
Analysis of 3D Shapes (IN2238)

Frank R. Schmidt

Matthias Vestner

Summer Semester 2016

13. Gauss Curvature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

Theorema Egregium 3

Summary and Notations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
Third Derivatives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
Theorema Egregium . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
Riemann Curvature Tensor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
Different Gauss Curvatures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

Gauss-Bonnet 9

Moving Frame . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
Moving Frame and Coordinate Maps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
Derivatives of the Moving Frame . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
Moving Frame and Coordinate Maps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
Winding Number for Circles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
Winding Number for Triangles. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
Recap: Geodesic Curvature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
Integrating Geodesic Curvature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

1



Integration Theorem of Green . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
Integrating ω12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
Gauss-Bonnet without Boundary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
Gauss-Bonnet with Smooth Boundary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

Euler Characteristic 22

Euler Chracteristic. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
Gauss Curvature at a Vertex . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2



13. Gauss Curvature 2 / 24

Theorema Egregium 3 / 24

Summary and Notations

Given a coordinate map x : U Ñ M and the Gauss map G : M Ñ S
2 of the surface M Ă R

3, we have for p “ xpuq and v1, v2 P TpM

■ tB1xpuq, B2xpuqu is a base of the tangent plane TpM .
■ gijpuq “ xBixpuq, Bjxpuqy is the first fundamental form.

■ Npuq “ B1xpuqˆB2xpuq
}B1xpuqˆB2xpuq} “ G ˝ xpuq is the Gauss map in local coordinates.

■ Sprvis “ DGppqrvis is the shape operator.
■ Ipv1, v2q “ xSprv1s, v2y is the second fundamental form.

Using Γk
ij for the Christoffel symbols and αijpuq “ IpBixpuq, Bjxpuqq, we have

Bijxpuq “
2ÿ

k“1

Γk
ijpuqBkxpuq ´ αijpuqNpuq

BjNpuq “DGppqrBjxpuqs “
2ÿ

i“1

νijpuqBixpuq
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Third Derivatives

Gauss curvature Kppq “ detpνpuqq depends on the derivatives of N .

To this end let

Bℓjix “
2ÿ

k“1

BℓΓ
k
ijBkx ` Γk

ijBℓkx ´ BℓαijN ´ αijBℓN.

Observing that B211x “ B121x, we obtain for the B2x-component:

B2Γ
2

11 `
2ÿ

k“1

Γk
11Γ

2

2k ´ α11ν
2

2 “ B1Γ
2

12 `
2ÿ

k“1

Γk
12Γ

2

1k ´ α12ν
2

1

In other words, α11ν
2
2

´ α12ν
2
1
is an intrinsic expression.
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Theorema Egregium

The following expression is intrinsic:

α11ν
2

2 ´ α12ν
2

1 “α11

2ÿ

k“1

g2kαk2 ´ α12

2ÿ

k“1

g2kαk1

“g22 rα11α22 ´ α12α21s ` g21 rα11α12 ´ α12α11s

“g11
α11α22 ´ α12α21

g11 ¨ g22 ´ g2
12

“ g11K

Theorem 1 (Theorema Egregium). The Gauss curvature K is an intrinsic feature. In particular, we have

K “
1

g11

«
`
B2Γ

2

11 ´ B1Γ
2

12

˘
`

2ÿ

k“1

´
Γk
11Γ

2

2k ´ Γk
12Γ

2

1k

¯ff
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Riemann Curvature Tensor

For the Theorema Egregium, we seperated the term B211x ´ B121x in an intrinsic part (using Christoffel Symbols) and an extrinsic part.

Since B211x “ B121x, we were able to express the “extrinsic part” with the help of the Christoffel symbols.

Riemann used this insight in order to define the Riemann Curvature Tensor R. Given two vector fields X and Y it assigns to each vector field Z and new
vector field RpX,Y qZ. If X and Y are given as Bix and Bjx of a coordinate map x, R is defined via

RpX,Y qZ “ ∇X∇Y Z ´ ∇Y∇XZ

In other words, the Gauss curvature can be intrinsically written as

K “
xRpB2x, B1xqB1x, B2xy

detpgq

5
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Different Gauss Curvatures

K ą 0 K “ 0 K ă 0
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Moving Frame

Given a coordinate map x : U Ñ M , the vector fields B1x and B2x form a base. Using Gram-Schmidt, we can create three orthonormal vector fields
Y1, Y2, Y3 : M Ñ R

3 via (p “ xpuq)

Y1ppq “
B1xpuq

}B1xpuq}

Y2ppq “
B2xpuq ´ xY1ppq, B2xpuqy

}B2xpuq ´ xY1ppq, B2xpuqy}

Y3ppq “Y1ppq ˆ Y2ppq

We call these three vector fields a moving frame.

