vision 12. Summary – 24 / 61

Energy minimization via minimum s ´ t cut: unary energies

Let us consider the unary energy function Ei : t0, 1u Ñ R.

s

i

t

Eip1q

Eip0q

Obviously, the minimum s´ t cut of the flow network will correspond to

argmin
yiPt0,1u

Eipyiq .

Without loss of generality we can assume that Eip1q ą Eip0q, then we can write

argmin
yiPt0,1u

Eipyiq “ argmin
yiPt0,1u

Eipyiq ´ Eip0q .

s

i

t

Eip1q ´ Eip0q
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Energy minimization via minimum s ´ t cut: pairwise energies

Let us consider the pairwise energy function Eijpyi, yjq : t0, 1u2 Ñ R. The possible values of
Eijpyi, yjq are shown in the table:

Eij yj “ 0 yj “ 1

yi “ 0 A B

yi “ 1 C D

We furthermore assume that Eijpyi, yjq is regular, that is

Eijp0, 0q ` Eijp1, 1q ďEijp0, 1q ` Eijp1, 0q

A`D ďB `C .

Let us note that Eijpyi, yjq can be decomposed as:

A B

C D
“A `

0 0

C ´A C ´A
looooooooomooooooooon

Eip1q

`
0 D ´ C

0 D ´ C
loooooomoooooon

Ejp1q

`
0 B ` C ´A´D

0 0
looooooooooooomooooooooooooon

B`C´A´Dě0

IN2329 - Probabilistic Graphical Models in Computer Vision 12. Summary – 26 / 61
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Energy minimization via minimum s ´ t cut

Putting all together we get that

Unaries

argmin
y

Eipyiq ` Ejpyjq

s

i j

t

Eip1q Ejp1q

Eip0q Ejp0q

Pairwise

argmin
y

Eijpyi, yjq

s

i j

t

C D

A

B`C´A´D

C

Overall energy

argmin
y

Eipyiq ` Ejpyjq

` Eijpyi, yjq

s

i j

t

Eip1q`C Ejp1q`D

Eip0q`A

B`C´A´D

Ejp0q`C
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Multi-label problem

We define a label set L “ t1, 2, . . . , Lu, where L is a (finite) constant. Therefore the output domain is defined as Y “ LV . The energy function has the
following form

Epy;xq “
ÿ

iPV

Eipyi;xq `
ÿ

pi,jqPE

Eijpyi, yj ;xq ,

where x consists of an input image.
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Move making algorithms

Regions α-β swap α-expansion

Assumptions:

■ α´ β swap: Eij is a semi-metric.
Zαβpy, α, βq “ tz P Y : zi “ yi, if yi R tα, βu, otherwise zi P tα, βuu .

■ α-expansion: Eij is a metric.
Zαpy, αq “ tz P Y : zi P tyi, αu for all i P Vu .
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α ´ β swap

α ´ β swap changes the variables that are labeled as ℓ P tα, βu. Each of these variables can choose either α or β. We introduce the following notation

Zαβpy, α, βq “ tz P Y : zi “ yi, if yi R tα, βu, otherwise zi P tα, βuu .

The minimization of the energy function E can be reformulated as follows:

ẑ P argmin
zPZαβpy,α,βq

Epzq “ argmin
zPZαβpy,α,βq

ÿ

iPV

Eipziq `
ÿ

pi,jqPE

Eijpzi, zjq

“ argmin
zPZαβpy,α,βq

”

ÿ

iPV , yiRtα,βu

Eipyiq

looooooooomooooooooon

constant

`
ÿ

iPV , yiPtα,βu

Eipziq

looooooooomooooooooon

unary

`
ÿ

pi,jqPE
yi,yjRtα,βu

Eijpyi, yjq

looooooooomooooooooon

constant

`
ÿ

pi,jqPE
yiPtα,βu, yjRtα,βu

Eijpzi, yjq

looooooooooomooooooooooon

unary

`
ÿ

pi,jqPE
yiRtα,βu, yjPtα,βu

Eijpyi, zjq

looooooooooomooooooooooon

unary

`
ÿ

pi,jqPE
yi,yjPtα,βu

Eijpzi, zjq

looooooooomooooooooon

pairwise

ı

.
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α-expansion

α-expansion allows each variable either to keep its current label or to change it to the label α P L. We introduce the following notation

Zαpy, αq “ tz P Y : zi P tyi, αu for all i P Vu .

