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A mapping ® : M — N between two shapes (manifolds) is an isometry if

dm(z,y) = dy(®(x), ®(y)) for all points z,y € M.

If such a mapping exists M and N are called isometric. Many shape matching
approaches assume that the shapes to be matched are (nearly) isometric. The task
then becomes to find the (almost-)isometry .
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Canonical forms
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The main idea is to transform the two shapes to be matched into canonical forms
such that the two canonical forms are isometric with respect to the euclidean
metric.
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11. Euclidean Embeddings

Shape:matching
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Our goal is to assign each point on the source shape a corresponding point on the
target shape. Although a diffeomorphic (bijective and diff’able in both directions)
mapping is desired, most of the approaches we discuss will not even guarantee
injective mappings (remember nearest neighbors from ICP). Eventually we deal
with discretized shapes, mostly triangular meshes. The correspondence will then be
a mapping between the vertices.
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Euclidean isometry
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(X, dx) (Yydy) CA AN

Intrinsic isometry Euclidean isometry

Two different metric spaces Part of the same metric space

Last week we have seen two methods (ICP and PCA) that can be used to find a
correspondence between shapes that are isometric with respect to the Euclidean
metric (rigid alignment).

Today we discuss a way to transform the more difficult problem of intrinsic
isometries into a rigid alignment problem.
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Isometric embedding
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The immediate approach for isometric shapes is to find mappings X — R* that
preserve all distances.
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Map makers problem
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Multidimensinal Scaling
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If we cannot find an isometric embedding, try to find a mapping @ : (X, dx) — R*
that distorts the distances the least.

We assume X is sampled at the vertices {vy, ...,
calculate the geodesic distances dx (v;, v;).
Notation:

vy} and we have a way to

B D e RY*V is a matrix storing all the pairwise distances on X:
Di; = dx (vi, vj)

m  Z e RY*F is representing the embedding: Z;. = ®(v;)

B D(Z) eV x V is storing the euclidean distances of the mappes vertices:
Dij(Z) = |2 — 2kl

We want to find the matrix Z minimizing the distortion (stress)

\4 |4
"(Z)=Z,Z ID;(Z) — Dy
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MDS objective
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No isometric embedding
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Conclusion: There is no isometric embedding in any euclidean space.
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In_matrix notation
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One can show that
v v o
a(Z)=)] Y |Dy(Z) =Dyl
i=1j=it1
vV v
= tr(Z"W2Z) - 2tr(2"B(2)Z) + )| ). D}
i=1j=i+1
with
V-1 -1 -1 D, =
1 V-1 -1 5.2 i#5,Di(2) #0
W= . B;(Z)=40 i#j,Dy(Z2) =0
1 1 V;l _Zk#z i (Z) =]
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Iterative:majorization
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We want to solve the optimization problem

argmin tr(Z"WZ) —
ZE]R’"’ xk

2tr(Z"B(Z)Z) +

||M<

last term independent of Z

not linear

not even quadratic (second term)

gradient descent very expensive (a lot of evaluations of stress and gradient)
and therefore slow

IN2238 - Analysis of Three-Dimensional Shapes 11. Euclidean Embeddings — 13 / 25

Quadratic majorizer
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Assume we can find a family of functions h(Z; Q) satisfying
B 1(Q;Q)=0(Q)

B A(Z;Q)=0(Z) =tr(Z'WZ) —
B (- Q) is convex for all Q

h(-,Q) are then called majorizing functions of o.

26:(ZTB(2)Z) + 3, Y, D

h(Z, . P
"2 Iterative minorization:

m Z0+D = argming, h(Z; Q)
m QiD= z®

2(2)

vV oV
WZ,Q) = 1(Z'W2Z) — 2t:(Z"B(Q)Q) + Y Y DY

i=1j=i+1
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SMACOEF algorithm

Gradient/Dirichlet energy

Multidimensional Scaling

The majorizing function
vV oV
hZ,Q) = r(Z"WZ) - 2tr(Z"B(Q)Q) + Y, >, D}
i=1j=i+1
is quadratic in Z. A necessary condition for a minimizer is that the gradient
vanishes:
Vzh(Z,Q) = 2WZ - 2B(Q)Q =0

