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Let us consider an undirected graphical model given by G = (V, £), which takes
values from an arbitrary (finite) label set £. More specially, assume that the
corresponding energy function E : LY — R is given by

E(x) ZE x;) + Z wij - d(xi,Xj) )
=y (i,j)e€ -expansion

where E; stands for a unary energy function, w;; € R are weighting factors, and d
is a metric or a semi-metric (i.e. the triangle inequality is not necessary satisfied).

In the previous lecture we learnt about o — /3 swap, which approximately solves
this problem.

Today we are going to learn about

B a-expansion, which provides an approximate solution, and
W the linear programming formalization of the multi-labeling problem.
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_osexpansion h Local optimization
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a-expansion allows each variable either to keep its current label or to change it to Let us consider E;;(z;, z;) for a given (i, j) € &:

the label o € £. We introduce the following notation
By | o [y |
Zulys0) = (5€ Y 5€ o) forall i€ V)

If we assume that Ej; : £ x £ — R is a metric for each (4,7) € &, then

The minimization of the energy function E can be reformulated as follows:

z € argmin FE(z) = algmm ZE(” )+ Z Eij(zi, ;)
2620 (y,0) Eij(a, o) + Eij(yi, yj) = Eij( ) < Eij(yi, @) + Eij(a, y5) ,

which means that E;; is regular w.r.t. the labeling Z,(y, ®).
€V, y; #a

unary

YiFo, yjFo
pairwise
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Graph' construction thi Graph_construction: t-links
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We need to minimize the following regular energy function:

7 € argmin ZE zi) + Z Eij(o, z) + Z Eij(zi, o) + Z Eij(z, . E"(IJJFC*ABJFGA?D

z€2a(y,Q) jep ( i (i,5)€€
YiFo 2 Y v i YiFQ, YjFo

pairwise
Based on construction applied for binary image segmentation, we can also define a @
flow network (V' &', ¢, a, @), where V' = {a, a} u{ieV:y #a}and t-links: for all i € V\{a, &}
& ={(a,i), (i,a) 1 i e V\{a,a}} u{(i,
t-links -li c(a, i) = z(llz + Z Ez] 'Uwa) + Z E]z(ﬂ yi) + Z Ez] 'Uwa) .

(1.5)€€, yj=c (4,0)€€, yj=a

Z Eji(y5,vi) -

(4,)€€, y;#a

D
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Graph_construction: n-links
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a-expansion algorithm *

a-expansion Stereo matching Primal-dual LP Primal-dual principle Primal-dual schema

n-links: for all (i, ) € £, where i,j € V'\{a, a}

c(i,j) = Eij(ony;) + Eij(yi, o) — Eij(yi, y5) -
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Optimality *
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The oo — 3 swap does not guarantee any closeness to the global minimum.
Nevertheless, the local minimum that the a-expansion algorithm will find is at
most twice the global minimum y*.

We have already assumed that Ej; is a metric for each (4,7) € £, hence
Eij(o, B) # 0 for a # € L. Let us define

= max <m‘f'lxa¢ﬁe£Eij(a75)> .
(i.)e€ \ Mingzpec Eij(a, 8)

Theorem 1. Lety be a local minimum when the expansion moves are allowed and
y* be the globally optimal solution. Then E(y) < 2cE(y*).
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Stereo matching *
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Given two images (i.e. left and right), an observed 2D point p; on the left image
corresponds to a 3D point P that is situated on a line in R3. This line will be
observed as a line on the right image.

P can be determined based on p; and py. We assume that the pixels p; and ps,
corresponding to P, have similar visual appearance.
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Stereo matching
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The goal is to reconstruct 3D points according to corresponding pixels.
We assume rectified images, which means that the corresponding pixels are
situated in horizontal lines according to some displacement.

Li

Left view Right view

Therefore, we need to search for corresponding points in the same row of both
views. We also assume that the pixels p; and ps corresponding to P have similar
intensities.
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Input: An energy function E(y) = ey, Ei(yi) + X5 jyee Eij (i, y;) to be
minimized, where E;; is a metric for each (,7) € £
Output: A local minimum y € ¥ = LY of E(y)
1: Choose an arbitrary initial labeling y €
2y <y
3: for all « € £ do
4 find z € argmingez, () £(2)
5: Y12z
6: end for
7. if E(y) < E(y) then
8 y< ¥y
9 Goto Step 2
10: end if
a-expansion is guaranteed to terminate in a finite number of cycles. This algorithm
computes at least |£| graph cuts, which may take a lot of time, when the label
space L is large.
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Stereo matching

Rectified images
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Suppose that we are given two cameras looking at parallel direction. Let Clesr be
the origin of the coordinate system and assume that the image planes are co-planar
and parallel to the z and y axis.

