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Recall: Primal-dual LP for the multi-label

problem *
PD2 Branch-and-MinCut
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The (relaxed) primal LP:
. in Z Z Ei(a)wia + Z wij Z d(a, B)
i Tijiap 20, S (i))c€  aBeL
subject to Y. ., Tiwa 1 VieV
Yaer Tijial , VBe L, (i,5)e€
= Tia YaeLl,(i,j)e&
The dual LP:

max
YisYij:o:Yji:8

subject to  y; — o < Ei(a) VieV,ae Ll
< wd(o, B) V(i,j)e & a,fel
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Recall: Primal-dual schema * Pseudo-code of the FastPD algorithm *

FastPD PD1 PD2 Branch-and-MinCut FastPD PD1 PD2 Branch-and-MinCut

1: [x y] < Init_Primals Duals()

(e, x) _ - 2: labelChange «false
sequence of dual costs W\ € | sequence of primal costs 3 for all a e £ do > a-iteration

""""""""""""""" y «PreEdit_Duals(a,x,y)
= : [x' y'] < Update Duals Primals(a,X,y)
—» b,y )P (b, (e, x") 4 (c,x) .y’ «PostEdit_Duals(a,x’,y’)
if X’ # x then
(e, x") : labelChange «true

end if
x<—x andy <y’

Typically, primal-dual e-approximation algorithms construct a sequence - end for

(xF,y*)g=1...+ of primal and dual solutions until the elements x!, y! of the last « if labelChange then

pair are both feasible and satisfy the relaxed primal complementary slackness : goto 2

conditions, hence the condition {c,x) < e(b,y) will be also fulfilled. - end if
.y < Dual Fit(y)
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Complementary:slackness conditions *

FastPD PD1 PD2 Branch-and-MinCut FastPD PD1 PD2 Branch-and-MinCut

From now on, in case of Algorithm PD1, we only assume that
d(a,8) =0« a=f, and d(a, ) = 0 (i.e. d is a semi-metric).

The complementary slackness conditions reduces to

e E;(x:)
PD1 Yi — Z Yijux; = Y=Y
N €1 )
jeV:(i,j)e€
wijd(z
st Yjica; = -
€9

for specific values of €1,€e9 > 1.
If 2; = x; = « for neighboring pairs (¢, j) € £, then

igd(o, @)
0= lt’z‘,jd(a,a) > F Yjia > Wij (a, @) -0,
€2

therefore we get that y;
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Complementary:slackness conditions *
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Feasibility: constraints *

FastPD PD1 PD2 Branch-and-MinCut

We have already known that y; = mingez hi(a). If €5 =1, then we get

Ei(x;
Yi = M + Z Yijix; = hl(zz) .

€1 JeVi(i)eE
Therefore
hi(z;) = mighi(a) , (1)
QE,

which means that, at each vertex, the active label should have the lowest
height.

If €2 = €3pp 1= Zi:i", then the complementary condition simply reduces to:
wijd(2, )
Yijiw; T Yjiza; = A A (2)
€app

It requires that any two active labels should be raised proportionally to their

. FastPD & Bran

Subroutine Init Primals Duals() *

FastPD PD1 PD2 Branch-and-MinCut

= Init primals
= Init duals

x is simply initialized by a random label assignment

: for all (i,7) € € with z; # x; do

Yijio, < Wijd(Ti,25)/2 and Yjim, < —wijd(zi, v5)/2
Yjiro; < Wiid(2i, 75)/2 and Yijio; < —wijd(zi, x5)/2
: end for

: for all i € V do

Yi < minges hi()

: end for

: return [x y]|

© O N OO WwN
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Graph_construction: n-links

FastPD PD1 PD2 Branch-and-MinCut

IN2329 - Probabilistic Graphical Models in Computer Vision

To ensure feasibility of y, PD1 enforces for any o € L:

Yijia S wijdmin/2 where  dpin = Ln;% d(avﬁ) (3)
says that there is an upper bound on how much we can raise a label.
Hence, we get the feasibility condition

Yijia + Yji:g < 2Wijdmin/2 = Wijdmin < wijd(a, B) .

Moreover the algorithm keeps the active balance variables non-negative, that
is Yijiz; = 0 forallie V.