Note that a moving frame can not necessarily be derived from a coordinate map x, but it is quite usefull to have an orthonormal system at each point of the
coordinate domain U respectively its codomain xpUq.

IN2238 - Analysis of Three-Dimensional Shapes 13. Gauss Curvature – 10 / 24
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Moving Frame and Coordinate Maps

Parametrization induced Moving Frame
Vector Field
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Derivatives of the Moving Frame

The differentials DYippq : TpM Ñ R
3 can be written as

DYippqrvs “
3ÿ

j“1

xωijppq, vy Yjppq ωijppq P TpM

Since we have xYi, Yjy “ 0, we obtain

0 “D xYippq, Yjppqy rvs “ xDYippqrvs, Yjppqy ` xYippq,DYjppqrvsy

“ xωijppq ` ωjippq, vy .

This means, we have

¨
˝
DY1ppqrvs
DY2ppqrvs
DY3ppqrvs

˛
‚“

¨
˝

0 xω12ppq, vy xω13ppq, vy
´ xω12ppq, vy 0 xω23ppq, vy
´ xω13ppq, vy ´ xω23ppq, vy 0

˛
‚¨

¨
˝
Y1ppq
Y2ppq
Y3ppq

˛
‚
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Moving Frame and Coordinate Maps

Y1, Y2, Y3 DY1rY1s DY1rY2s ω12
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Winding Number for Circles

Given a closed non-intersecting curve γ : I Ñ U and its corresponding curve c “ x ˝ γ : I Ñ M , we can define the angle function θ : cpIq Ñ R via
(p “ xpuq “ cptq)

θppq “ >p 9cptq, Y1ppqq

θppq is unique up to multiples of 2π, but if we fix θpcp0qq P r0, 2πq there is only one unique θp¨q that remains continuous.

For this setup, we have

ż

cpIq
θ1ppqdp “ θpcp1qq ´ θpcp0qq “ 2π

IN2238 - Analysis of Three-Dimensional Shapes 13. Gauss Curvature – 14 / 24
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Winding Number for Triangles

rT u0

u1

u2

α0

α1

α2

T

A triangle T can be represented by three vertices v0 “ xpu0q , v1 “ xpu1q, v2 “ xpu2q P M with connected edges that can be represented as
non-intersecting curves parametrized by arc-length

ci : r0, Lis Ñ M cp0q “vi cpLiq “vi‘1

Considering also the outer angles αi, we obtain

ÿ

iă3

ż

Im ci

θ1
ippqdp`

ÿ

iă3

αi “ 2π

IN2238 - Analysis of Three-Dimensional Shapes 13. Gauss Curvature – 15 / 24
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Recap: Geodesic Curvature

Given a curve c : p0, Lq Ñ M that is parametrized by arc-length, we know that x 9cptq, :cptqy “ 0. Since ∇

dt
9cppq contains the component of :cptq in TpM , we

have
∇

dt
9cppq “ κgppq 9cptqK,

where 9cptqK is the vector in TpM that is normal to 9cptq.

Using the angle function θ, we obtain

κgppq “

B
∇

dt
9cppq, 9cptqK

F

with

ˆ
9cptq

9cptqK

˙
“

ˆ
cospθppqq sinpθppqq

´ sinpθppqq cospθppqq

˙
¨

ˆ
Y1ppq
Y2ppq

˙

IN2238 - Analysis of Three-Dimensional Shapes 13. Gauss Curvature – 16 / 24
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Integrating Geodesic Curvature

We have

∇ 9c 9c “ cospθq∇ 9cY1 ` sinpθq∇ 9cY2 ´ sinpθqθ1Y1 ` cospθqθ1Y2

and therefore

κg “ x∇ 9c 9c,´ sinpθqY1 ` cospθqY2y

“θ1 ` xcospθq∇ 9cY1 ` sinpθq∇ 9cY2,´ sinpθqY1 ` cospθqY2y

“θ1 ` xω12, 9cy

In other words

´
ÿ

iă3

ż

Im ci

xω12ppq, 9ciptqydp`
ÿ

iă3

ż

Im ci

κgppqdp`
ÿ

iă3

αi “ 2π
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Integration Theorem of Green

Given a vector field V : R2 Ñ R
2, and S “ r0, 1s ˆ r0, 1s the unit square. Then we have

ż

S

B1V
2px, yq ´ B2V

1px, yqdx dy “

ż
1

0

V 2p1, yq ´ V 2p0, yqdy `

ż
1

0

V 1px, 0q ´ V 1px, 1qdx

In other words, we have
ş
S

B1V
2ppq ´ B2V

1ppqdp “
ş

BS V 1 dx`V 2 dy.