Left view Pﬁ/\

Right view

Yy
The intersection of the triangle A(Cleft, P, Cright) and the plane including the
images planes is the segment p1pz. Therefore pips is parallel to the z-axis.

For more details you may refer to the course on Computer Vision IlI: Multiple View Geometry.
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Energy function
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We define £ = {1,2,..., D} as the label set, i.e. set of possible horizontal
displacement of pixels on the right view), where D is a constant.
Therefore the output domain ) = £V and the energy function has the following
form
BE(y;x) = Y. Ei(yisx) + Y, Eij(yi,y;i%)
€V (i,5)€€
left right'

where x consists of the images (i.e. left and right view) denoted by x'*"* and x

respectively.

Unary energies (a.k.a. data terms) E; for all i € V are defined as

Ei(yi;x) = min(|ze® — 2% K)) |

where K is a constant (e.g., K = 20?).
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Energy function __Results *
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Pairwise energies (a.k.a. smooth terms) E;; for all (,j) € £ are defined as
Eij(yiyy3 %) = U(J2® — %)) - [y; # y,] .

where

1.l

2C, if |aleft — 2t < 5 ) ) X
Left view Right view

U Illeft _ xlgft _
(J il C, otherwise
for some constant C'.

Note the pairwise energies are defined by weighted Potts-model, which is a
metric.

Ground truth Result of & — 3 swap Result of a-expansion

It is worth noting that a-expansion algorithm generally runs faster than a — 3
swap. There is optimality guarantee only for a-expansion algorithm, however, the
two algorithms perform almost the same in many practical applications.
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_Summary * Equivalent integer linear program

a-expansion Stereo matching Primal-dual LP Primal-dual principle Primal-dual schema a-expansion Stereo matching Primal-dual LP Primal-dual principle Primal-dual schema

B A binary energy function E consisting of up to pairwise functions is regular, if We are generally interested to find a MAP labelling x*:
for each term E;; for all i < j satisfies

x* € argmin E(x) = argmin{ Z Ei(z;) + Z wij - d(zi,xj)} .

Eij (0, 0) + E,’j(], 1) < EZ~(O, 1) + E,’j(l, 0) . xeLlVI xeLVl Mgy (i,j)E€

This can be equivalently written as an integer linear program (ILP):

B The minimization of regular energy functions can be achieved via graph cut.

B The multi-label problem for a finite label set £ . “2,“ ) Z Z Ei(@)ia + Z wiy Z d(ct, B)Tij:p
sl ey ael ij)e€ BeL
E(yix) = ) Ei(yix) + Y, Eilyiyix) e b e
Py (Gg)ee subject to >y Tia =1 VieV

can be approximately solved by applying Doer Tijap = Tjg VBEL,(i,j) €€
& o — 3 swap, if Ej; is semi-metric; Yger Tijop = Tia Ya€L, (i,j)€E
ap€B Va,B€L,(i,j) €&

¢ «-expansion, if E;; is metric.

Lizars T

Zi.o indicates whether vertex i is assigned label «, while x;;.4 indicates whether
(neighboring) vertices i, j are assigned labels «, 3, respectively.

6. Primal-dual Schema - 20 / 40

IN2329 - Probal ic Graphical Models in Computer Vision 6. Primal-dual Schema - 19 / 40 - Graphical Models in Computer Vision

Interpretation of the constraints
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Let us assume that £ = {1,2,3} and consider the following factor graph example:
(D))=
11 T12:11 ZT2:1
giz B<—>@ T12:23 g;g H
1 } Primal-dual LP

Uniqueness: The constraints >, . Ti:o = 1 for all i € V simply express the fact
that each vertex must receive exactly one label.

Consistency: The constraints
Z Tij:af = Tj:3 and Z Tij.af = Tia Va,Be L, (Z,j) e
ael BeL

maintain consistency between variables, i.e. if z;., = 1 and zj.5 = 1 holds true,
then these constraints force 2;;.,53 = 1 to hold true as well.
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LP relaxation: cost function

LP relaxation
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The ILP defined before is in general NP-hard. Therefore we deal with the LP . .