The proportionality condition (2) will be also fulfilled as Yijuwss Yjizw; = 0 and if

Yijuas = % then
o Wijdmin (i, x5) _ wijd(wi,x5) _ wijd(wi, x5)
Yijixw; 2 - 2dime - N
2 dmax Smax €app

. FastPD & Branch-

Update primaliand dual variables

FastPD PD1 PD2 Branch-and-MinCut

et || | e

)}

Dual variables update: Given the current active labels, any non-active label is
raised, until it either reaches the active label, or attains the maximum raise allowed
by the upper bound defined in (3).

Primal variables update: Given the new heights, there might still be vertices
whose active labels are not at the lowest height. For each such vertex i, we select
a non-active label, which is below x;, but has already reached the maximum raise
allowed by the upper bound defined in (3).

The optimal update of the a-heights can be simulated by pushing the maximum
amount of flow through a flow network G’ = (V U {s,t},&', ¢, s,t).
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Graph_construction: n-links

FastPD PD1 PD2 Branch-and-MinCut

For each (i,7) € £, we insert two directed edges (4, ) and (j,7) into £’

The flow value f;;, fi;j represent respectively the increase, decrease of balance
variable y;;.q:

Yija = Yija + fij = f5i and Yo = Vs -

According to (3), the capacities cap;; and cap;; are set based on

1 1
Capi]' + Yijia = iwijdmin = Capji + Yjica - Capij = sz/dmm 7ymx
@
1
cap, = E“ludmm “Via
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Graph construction: t-links *
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If « is already the active label of i (or j), then label « at i (or j) need not move.
Therefore, yi;., = Yij:a and ¥}, = Yjixa, that is

Ti=aorxj=a = cap; =cap;=0.
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Graph _construction: t-links

FastPD PD1 PD2 Branch-and-MinCut

Each node i € V'\{s,t} connects to either the source node s or the sink node ¢
(but not to both of them).
There are three possible cases to consider:

Case 1 (h;(a) < hi(x;)): we want to raise label oz as much as it reaches label z;.
We connect source node s to node .

Due to the flow conservation property, fi = Djevi(ijes (fij — fji) assuming the
more intuitive definition of flows (see Lecture 4).

The flow f; through that edge will then represent the total relative raise of label «:

hi(a) + fi = (Ei(ll) + Z yij;a) + Z (fij — fii)

JEV:(i,5)e€ JEV:(i,5)eE

= (Ei(a) + Z yij:a> + Z (Yijia = Yjiner)
JeV:(irj)e€ JeV:(i,j)eE

=E{a)+ Y Yja=hila).

JEV:(i,5)eE

We need to raise up the ball corresponding to the label « only as high as the
current active label of i, but not higher than that, we therefore set:

capy; = hz(l’l) — hl(a) .

)

Iip)-|-
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Graph_construction: t-links

FastPD PD1 PD2 Branch-and-MinCut

Graph_construction: t-links

FastPD PD1 PD2 Branch-and-MinCut

Case 2 (hi(c) = hi(x;) and ¢ # x;): we can then afford a decrease in the height
of a at i, as long as a remains above x,,.

We connect ¢ to the sink node ¢ through directed edge (i, ).

The flow f; through edge it will equal the total relative decrease in the height of o

Ri(a) = hi(a) — fi
cap;; = hi(a) — hi(z;) .

|

Ii(x;)-
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Reassign rule

FastPD PD1 PD2 Branch-and-MinCut

Case 3 (o = z;): we want to keep the height of « fixed at the current iteration.

Note that the capacities of the n-edges for p are set to 0, since ¢ has the active
label. Therefore, f; = 0 and hj;., = hijia-

By convention cap;; := 1.
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Subroutine Update:Duals Primals(a,x,y) *

FastPD PD1 PD2 Branch-and-MinCut

Label a will be the new label of ¢ (i.e. &} = ) iff there exists unsaturated path
(i.e. fij < cap;;) between the source node s and node i. In all other cases, i keeps
its current label (i.e. z} = ;).

=50 @ =50
cap,=50 cap,=50
f~ < cap;. i
ij Pij cap;=100 /cap;=500
hi(a) = hi(e) < hi(xi) — hi(a) m
hi(a) < hi(z;) = hi(x:) —1

=100
Cap{,:lzs
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Subroutine PostEdit Duals(a,x’,y’)

FastPD PD1 PD2 Branch-and-MinCut

The goal is to restore all active balance variables y;;..; to be non-negative.