This is the Green’s theorem, which is also true for general open sets S with a smooth boundary BS parametrized by c : r0; 1s Ñ BS:

ż

S

B1V
2ppq ´ B2V

1ppqdp “

ż

BS
V 1 dx`V 2 dy “

ż
1

0

xV pcptqq, 9cptqy dt

IN2238 - Analysis of Three-Dimensional Shapes 13. Gauss Curvature – 18 / 24
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Integrating ω12

In order to express the integral of xω12, 9cy in means of p alone, we have

ż

Im ci

xω12ppq, 9cptqy dp “

ż

Im ci

x∇ 9cY1ppq, Y2ppqy dp

Analogously to the Green integration theorem, one can show that

ż

BT
x∇ 9cY1ppq, Y2ppqy dp “

ż

T

xRpY1, Y2qY1ppq, Y2ppqydp “ ´

ż

T

Kppqdp

In other words the Theorem of Gauss-Bonnet for Triangles is

ż

T

Kppqdp`

ż

BT
κgppqdp`

ÿ

iă3

αi “ 2π

IN2238 - Analysis of Three-Dimensional Shapes 13. Gauss Curvature – 19 / 24
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Gauss-Bonnet without Boundary

Let us assume we have a smooth triangulation of a closed surface M that uses the vertex set V , the edge set E and the face set F , then we have

2π ¨ |F | “
ÿ

TPF

«ż

T

Kppqdp`

ż

BT
κgppqdp`

ÿ

iă3

α
pT q
i

ff

“

ż

M

Kppqdp` |E| ¨ 2π ´ |V | ¨ 2π

In other words the Theorem of Gauss-Bonnet for Closed Surfaces is
ż

M

Kppqdp “2π p|F | ´ |E| ` |V |q

IN2238 - Analysis of Three-Dimensional Shapes 13. Gauss Curvature – 20 / 24
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Gauss-Bonnet with Smooth Boundary

Let us assume we have a surface M with a smooth boundary. Further assume a smooth triangulation that uses the vertex set V , the edge set E and the
face set F . Then we have

2π ¨ |F | “
ÿ

TPF

«ż

T

Kppqdp`

ż

BT
κgppqdp`

ÿ

iă3

α
pT q
i

ff

“

ż

M

Kppqdp`

ż

BM
κgppqdp` |E| ¨ 2π ´ |V | ¨ 2π

In other words the Theorem of Gauss-Bonnet for Surfaces With Smooth Boundaries is
ż

M

Kppqdp`

ż

BM
κgppqdp “2π p|F | ´ |E| ` |V |q

IN2238 - Analysis of Three-Dimensional Shapes 13. Gauss Curvature – 21 / 24

19



Euler Characteristic 22 / 24

Euler Chracteristic

Given a triangulation pV,E, F q of a surface M , we call

χpMq “ |V | ´ |E| ` |F | P Z

the Euler Characteristic of M .

Due to the Gauss-Bonnet theorem, we know that

χpMq “

ş
M

Kppqdp`
ş

BM κgppqdp

2π

is a global property of M .

For every triangulation pV,E, F q of S2 we have

|V | ´ |E| ` |F | “ χpS2q “ 2

IN2238 - Analysis of Three-Dimensional Shapes 13. Gauss Curvature – 23 / 24
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Gauss Curvature at a Vertex

Given a discrete triangulation pV,E, F q of a surface M , we assume that at a vertex v P V , we have k triangles T1, . . . , Tk with the angles αi, βi and γi (γi
at v). It is common to use the following approximation of the Gauss curvature as a feature (point descriptor)

Kpvq :“

ş
Ť

k

i“1

1

3
Ti
Kppqdp

řk
i“1

1

3
areapTiq

«
2π ´

řk
i“1

γiřk
i“1

1

3
areapTiq
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