The minimization of the energy function E can be reformulated as follows:

ẑ P argmin
zPZαpy,αq

Epzq “ argmin
zPZαpy,αq

ÿ

iPV

Eipziq `
ÿ

pi,jqPE

Eijpzi, zjq

“ argmin
zPZαpy,αq

”

ÿ

iPV , yi“α

Eipαq

looooooomooooooon

constant

`
ÿ

iPV , yi‰α

Eipziq

looooooomooooooon

unary

`
ÿ

pi,jqPE
yi“α, yj“α

Eijpα,αq

looooooooomooooooooon

constant

`
ÿ

pi,jqPE
yi“α, yj‰α

Eijpα, zjq

looooooooomooooooooon

unary

`
ÿ

pi,jqPE
yi‰α, yj“α

Eijpzi, αq

looooooooomooooooooon

unary

`
ÿ

pi,jqPE
yi‰α, yj‰α

Eijpzi, zjq

looooooooomooooooooon

pairwise

ı

.
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Equivalent integer linear program

We are generally interested to find a MAP labelling x˚:

x˚ P argmin
xPL|V|

Epxq “ argmin
xPL|V|

!

ÿ

iPV

Eipxiq `
ÿ

pi,jqPE

wij ¨ dpxi, xjq
)

.

This can be equivalently written as an integer linear program (ILP):

min
xi:α,xij:αβ

ÿ

iPV

ÿ

αPL

Eipαqxi:α `
ÿ

pi,jqPE

wij

ÿ

α,β PL

dpα, βqxij:αβ

subject to
ř

αPL xi:α “ 1 @i P V
ř

αPL xij:αβ “ xj:β @β P L, pi, jq P E
ř

βPL xij:αβ “ xi:α @α P L, pi, jq P E

xi:α, xij:αβ P B @α, β P L, pi, jq P E

xi:α indicates whether vertex i is assigned label α, while xij:αβ indicates whether (neighboring) vertices i, j are assigned labels α, β, respectively.
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Interpretation of the constraints

Let us assume that L “ t1, 2, 3u and consider the following factor graph example:
F1

Y1

F12

Y2

F2

x1:1

x1:2

x1:3

x12:11

x12:23

x2:1

x2:2

x2:3

Uniqueness: The constraints
ř

αPL xi:α “ 1 for all i P V simply express the fact that each vertex must receive exactly one label.

Consistency: The constraints
ÿ

αPL

xij:αβ “ xj:β and
ÿ

βPL

xij:αβ “ xi:α @α, β P L , pi, jq P E

maintain consistency between variables, i.e. if xi:α “ 1 and xj:β “ 1 holds true, then these constraints force xij:αβ “ 1 to hold true as well.
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Primal-dual LP for multi-label problem

The (relaxed) primal LP:

min
xi:α,xij:αβě0

ÿ

iPV

ÿ

αPL

Eipαqxi:α `
ÿ

pi,jqPE

wij

ÿ

α,β PL

dpα, βqxij:αβ

subject to
ř

αPL xi:α “ 1 @i P V
ř

αPL xij:αβ “ xj:β @β P L, pi, jq P E
ř

βPL xij:αβ “ xi:α @α P L, pi, jq P E

The dual LP:
max

yi,yij:α,yji:β

ÿ

iPV

yi

subject to yi ´
ÿ

jPV :pi,jqPE

yij:α ď Eipαq @i P V, α P L

yij:α ` yji:β ď wijdpα, βq @pi, jq P E , α, β P L
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Primal-dual principle

Theorem 1. If x and y are integral-primal and dual feasible solutions satisfying:

xc,xy ď ǫxb,yy

for ǫ ě 1, then x is an ǫ-approximation to the optimal integral solution x˚, that is

xc,x˚y ď xc,xy ď ǫxc,x˚y .
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FastPD

Dual variables update: Given the current active labels, any
non-active label is raised, until it either reaches the active label, or
attains the maximum raise allowed by the upper bound.