1. @) =a # z}: we have cap;;, Yijia = 0, therefore yj; , = cap;; + yijia = 0.
/
~Yjiar therefore loady; = yi;., + ¥, = 0.

2. zj=2af=a wehavey = By
setting yj; (@) = ¥/}, = 0 we get loadj; = 0 as well.

i

Note that none of the “load” were altered.
1: function PosTEDIT_DUALS(a,x',y")
2 forall (i,5) € £ with (2} = 2 = @) and (yj;,, <0 or y};,, <0) do
3 Yijo < 0 and ¢ < 0
4 end for
5: for all i eV do
6: yh < minge hj ()
7 end for
8: return y’
9: end function
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E3

_Summary

FastPD PD1 PD2 Branch-and-MinCut

X —xandy <y

: Apply max-flow to G’ and compute flows f;, fi;
: for all (i,7) € £ do

Yijia < Yijia + fij — fii

. end for

: for allieV do

x; < a < 3 unsaturated path s v~ i in G/
. end for

. return [x y']

© O N OO AWN
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The APF function *

FastPD PD1 PD2 Branch-and-MinCut

APFX'Y' < APFXY where APF*Y is defined as

APFRY 2 3 hi(w) = 3 (Eutw) + Y, loadY)

ieV iev JEV,(i)eE
= Z Ei(xi) + Z (Yigiws + Yjia;)
=y (i-g)e€
<Y Eilwm)+ Y, wid(zi,x;) = B(x) .

=a% (i.5)e€

This condition shows that the algorithm terminates (assuming integer capacities),
due to the reassign rule, which ensures that a new active label has always lower
height than the previous active label, i.e. hj(x}) < hi(w;).
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In summary, one can see that PD1 always leads to an e-approximate solution:

Theorem 1. The final primal-dual solutions generated by PD1 satisfy

1. hi(z;) = minges hi(e) forallieV,

2. x; # x; = load;; > %ﬁ;z’) for all (i,j) € &,

3 Yijia < Lumin for ajf (i,5) € € and a € L,

and thus they satisfy the relaxed complementary slackness conditions with ¢; = 1,

€2 = €app = 2dmax

dmin
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Parameterization'of the PD2 algorithm
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Complementary:slackness conditions *

FastPD PD1 PD2 Branch-and-MinCut

We now assume that d is a metric.

In fact, PD2 represents a family of algorithms parameterized by i € [i, 1].
Algorithm PD2,, will achieve complementary slackness conditions with

A 1
€1 = [l€app = —€app =1 and €2 = €qpp -
€app

Algorithm PD1 always generates a feasible dual solution at any of its inner
iterations, whereas PD2,, may allow any such dual solution to become
infeasible.

Dual-fitting: PD2,, ensures that the (probably infeasible) final dual solution is “not
too far away from feasibility”, which practically means that if that solution is
divided by a suitable factor, it will become feasible again.

FastPD & Bran

_Dual fitting

FastPD PD1 PD2 Branch-and-MinCut

Similarly to Algorithm PD1, the following equalities will hold for i € V
. A
y; = minhi(e) = hi(z;) = Ei(z;) + Z Yijia; -
ael . .
i€V, (i,5)e€
PD2,, generates a series of intermediate pairs satisfying complementary slackness

o 1_ 1 _ .
conditions for €1 > 1 and €3 > u = Ty = Canp’

Ei(x; A ;
—le( I Y Wi <El@)+ Y e Shi@) =y VieV.
1 i€V, (ir))e€ i€V, (i.j)e€
wijd(zi, ;) < p- wig - d(wi, x5) = loadi;Y V(i,j)e€.

€2

Like PD1, PD2,, also maintains non-negativity of active balance variables.

Update primaliand dual variables

FastPD PD1 PD2

Branch-and-MinCut

Instead of the feasibility conditions yij.o + yji.p < wijd(a,ﬂ), PD2,, maintains the
conditions

Yij:a + Yji:p < 2H/wijdmax V(Z»]) € gy Va, B eL.
Therefore, the dual solution of the last intermediate pair may be infeasible.
However, these conditions ensure that the last dual solution y, is not “too far away
from feasibility”. By replacing y with yfit = !%app we get that

lli']ta n y;iit:[?: Yijio + Yjicp < 2pWijdmax _ 2Mwijdm#
He€app He€app #2dmax/dmin

= Wijdmin < wijd(a, B).