The matrix W = V - I — 1 does not have full rank (interpretation?), so we make
use of its pseudo inverse W1 = %( — %]l) to get

=wWiB(Q)Q = (I - *ll)B(Q)Q = *B(Q)
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The SMACOF algorithm (Scaling by minimizing a convex function) thus reads as
follows:
While not converged

1
(k+1) _ ~ (k) 7 (k)
Z ==B(Z"W)Z

B no guarantee of global convergence
W decreasing stress at each iteration
B Complexity: O(kV?)
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Geometric_ meaning of the gradient m
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_Complexity
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N=1000 points x5 less points
x25 lower complexity

)

Dirichlet energy
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As an alternative to MDS a popular approach to embed a shape M into a
Euclidean space is by finding functions ¢; : M — R that are orthonormal
i.epi, pj)r2(m) = 0ij and minimize the Dirichlet energy

Ev(e) = | VeVesdy= | 196 an
M M
The Dirichlet energy measures how variable a function is. Let M = (—m, ), then

Ep(cos(kz)) = HVcos(kz)H de = k2 sin?(ka)da = k:2 M

DTV

= k?

Multidimensional Scaling Gradient/Dirichlet energy
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Gradient/Dirichlet energy

Gradient
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We have yet not defined what the gradient of a function f: M — R is. We do
know gradients of functions defined on Euclidean domains. For a function
f : R? > R the gradient is given by

_ o [af
.
vi= (ﬁ)

Juy

U C R?
U o "A

“n,

Vi(

uy

IN2238 - Analysis of Three-Dimensional Shapes 11. Euclidean Embeddings — 20 / 25

Riesz representation lm
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Geometric meaning of the gradient

B the vector that points in the direction of steepest increase of f
W its length measures the strength of increase
B relationship with the differential of f:

003 — tim 101 = )

h—0 h

= %f(u+h17)|h:0 u 4,,,&][{2
= <Vf(u), 17> Y Uy

Differential of f
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Dual space:
Let X be a vector space. Then we denote by

*={y: X > R|yis linear}

the dual space of X.

Riesz Representation theorem:
Let (H,{-,-)) be a Hilbertspace (inner product, complete). Then for each
continuous v € H* there exists a unique y € H such that

P(a) =y, 2 Voe H
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Gradiention manifold Im
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The differential of a differentiable function f : M — R at a point p € M is the
linear mapping df (p) : T, M — R satisfying

) =t () =0

for all curves ¢ : (—e,e) = M with ¢(0) = p and ¢(0) = ¢

Uniqueness and Linearity

Let ¢1(0) = ¢2(0) = p = 2(u) and ¢(0) = ¢2(0) = @. By defining the preimages

7i(t) = 37 o ¢;(t) and as usual f = fox we get

ci(t)) — fp) FOu(®) = f(w)
t t

= lim

@] = lim 1 lim - 2 futt)
= (9 F(w) 34(0)) = V(). (D) (0 = <V Fw), (D))

This is independent of the choice of ¢ and linear in 7.

IN2238 - Analysis of Three-Dimensional Shapes 11. Euclidean Embeddings — 23 / 25

Let f: M — R be a differentiable function. The gradient V f(p) at p € M is the
unique element of 7}, M such that

(Vf(p), 0y = df (p)[v]

In local coordinates
Let p = z(u). Given Vf(u) € R? and the first fundamental form g(u) € R?*2, the
coefficients o € R? (local coordinates) of Vf = Dx - a € T,,M are given by

a=g V()
Let 3 € R? be the coefficients of & € T,M. Then
(P)[T) = (Vf (), B) = . gy = (V. D)

Notice that this in general is a different vector then V f(u)!
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cos(uy) cos(ug)
Let M be a sphere parametrized via z(u) = sin(u.ll)(cos)(u:) and f(p) = za2(p).
sin(ug
Then f(u) = sin(uy) cos(ug), Vf(u) = ( COS(ul)CQS(uZ))) and

— sin(uq) sin(uz

1
—— 0
g (u) = °°S2’(](“2) L For the local coordinates « of V f this yields

cos(u1)
= cos(uz)
—sin(uq) sin(ug)
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