Primal variables update: Given the new heights, there might still
be vertices whose active labels are not at the lowest height. For each
such vertex i, we select a non-active label, which is below xi, but
has already reached the maximum raise allowed by the upper bound.

The optimal update of the α-heights can be simulated by pushing the maximum amount of flow through a directed graph G1 “ pV Y ts, tu, E 1, c, s, tq.
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Best-first branch-and-bound optimization

At each step the active node with the smallest lower bound is removed from the active front, while two of its children are added to the active front (due to
monotonicity property they have higher or equal lower bounds).

If the active node with the smallest lower bound turns out to be a leaf ω1 and y1 is the corresponding optimal segmentation, then Epy1, ω1q “ Lpω1q due to
the tightness property. Consequently, py1, ω1q is a global minimum.
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Belief propagation

For tree-structured factor graphs there always exist at least one message that can be computed initially, hence all the dependencies can be resolved.

1. Select one variable node as root of the tree (e.g., Ym)
2. Compute leaf-to-root messages (e.g., by applying depth-first-search)
3. Compute root-to-leaf messages (reverse order as before)
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Messages

Message: pair of vectors at each factor graph edge pi, F q P E .

F

Yi

. . .

. . .

. . .

. . .

rFÑYi

qYiÑF

1. Variable-to-factor message qYiÑF P R
Yi is given by

qYiÑF pyiq “
ź

F 1PMpiqztF u

rF 1ÑYi
pyiq ,

where Mpiq “ tF P F : pi, F q P Eu denotes the set of factors adjacent to Yi.

A

Yi

B

..
.

F

rAÑYi

rBÑYi

qYiÑF

2. Factor-to-variable message: rFÑYi
P R

Yi .
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Factor-to-variable message

2. Factor-to-variable message rFÑYi
P R

Yi is given by

rFÑYi
pyiq “

ÿ

y1
F PYF ,

y1
i“yi

¨

˝expp´EF py1
F qq

ź

lPNpF qztiu

qYlÑF py1
lq

˛

‚ ,

where NpF q “ ti P V : pi, F q P Eu denotes the set of variables adjacent to F .

Yj

F
Yk

..
.

Yi

qYjÑF

qYkÑF

rFÑYi
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Inference result

Partition function is evaluated at the (root) node i

Z “
ÿ

yiPYi

ź

FPMpiq

rFÑYi
pyiq .

A

Yi

B C

...

...

... ... ...

rAÑYi

rBÑYi
rCÑYi

The marginal distribution for each factor can be computed
as

µF pyF q “
1

Z
expp´EF pyF qq

ź

iPNpF q

qYiÑF pyiq .

Yi

F

Yj Yk

...

... ... ...

qYiÑF

qYjÑF qYkÑF
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Sum-product and Max-sum comparison ˚

■ Sum-product algorithm

qYiÑF pyiq “
ź

F 1PMpiqztF u

rF 1ÑYi
pyiq

rFÑYi
pyiq “

ÿ

y1
F

PYF ,

y1
i“yi

¨

˝expp´EF py1
F qq

ź

lPNpF qztiu

qYlÑF py1
lq

˛

‚

■ Max-sum algorithm

qYiÑF pyiq “
ÿ

F 1PMpiqztF u

rF 1ÑYi
pyiq

rFÑYi
pyiq “ max

y1
F

PYF ,

y1
i“yi

¨

˝´EF py1
F q `

ÿ

lPNpF qztiu

qYlÑF py1
lq

˛

‚
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Loopy belief propagation

Yi Yj Yk

Yl Ym Yn

Yo Yp Yq

A B

F G

K L

C D E

H I J

Yi Yj Yk

Yl Ym Yn

Yo Yp Yq

A B

F G

K L

C D E

H I J

Loopy belief propagation is very popular, but has some problems:

■ It might not converge (e.g., it can oscillate).
■ Even if it does, the computed probabilities are only approximate.
■ If there is a single cycle only in the graph, then it converges.
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Mean field approximation

For general (discrete) factor graph models, performing probabilistic inference is hard. Assume we are given an intractable distribution ppy | xq. We
consider an approximate distribution qpyq, which is tractable, for ppy | xq.