This means that yfit is feasible.

1: function DUAL_FIT(y)
2: return yfit — ¥

R H€app
3: end function
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Subroutine PréEdit Duals(a,x,y) *
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The main/only difference in the subroutine Update Duals_Primals(a,x,y) is
the definition of the capacities corresponding to the n-edges. More precisely,
assuming an a-iteration, where z; = 8 # a and x; = v # « for a given (i,j) € £:

cap;; = pwii(d(8, a) + d(a, ) —d(B,7)) = 0, 4)
cap;; =0.

All the capacities in the flow network must be non-negative. This motivates that d

must be a metric.

By applying load};” = yij.5 + yjiry = pwijd(8, ) one can get

Yijia = Yijia T CAPy; = Yijia + pwij(d(B, @) + d(a, ) — d(B,7))

= Yijia + Wij:p + Yjira) + pwiid(a,v) — (Yij:g + Yjiry) = pw0id(Q,¥) = Yjisy
which ensures that
l0ads” = Yijia + Yjiry = (Hwigd(, ) = Yjiny) + Yjiry = prwizd(a, ) -
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Equivalence of PD2;,_; and a-expansion

FastPD PD1 PD2

Branch-and-MinCut

The role of this routine is to edit current solution y, before the subroutine
Update_Duals_Primals(«,x), so that

load}s” = yijia + Yjiry = pwijd(e,7) -

: function PREEDIT_DUALS(a,X,y)
for all (i,j) € € with z; # o, z; # o do
Yijia < iu’wijd(av ’Y) — Yjiry
Yjira < Yjiry — Hwijd(,7)
end for
return y
end function

No RN
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Results: Stereo matching *

FastPD PD1 PD2 Branch-and-MinCut

Original (left) PD1 PD2,,—; with Potts

Remark: By modifying the Algorithm PD2,,_1, one could get Algorithm PD3, which
can be applied even if d is a non-metric function.

Distance d(a, ) H bl o=t eBD3a ([P PO H €app
[ee # B] 1.0104 1.0058 1.0058 1.0058 1.0058 2

min(5, | — B]) || 1.0226  1.0104 1.0104 1.0104 1.0104 || 10
min(5, |a — 8]?) || 1.0280 - 1.0143 1.0158 1.0183 || 10
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One can show that PD2,,—; indeed generates an ¢, solution.

If =1, then load}}¥ = wijd(;, ;). It can be shown that APF*Y = F(x),
whereas in any other case APF*Y < E(x).

If 4 < 1, then the primal (dual) objective function necessarily decreases (increases)
per iteration. Instead, APF constantly decreases.

Recall that APF is the sum of active labels’ heights and PD2,—; always tries to
choose the lowest label among w; and . During an a-iteration, PD2,,— chooses
an x’ that minimizes APF with respect to any other a-expansion x of current
solution x.

Theorem 2. Let (x',y’) denote the next primal-dual pair due to an a-iteration
and let X denote a-expansion of the current primal. Then

E(x') = APFY < APFY < E(X) .

E(x') < E(x) shows that the a-expansion algorithm is equivalent to PD2
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Introduction

FastPD PD1 PD2 Branch-and-MinCut

Globally optimal segmentation *

FastPD PD1 PD2 Branch-and-MinCut

We address the problem of binary image segmentation, where we also consider
non-local parameters that are known a priori.

For example, one can assume prior knowledge about the shape of the foreground
segment or the color distribution of the foreground and/or background.

Let us consider an undirected graphical model G = (V, ), where V is the set of
pixels and & consists of 8-connected pairs of pixels. We define the energy function
E :BY x © — R for non-local parameter w € Q:

W) + D F W) g+ Y. Biw) - (1) +

i€V i€V

E(y,w)

Z Pij(w) : |yi _yjl s

(i.5)e€

where C(w) is a constant energy w.r.t. y, and F'(w) and B*(w) are the unary
energies defining the cost of assigning the pixel i to the foreground and to the
background, respectively. P¥(w) € R{ is non-negative for each (i,;) € £
ensuring the tractability of F(x,w).
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Lower bound

FastPD PD1 PD2 Branch-and-MinCut
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The segmentation is given by a binary labeling y € BY = {0,1}V, where 1 and 0
denote the background and the foreground, respectively. We also assume that the
non-local parameter w € ) are taken from a discrete set.

