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Recall: Inference *

Sum—product algorithm Max—sum algorithm Loopy belief propagation

Inference means the procedure to estimate the probability distribution, encoded
by a graphical model, for a given data (or observation).

Assume we are given a factor graph G = (V, &', F) and the observation x.

B Maximum A Posteriori (MAP) inference: find the state y* € Y of
maximum probability,

y* € argmax p(y | x) = argmin E(y; x) .
yey yey

B Probabilistic inference: find the value of the partition function Z(x) and the
marginal distributions r(yr) for each factor F' € F,

Z(x) = > exp(—E(y;x))

yeY
nr(yr) =plyr | x) .
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Agenda for today’s lecture *
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Today we are going to learn about belief propagation to perform exact inference
on graphical models having tree structure.

Reminder: a tree is a connected and acyclic graph.

B Probabilistic inference: Sum-product algorithm
B MAP inference: Max-sum algorithm

We also extend belief propagation for general factor graphs, which results in an
approximate inference.
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Probabilistic inference on chains
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Assume that we are given the following factor graph and a corresponding energy
function E(y), where Y = Y; x YV; x Vi x V.

O——O—=—<

€
®

We want to compute p(y) for any y € ) by making use of the factorization

p(y) = exp(~B(y)) = exp(—Ea(ui. 7)) exp(—Ep (u;. 1)) exp(~Ec (vs. ).

Problem: we also need to calculate the partition function

Z=>Y exp(—E(y)= > > > > exp(—E(i i),

yey Yi€Vi Y€V YEVE YIEYV)

which looks expensive (the sum has |V;| - |YV;| - |Vk| - || terms).
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Partition function m
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We can expand the partition function as

Z=3 > > > exp(—Eiyjyr )

Yi€Yi Y;€Y) YEVK YIEV)

= > Y Yy eXP( (Ea(yi, ) + E(yj, yx) + Ec (yk, yl)))

Yi€YVi Y€V YEVE YIEY)

=2 2 20 2, exp(=Ea(yi,yp) exp(—Ep(y;, yr)) exp(—Ec(yx, 1))

Yi€YVi Y€V YEVE YIEY)

- Z Z exp(—Ea(yi,yj)) Z exp(—FEp (Y5, yx)) Z exp(—Ec(yk, y1)) -
Yi€Yi Yj€Y YEVk YIEY]
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Elimination m

Sum—product algorithm Max—sum algorithm Loopy belief propagation

Note that we can successively eliminate variables, that is

Z=> > exp(—Ea(yi,y;) Y, exp(—Ep(yj,ur)) ), exp(—Ec(yr, )

Yi€Yi Y;€Y; YEVk gzeyz .
rc—y;, (Yk)

— Z Z exp(—EA(yi,yj)) Z GXP(—EB(yjayk))TCHYk(yk)

Vi€V Y;€Y; ?ikeyk: J

rB—y; (Y;)

= > D ep(=Ealyiyj))re—v; (y;) = D, rasyi(ui) -

Yi€EYi Y;€Y; Yi€Vi

raey; (1)
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Inference on trees
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Now we are assuming a tree-structured factor graph and are applying the same
elimination procedure as before.

7aC—)Y (yj)c
/ = Z Z exp(—Ea(yi,y;)) Z exp( EB (Y5, Yr)) Z exp(—Ec(y;,v1))
Yi€YV; yjeyg keyk: Jﬁgleyl ,
re—y; (y;) ro—v; (y;)
= > > expl —Ea(yi ) By, (Y5)re-y; (1))
Yi€YVi yjeyj e g
QYJ—>A(y3)

= > > exp(—Ealyi, y))av,—Aay;)

Yi€Yi Y;€Y;
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Inference on trees (cont.)
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Now we are assuming a tree-structured factor graph and applying the same

elimination procedure as before.

@

7 = Z Z exp(—Ea (Y vj))av;—A(Yj)
Vi€V Y;€Y;

J

~N"

TA-Y; (Yi)
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Messages
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Message: pair of vectors at each factor graph edge (i, F) € £'.

TF—>Y,L

1. Variable-to-factor message gv._,» € RYi is ALY, qy, > F
- g q}/tL F I A . \Y ....>
B F
FreM(i)\(F)

where M (i) = {F € F : (i, F') € £'} denotes
the set of factors adjacent to Y.
2. Factor-to-variable message: 75 .y, € RV,
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Factor-to-variable message
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2. Factor-to-variable message rp_,y, € RY is given by

remy, (i) = ), |exp(=Er(yr) || avier@) |,
y€VFr, leN(F)\{i}
Y;=Yi

where N(F) = {ieV : (i, F) € £} denotes the set of variables adjacent to F.
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Message scheduling *
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One can note that the message updates depend on each other.

rroviui) = ), | ep(=Er(yr) || oier@) (1)
YreVr, leN(F)\{i}
Yi=Yi

wvioryi)= || reovi(w) (2)
FreM()\(F}

The messages that do not depend on previous computation are the following.