One way of finding the best approximating distribution is to pose it as an optimization problem over probability distributions: given a distribution ppy | xq
and a family Q of tractable distributions q P Q on Y, we want to solve

q˚ P argmin
qPQ

DKLpqpyq}ppy | xqq

“ argmin
qPQ

!

ÿ

yPY

qpyq log qpyq

looooooooomooooooooon

´Hpqq

´
ÿ

yPY

qpyq log ppy | xq
)

.
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Näıve mean field

Take a set Q as the set of all distributions in the form:
qpyq “

ź

iPV

qipyiq .

For example, in case of the following factor graph:

q1 q2 q3

q4 q5 q6

q7 q8 q9

Original factor graph Mean field approximation
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Näıve mean field: Optimization

Block coordinate ascent:

We hold all variables fixed except for a single block qm, then we obtain a tractable concave
maximization problem
Ñ closed-form update for each qm.

qm

qjF

µF

ql qn

qo

The update equation for the Naı̈ve mean field method is given by

q˚
i pyiq “

1

ZipxF q
exp

˜

´
ÿ

FPMpiq

ÿ

y1
F PYF ,

y1
i“yi

´

ź

jPNpF qztiu

qjpyjq
¯

EF pyF ;xF q

¸

.
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Gibbs sampling

Each step of the Gibbs sampling procedure involves replacing the value of one of the variables yi by a value drawn from the distribution of that variable
conditioned on the values of the remaining variables, that is

y
pt`1q
i Ð y1

i „ ppyi | y
ptq
zi ,xq .

This requires only the unnormalized distribution p̃ and the normalization over a single variable:

ppyi | y
ptq
zi ,xq “

ś

FPMpiq expp´EF pyi,y
ptq
NpF qztiu;xF qq

ř

yiPYi

ś

FPMpiq expp´EF pyi,y
ptq
NpF qztiu

;xF qq
.

The basic idea is that while sampling from ppy | xq is hard, sampling from the conditional distributions ppyi | yzi,xq can be performed efficiently.

37
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Overview

Inference

Probabilistic

Exact Belief prop.

Approx.

Mean field

Loopy belief propagation

Gibbs sampling

MAP

Exact

Belief prop.

Graph cuts

B&B

Approx.

α-β swap

α-exp.

FastPD

IN2329 - Probabilistic Graphical Models in Computer Vision 12. Summary – 48 / 61

39



Parameter learning 49 / 61

Parameter learning

Learning graphical models (from training data) is a way to find among a large class of possible models a single one that is best in some sense for the task at
hand.

We assume a fixed underlying graphical model with parameterized conditional probability distribution

ppy | x,wq “
1

Zpx,wq
expp´Epy;x,wqq “

1

Zpx,wq
expp´xw, ϕpx,yqyq ,

where Zpx,wq “
ř

yPY expp´xw, ϕpx,yqyq. The only unknown quantity is the parameter vector w, on which the energy Epy;x,wq depends linearly.
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Probabilistic parameter learning

We aim at identifying a weight vector w˚ that makes ppy | x,wq as close to the true conditional label distribution dpy | xq as possible. The label
distribution itself is unknown to us, but we have an i.i.d. sample set D “ tpxn,ynqun“1,...,N from dpx,yq that we can use for learning.

We measure the dissimilarity by making use of Kullback-Leibler (KL) divergence:

KLpd}pq “
ÿ

yPY

dpy | xq log
dpy | xq

ppy | x,wq
.

We obtain a total measure of how much p differs from d by their expected dissimilarity over all x P X :

KLtotpd}pq “
ÿ

xPX

dpxq
ÿ

yPY

dpy | xq log
dpy | xq

ppy | x,wq
.
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Regularized maximum conditional likelihood training

Let ppy | x,wq “ 1

Zpx,wq expp´xw, ϕpx,yqyq be a probability distribution parameterized by w P R
D, and let D “ tpxn,ynqun“1,...,N be a set of i.i.d.

training examples. For any λ ą 0, regularized maximum conditional likelihood training chooses the parameter as

w˚ P argmin
wPRD

Lpwq

“ argmin
wPRD

λ}w}2 `
N
ÿ

n“1

xw, ϕpxn,ynqy `
N
ÿ

n“1

logZpxn,wq .
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Stochastic gradient descent

∇wLpwq “ 2λw `
N
ÿ

n“1

`

ϕpxn,ynq ´ Ey„ppy|xn,wqrϕpxn,yqs
˘

.