Shape priors can be encoded as a product space of various poses and deformations
of the template, while color priors will correspond to the set of parametric color
distributions.

The goal is to achieve a globally optimal segmentation under non-local priors.
The applied optimization method relies on two techniques: branch-and-bound
and graph cuts.

Although a global minimum can be achieved, the worst case complexity of the
method is large (essentially, the same as the exhaustive search over the space of
non-local parameters).

An alternative way to solve the problem is to apply alternating minimization.
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Monotonicity

FastPD

PD1 PD2 Branch-and-MinCut

Let L(Q) denote the lower bound for E(y,w) over BY x Q:

ye]ér‘imeﬂE(y7 )
=, min (0@ + D F @)yt B (=y) + 3 P -yl

i€V i€V (i,5)e€

zmin{mmC(w +Zm1nF’ yi+21516igrllBi(w)-(17y¢)+
i€V

yeBY L weQ
- yjl}

in PY(w) - |y
>, minPY(w) [y

(i,4)e€
= min {Co + 3 Fo(@) i+ 3, Bh(w) - (1—w) + 3 P (@) [y — il |
i€V i€V (i,))e€
=L(Q) .

Cq, F, By and Pg denote the minima of C(w), F¥(w), B (w) and P¥(w),

respectively, over w € €2 and they are referred to as aggregated energies.
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Suppose 2] < (9, then the inequality L(;) >
Proof. Let us define A(y, ) as

L(Q) holds.

Ay, Q) = mlnC’(oJ)-%—ZmlnF"L yi+;glei33’(w)-(l—yi)
i (w) - |y — s
+ ) minPY(w) [y — -

(i.5)e€

Assume Q; < Qy. Then, for any y € BY

Aly, )

= u1}1&2111 Clw +Z mm F (w)yﬁ—z mm Bi(w)(1—y) (p%es mm P(w)y; — yj]

> LI;}Inz C(w +Z mm FY( )y1+;}ux)r€1%£ Bi(w)(1 — yi)+(ij2)sg‘f’2ié]2 P (w)ly; — y;]

= Ay, Q). (®)
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otonicity

PD2

Branch-and-MinCut

Proof. Continued

Note that L(Q) mingegy A(y, Q).

Let y§ € argmingcgv A(y, ) and y3 € argmin,cpv A(y, Q2), then due to the
monotonicity for A(y, ) with respect to Q (5), we get that

L() & Aly!, Q1) > Ayh, Q2) > A(y, 22) 2 L() .
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Best-first branch-and-bound optimization

FastPD PD1 PD2 Branch-and-MinCut

Source: Lempitsky et al.: B h—and-MinCut: Global for image with highlevel-priors. JMIV, 2012.
The discrete domain € can be hierarchically clustered and the binary tree of its

subregions can be considered.

At each step the active node with the smallest lower bound is removed from the
active front, while two of its children are added to the active front (due to
monotonicity property they have higher or equal lower bounds).
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Computability and tightness

FastPD PD1 PD2 Branch-and-MinCut

Computability: the lower bound L() equals the minimum of a regular function,
which can be globally minimized via graph-cuts.

Tightness: for a singleton Q = {w} (i.e. || = 1) the bound L() is tight, that is

L({w}) = ;leis% E(y,w).
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Best-first branch-and-bound optimization

FastPD PD1 PD2 Branch-and-MinCut

If the active node with the smallest lower bound turns out to be a leaf &’ and y’ is
the corresponding optimal segmentation, then E(y’,w’) = L(w’) due to the
tightness property. Consequently, (y’,w’) is a global minimum.