B The factor-to-variable messages in which no other variable is adjacent to the
factor, that is the product in (1) will be empty.

B The variable-to-factor messages in which no other factor is adjacent to the
variable, that is the product in (2) is empty and the message will be one.
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Message scheduling on trees
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For tree-structured factor graphs there always exist at least one such message that
can be computed initially, hence all the dependencies can be resolved.

Source: Nowozin and Lampert. Structured Learning and Prediction. 2011.

1. Select one variable node as root of the tree (e.g., Y;,,)
2. Compute leaf-to-root messages (e.g., by applying depth-first-search)
3. Compute root-to-leaf messages (reverse order as before)
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Inference result: partition function Z
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Partition function is evaluated at the (root) node i

Z=> 1] re=v.w)-

yi€Yi FeM (1)
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Inference result: the marginals jr(yr)
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The marginal distribution for each factor can be computed as

Y oy = Y e Y Eulyh)

y'e, y'EY, HeF
Yr=YF Yr=YF
1
:Eexp(—EF(yF)) Z exp( Z _EH(YQLI))
y'e X Vg HeF\{F}
HeF\{F}
1

=— exp(—Ep(yr)) N | avisr(w)
ieEN(F)
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Optimality and complexity *
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Assume a tree-structured factor graph. If the messages are computed based on
depth-first search order for the sum—product algorithm, then it converges after 2|V
iterations and provides the exact marginals.

If |);| < K for all i €V, then the complexity of the algorithm O(|V| - K*), where
L = maxrer |N(F>|

reovi(y) = ), |ep(=Br(yr) || av-r®))
YREVF, JEN (F)\{t}
Yi=Yi

Note that the complexity of the naive way is O(K V).

Reminder: Assuming f, g : R — R, the notation f(x) = O(g(z)) means that there
exists C' > 0 and x¢ € R such that |f(z)| < Clg(x)| for all x > x.
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MARP inference
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* 1 ~
y* € argmax p(y) = argmax —p(y) = argmax p(y) .
yey yey 4 yey

Similar to the sum—product algorithm one can obtain the so-called max—sum
algorithm to solve the above maximization.

By applying the In function, we have

Inmax p(y) =maxInp(y)

yey yey
= maxlIn exp(—Er(yr))
yey FeF
= max > —Ep(yr)
ye FeF
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MAP inference on trees
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Now we are assuming a tree-structured factor graph and applying an elimination
procedure as before.

ye) FeF e
=max —F,(y;,y;) + max —Ep(yj, yx) + max —Ec(y;, yi)
Yi,Y; Yk PN .
rB-y; (¥;) re-y; ;)

= max —EA(yi,y5) + 1oy, (Ys) + 1oy (y))
17Yg ~ -

~N"

qy;—A(Y;)
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MAP inference on trees (cont.)
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Now we are assuming a tree-structured factor graph and applying an elimination
procedure as before.

max Y —Ep(yr) = max max —Ba(yi, y;) + av;-a(yy) = maxray; ()
FeF ’ “ / J/ '

~N"

The solution is then obtained as:

y; € argmaxray;(¥i), y; € argmax —Ea(y;,yj) + qv;—»a(y;),
Yi Yy

yi € argmax —Ep(y;,yx),  y/ € argmax —Ec(y;,u) -
Yk Yi

IN2329 - Probabilistic Graphical Models in Computer Vision 8. Belief propagation — 22 / 35



Messages
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The messages become as follows

wviorWi) = ), rrovi(u)
F'eM (i)\{F'}

reoy(yi) = max | —Ep(yp)+ Y. av-r(y)

y%‘eyFa IeN(F .
it eN(F)\()

The max-sum algorithm provides exact MAP inference for tree-structured factor
graphs.
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Choosing an optimal state
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After calculating the messages, the following back-tracking algorithm is applied
for choosing an optimal y*.

1. Initialize the procedure at the root node (Y;) by choosing any

y¥ € argmax max p(y’),
Yi€Vi y/ey’y;; =Yi

and set 7 = {i}.
2. Based on (reverse) depth-first search order, for each j € V\Z

(a) choose a configuration y7 at the node Y; such that

~

y; € argmax max py'),
Y;i€Y; }; ey,
yi=y¥ VieZ

(b) update Z =7 u {j}.
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Sum-product_and Max—sum comparison *
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B Sum-product algorithm

wvi-rw)= ||  reov(w)
F'eM (i)\{F}

rrovi(Wi) = ), |ep(—Eryp) || avier(y)

Yr€VF, leN(F)\{i}
Yi=Yi
B Max—sum algorithm
wvi-r(yi) = ), TEov(u)
F'eM (i)\{F'}

rpoy,(yi) = max | —Ep(yp) + > avi-r(y)

y;,?; " leN(F)\{i}
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Sum—product algorithm

_Example *

Max—sum algorithm

Loopy belief propagation

EA(anjayk) EA(]-ayjayk’) EB(yk’) EC’(yk,yl)
Yk Yk Yk Yi
01 01 0| 1 0 1
010 0/0-1] | 1|05 0 0 05
Yiilo1ll ¥ 1|00 Y511 05 0

Let us chose the node Y; as root. We calculate the messages for the max-sum
algorithm from leaf—to—root direction in a depth-first search order as follows.