. . . min {c,x)  subjectto Ax=b,x>0.
relaxation of our ILP. The relaxed LP can be written in standard form as follows: TisTijiap

. o T
min  {c,x) We may write x = [x] xI], where
TiarTijiap

T
. X1 = |11 -+ T3 Toy -+ Tog| €R™T
subject to Ax =b,x > 0. ! [ 11 13 g2 2‘5] ?

where n = |V| and m = |£|, and
T m’
xp = [Ti21 o+ @213 0 Tizst oo Tizss] € RE .
Similarly, we can write ¢ = [¢] c{]T, where
T
C1 = [El(l) E1(3) Ez(l) E2(3)] e R™
e =[wizd(1,1) -+ wid(1,3) -+ wipd(3,1) - wlzd(3,3):|T e RIEIm?,

Therefore, {(c,x) = {(c1,x1) + {ca,X2).
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LP relaxation: uniqueness constraints *
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LP relaxation: consistency constraints *
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min {c,x) subject to Ax =b,x>0.

Tisa,Tij:af

We can write the (uniqueness) constraints Y, ., o = 1 forall i € V as

ael
11100 0o]|™
{0 0011 1] =Aux; =1,=:by,
—— 2 | %23
Al

where 1,, € R" is the vector of all-ones.
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LP relaxation: constraints *
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min {c,x) subject to Ax =b,x>0.

Tiza,Tij:af

We can write all the constraints in a matrix-vector notation as follows.
Ax — [ Avr | Opxjgim? ] [Xl] _ [ 1, ] _ [bl} b
Ao | Agp X2 02i¢)m bs
Hence, A € Rn+2IElmxmn+[Em? jg 5 sparse matrix with elements -1,0 and 1,

furthermore b € ]R"”‘g'm, where the first mn elements are equal to one and the
others are equal to zero.
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Dual LP
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max <(b,y) subject to ATy <c.

YiYij:aYji:p

Note that the dual variables y; for all i € V and y;jia, yjip for all (i,7) € £,
«, B € L correspond to the constraints of the primal LP.

We can write y = [yf yg yg]T, where y; = [yl yn]T € R", and
ya € RIE™ and y3 € RIEI™ are the vectors consisting of the variables Yji:g and Yij.a
in the same order as it is defined in the case of the primal LP.

The cost function results in

<b7y> = <b17y1> + <b27 I:y,{

The constraints ATy < c are given by

A?l Agl]y<[01]=c'
Olgjm2xn | Azp

AT =y = Yo

ATy=[
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An intuitive view/of the dual variables
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We will refer to x; € L as the active label for a given the vertex i € V.

For each vertex we have a different copy of all labels in L. It is assumed that all

these labels represent balls floating at certain heights relative to a reference plane.
[ Ry M [
Inay-QO

For this sake we introduce height
variables defined as

P77 S—

N ,
hi(a) = Ei(a) + Z Yijia - O | -
. T 1 a=x,
JEV,(i,j)e€ /

Il

o)
E

The constraints y; — 3 5cy.(; jjee Yijia < Ei(@) can be equivalently written as

v < Ei(a)+ )] VieV,aeLl.
JEV:(i,j)eE

Yijia = hi(a)

Since our objective is to maximize ;. ¥;, the following relation holds
y; = minh;(a) VieV.
ael

min {c,x)
Tisa Tijiaf

subject to Ax =b,x>0.

The (consistency) constraints 3. . - Tij:ap = Tj:3 < —Tjig + Dner Tijiag = 0
and Yser Tijiaf = Tia € —Tia + Dger Tijap = 0 can be expressed as

o 0O o0 -1 0 0}j1 001O0O0OT1O0OD0 11
o O o0 0 -1 0}j010O0OT1TO0OO0OT1O0
00 0 0 0 -1/001007100°1 w2 | _ g
1 0 0 0 0 0]1 11000000 |]|zon '
o -1 0 0 O O0O}j0O0O0OO0OT1T1TT1TUO0OTGO0OO :
o o0 -1 0 O O0Jj]0OO0OO0OO0OOO0OT1TT1T1
212:33
[ Aar | A ][] = 0 =512
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Primal-dual LP
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Consider a linear program (given in standard form):
inde,
e
subject to Ax =b,x >0,

for a constraint matrix A € R™*™, a constraint vector b € R™ and a cost vector
ceR™.