Remark that in worst-case any optimization has to search exhaustively over (.
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Pseudo code of:Branch-And-Mincut *

FastPD PD1 PD2 Branch-and-MinCut

Segmentation:with shape priors

FastPD PD1 PD2 Branch-and-MinCut

1: Front « ¥ ) = initializing the priority queue
2: [Co,{Fy},{B}}, {Py’}] <GetAggregEnergies ()
3: LBo «GetMaxFlowValue ({Fy},{B{},{P;’})+Co
4: Front.InsertWithPriority(£,—LBo)
5: while true do = advancing front
6: Q « Front.PullHighestPriorityElement ()
7 if IsSingleton(Q) then > global minimum found
8: w<—Q
9: [C {F'},{B"},{P"7}] «GetAggregEnergies (w)
10: x «—FindMinimumViaMincut ({F'},{B"},{P"})
11: return (x,w)
12: end if
13: [€1,Q2] < GetChildrenSubdomains ()
14: [Cr, {Fi},{Bi},{P}’}] <GetAggregEnergies (Q1)
15: LB; «GetMaxFlowValue ({F{},{Bi},{P}H+C1
16: Front.InsertWithPriority(£2;,—LB;)
17: [Ca, {Fi}, {B}}, {P3’}] «<GetAggregEnergies ()
18: LBy «GetMaxFlowValue ({F3},{B3},{P¥}) +C2
19: Front.InsertWithPriority({:,—LB2)
20: end while
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Parameterization:

multiple templates X translations
FastPD PD1 PD2 Branch-and-MinCut

The shape prior is given by a set of templates, whereas each template can be
located anywhere within the image.

Q= A x ©, where

B the set A indexes the set of all exemplar segmentations x5 and

B O corresponds to translations.

Any exemplar segmentation x“ for w = (4, 6) is then defined as some exemplar
segmentation x5 centered at the origin and then translated by the shift 6.
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Branch operation

FastPD PD1 PD2 Branch-and-MinCut

The prior is defined by the set of exemplar binary segmentations {x“ | w € },
where € is a discrete set indexing the exemplar segmentations.
We define a joint prior over the segmentation and the non-local parameter:
Eprior(yyw) = 2(1 - w‘zu) Y + wa . (1 - yi) .
i€V i€V
This encourages the segmentation y to be close in the Hamming-distance
(du(a,b) = & SN lai # bi]) to one of the exemplar shapes.
The segmentation energy may be defined by adding a standard contrast-sensitive
Potts-model for A\, > 0:
=10
e Ea
E(Yvw) = Eprior()’vw) +A 2 ﬁ . |yi - yj‘ 5
pee '

where I; denotes RGB colors of the pixel i.
7. FastPD & Branch-ai
Clustering tree
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h-and-MinCut: Global imization for image ion with high-I priors. JMIV, 2012,

Source: Lempitsky et al.: B
For A we use agglomerative bottom-up clustering resulting in a (binary) clustering
tree Th = {A = Ag,Al, e ,AN}.

To build a clustering tree for ©, we recursively split along the “longer” dimension.
This leads to a (binary) tree Tg = {© = ¢, O1,...,0n}.
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Each nodeset ; in the combined tree is defined by a pair A; x ©y.
The looseness of a nodeset €); is defined as the number of pixels that change their
mask value under different shapes in §; (i.e. neither background nor foreground):

A() = |{i | Jwi,we s i =0 and z72 = 1} .

The tree is built in a recursive top-down fashion as follows.

We start by creating a root nodeset Q5 = Ay x Op. Given a nodeset ; = A; x O
we consider (recursively) two possible splits:

1. split along the shape dimension or
2. split along the shift dimension.

The split that minimizes the sum of loosenesses is preferred.

The recursion stops when the leaf level is reached within both the shape and the
shift trees.
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E3

_Summary
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B Primal-dual schema for the multi-labeling problem:

E(y) = ZEi(yi) + Z wij - d(yi, yj)

i€y (i.5)e€

& PD1: dis a semi-metric
& PD2: dis a metric (PD2, = 1 is equivalent to a-expansion)
¢ PD3: d is a non-metric function (this case has not been discussed)

B For binary image segmentation we learned a global optimal solution, based
on branch and bound optimization, when we are provided with (shape) prior
information.

In the next lecture we will learn about exact inference (probabilistic and MAP)
on tree structured factor graphs.
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h-and-MinCut: Global optimization for image ion with high-level-priors. JMIV, 2012.

Source: Lempitsky et al.: Bi
Yellow: global minimum of E Blue: feature-based car detector Red: global minimum of
the combination of E with detection results (detection is included as a constant potential)

The prior set A was built by manual segmentation of 60 training images coming
with the dataset.
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