1. qv-c(0) = gvi—c(1) =
2. 1oy (0)=maxye013{—Ec(0, yi)+qv—c(0) }=max,,c 10,1y~ Fc (0, 1)=0
ro—y;, (1)=maxyc0,13{—Fc (1, yi)+gy,—c (1) }=maxy,c 0,1y~ FEo (1, y1)=0
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Example (cont.) * m
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5. qv;—-4(0) = gy;—a(1) =0
6. ray;(0)=max, . c013,{—Ea(0,Y5,Uk) +qv;—A(Y;) +qvi—a(yr)} =—0.5
rasy; (D) =maxy . cio13{—Ea(l, ¥, Yx) +av;—a(yj) +av,—a(yr)} =0.5

In order to calculate the maximal state y* we apply back-tracking

1.y € argmax, e 1y ra-y; (vi) = {1}

2. y; € argmax, maxy. . o 1}{—Ea(L,v5, k) + qvi—a(yr)} = {0}

3. y; €argmax,, oo {—Ea(1,0,yx) + 5oy, (Uk) + 7oy (k) } = {1}

4.y € argmax, co 131 —Ec(l,u) + ro-v (1)} = {1}
Therefore, the optimal state y* = (v, 7, vz, y") = (1,0,1,1).
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Message passing in cyclic graphs
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When the graph has cycles, then there is no well-defined leaf~to—root order.
However, one can apply message passing on cyclic graphs, which results in loopy
belief propagation.

@h‘l_’@‘_ﬁ_’\y}c D nae @ ,,,,,, Ba @
N N N
C@Lﬁ—’@l'—ﬁ—@l CYD ...... SEe 6@ ,,,,,, SRR
H.T ]'T 7 IT Hlv I.i 7
@Lgﬁ@jhﬁﬁ@l Lok bege

Source: Nowozin and Lampert. Structured Learning and Prediction. 2011.

1. Initialize all messages as constant 1

2. Pass factor—to—variables and variables—to—factor messages alternately until
convergence

3. Upon convergence, treat beliefs pp as approximate marginals
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Messages
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The factor-to—variable messages rr_,y; remain well-defined and are computed
as before:

rEoy; (Yi) = Z eXP(—EF(Y%)) H C.IYJ-—>F(ZU§')
YreVr, JEN (F)\{i}
Y =Yi

The variable—to—factor messages are simply normalized at every iteration as

follows:
HF’EM(i)\{F} rF—y; (Vi)

qy,—-F\Yi) = :
R S § PR 7]
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Beliefs
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The approximate marginals, i.e.beliefs, are computed as before, but now a
factor-specific normalization constant zg is also used.

The factor marginals are given by

1
_ = E T ovieer @)
wr(yr) - exp(—Er(yr)) qy, —r (Vi)

Z exp(—Er(yr)) H qv,—F(¥i) -
YrEYF iEN(F)
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Beliefs (cont.) *
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In addition to the factor marginals the algorithm also computes the variable
marginals in a similar fashion.

1
wily) = — || rroviw),
" FreM(3)

where the normalizing constant is given by

Z H FroY; (Yi) -

y:€YVi F'e M (1)

Since the local normalization constant zg differs at each factor for loopy belief
propagation, the exact value of the normalizing constant Z cannot be directly
calculated. Instead, an approximation to the partition function can be computed.
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Remarks on loopy belief propagation
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A B_ o ~ N A o~ B <.
' -— —>m<— e ' > - /‘\ > -
@ » \Yy = @ Yy L \Yy KYk.
! ! ! ; ; ;
o | Dm En o | Dm En
l l l A A A
CY\‘_ a _>/}/\<_ g _’/Y> CY\ ...... > a‘ ..... /Y'\ ...... > g‘ ..... /Y)
Y \ 2 lJ N NP
T T ! ; ; ;
HH Im J 1 HN I'm J
l l l ‘ ? ‘
- Kk A L oK. Com Lo
v —a—() —a—(Y, v —a—(Y,

Source: Nowozin and Lampert. Structured Learning and Prediction. 2011.

Loopy belief propagation is very popular, but has some problems:

B It might not converge (e.g., it can oscillate).
B Even if it does, the computed probabilities are only approximate.
B |If there is a single cycle only in the graph, then it converges.
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Summary *
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We have discussed exact inference methods on tree-structured graphical
models

¢ Probabilistic inference: Sum-product algorithm
¢ MAP inference: Max-sum algorithm

B For general factor graphs: Loopy belief propagation

In the next lecture we will learn about
B Human-pose estimation

Source: Nowozin and Lampert. Structured Learning and Prediction. 2011.

B Mean-field approximation: probabilistic inference via optimization (a.k.a.
variational inference)
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