The dual LP is defined as
max<b, y)

subject to ATy <c.

For feasible solutions x and y weak duality holds:

(b,y) =b"y =x"(ATy) = (y"A)x <c'x = (c,;x) .
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_Dual LP *

Primal-dual LP Primal-dual principle Primal-dual schema

a-expansion

Stereo matching

max  (1,,y1)

YisYij:oYji:f
A A C1
11 21 y < .

subject to
[ 0|£\m2xn Ajy C2
Or equivalently, we can formulate the dual LP as

max Z Yi
YisYijiaYjice {2

v
subject to  y; — Z Yijia < Ei(a) VieV,ae Ll
JEV, (i.4)e€
Yijia + Yjiep < wijd(e, B) V(i,j)e& a,fe L
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Balance variables and load
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We will refer to the variables y;;.o, y;i.3 as balance variables. Specially, the pair
of Yij.a, Yji:a is called conjugate balance variables.

The balls are not static, but may move in pairs through updating pairs of
conjugate balance variables as hi(a) = Ei(a) + Xjey i jjee Vijia- 1 herefore, the
role of balance variables is to raise or lower labels.

e

Ii) Q)

[+
A7 —

It is due to Yijia + Yjira < wijd(a, ) =0 = Yijia < —Yjica-

We will call the variables 5.z, as active balance variable and use the following
notation for the “load” between neighbors i, j, defined as

loadij = Wijix; + Yjia; -
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Primal-dual LP:for multi-label problem
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The (relaxed) primal LP:
~ min >02 D Ei(@)zia+ Y wi Y d(a,B)Tijap
PP af 2, el (i,5)e€ a,Bel
subject to Y cp Tia =1 YieV
ZQEL Tij:af = Tj:8 VB € [:7 (27]) €&
Zﬁeﬁ Tij:af = Tia Va € [,, (l,]) eé
The dual LP:
max i
yz,yqza,yﬂ:ﬁ;%
subjectto  yi— > Wi < Ei(a) VieV,aeLl
JEV:(i,j)e€
Yijia + Yjizp < wd(e, B) V(i j) €&, a,Be L

Primal-dual principle
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e e
= <<cc”;>> <ep
< ’-><b.,y> |-><c-,x'> (e.x) >
dual cost of ‘ cost of optimal primal cost of
solution y integral solution x* | integral solution x

Theorem 2. If x and 'y are integral-primal and dual feasible solutions satisfying:
(e, x) < «b,y)
for e = 1, then x is an e-approximation to the optimal integral solution x*, that is

{c,x*) <{c,x) < eb,y) < «c,x*) .
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Primal-dual schema

E3

_Summary
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We have learned about primal-dual linear programming relaxation for the
multi-labeling problem.

In the next lecture we will learn about the Fast primal-dual algorithm for the
multi-labeling problem.
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Primal-dual principle

The relaxed complementary slackness
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One way to estimate a pair (x,y) satisfying the fundamental inequality

{e,x) < elb,y)
relies on the complementary slackness principle.

Theorem 3. If the pair (x,y) of integral-primal and dual feasible solutions
satisfies the so-called relaxed primal complementary slackness conditions:

c
Vi: (x;>0) = aijy; = -
7 ( J ) Zl: ijYi = p R
then (x,y) also satisfies (c,x) < &(b,y) with e = max; ¢; and therefore x is an
e-approximation to the optimal integral solution x*.
O

Proof. Exercise.

We aim to satisfy relaxed complementary slackness conditions in order to achieve
an e-approximation solution.
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Primal-dual schema
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0
<c,x1><€

| sequence of dual costs |
(b.y")

| sequence of primal costs |

<d } —— = =>
<b,y'>—><b,y2>—>-~<b,y‘>T (c,x')4—(c,x") 4 {c,x")

(e.x")

Typically, primal-dual e-approximation algorithms construct a sequence
(x*, y*) =1+ of primal and dual solutions until the elements x!, y* of the last
pair are both feasible and satisfy the relaxed primal complementary slackness
conditions, hence the condition {c,x) < (b, y) will be also fulfilled.
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