If the training set D is too large, one may randomly select only one sample and calculate the gradient

∇̃
pxn,ynq
w Lpwq “ 2λw ` ϕpxn,ynq ´ Ey„ppy|xn,wqrϕpxn,yqs .

Note that line search is not possible, therefore, we need for an extra parameter, referred to as step-size ηt for each iteration.
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Using of the output structure

Assume the set of factors F in a graphical model representation, such that ϕpx,yq decomposes as ϕpx,yq “ rϕF pxF ,yF qsFPF . Thus

Ey„ppy|x,wqrϕpx,yqs “rEyF „ppyF |xF ,wqrϕF pxF ,yF qssFPF ,

where
EyF „ppyF |xF ,wF qrϕF pxF ,yF qs “

ÿ

yF PYF

ppyF | xF ,wF qϕF pxF ,yF q .

Factor marginals µF “ ppyF | xF ,wF q are generally (much) easier to calculate than the complete conditional distribution ppy | x,wq.
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Two-stage learning

The idea here is to split learning of energy functions into two steps:

1. learning of unary energies via classifiers, and
2. learning of their importance and the weighting factors of pairwise (and higher-order) energies.

Epy;xq “
ÿ

iPV

wiEipyi;xiq `
ÿ

pi,jqPE 1

wijEijpyi, yjq .

As an advantage, it results in a faster learning method. However, if local classifiers for Ei perform badly, then CRF learning cannot fix it.
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Piecewise learning

Assume a set of factors F in a factor graph model, such that the vector ϕpx,yq “ rϕF pxF ,yF qsFPF .

We now approximate ppy | x,wq by a distribution that is a product over the factors:

pPWpy | x,wq :“
ź

FPF

pF pyF | xF ,wF q “
ź

FPF

expp´xwF , ϕF pxF ,yF qyq

ZF pxF ,wF q
.

Piecewise training chooses the parameters w˚ “ rw˚
F sFPF as

w˚
F P argmin

wF PR
λ}wF }2 `

N
ÿ

n“1

xwF , ϕF pxn
F ,y

n
F qy `

N
ÿ

n“1

logZF pxn
F ,wF q .

One can perform gradient-based training for each factor as long as the individual factors remain small.
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Loss-minimizing parameter learning

Let D “ tpx1,y1q, . . . , pxN ,yN qu Ď X ˆ Y be i.i.d. samples from the (unknown) true data distribution dpx,yq and ∆ : Y ˆ Y Ñ R
` be a loss function.

The task is to find a weight vector w that leads to minimal expected loss

Epx,yq„dpx,yqr∆py, fpxqqs

for a prediction function fpxq “ argmaxyPY gpx,y;wq, where g : X ˆ Y Ñ R is an auxiliary function that is parameterized by w P R
D.

Let gpx,y;wq “ ´xw, ϕpx,yqy be an auxiliary function parameterized by w P R
D. For any C ą 0, structured support vector machine (S-SVM) training

chooses the parameter
w˚ P argmin

wPRD

1

2
}w}2 `

C

N

N
ÿ

n“1

ℓpxn,yn,wq

with ℓpxn,yn,wq “ maxyPYp∆pyn,yq ´ xw, ϕpxn,yqy ` xw, ϕpxn,ynqyq.

S-SVM learning ends up a convex optimization problem, but it is non-differentiable. Furthermore it requires repeated argmax prediction.
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Announcement: Computer Vision Group

Inquiries for Bachelor and Master projects are always welcome!

We currently work on the following research topics:

3D reconstruction Optical flow Shape analysis Robot vision RGB-D vision

Image segmentation Convex relaxation Visual SLAM Scene flow Deep learning

Please complete the form: https://vision.in.tum.de/application
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