Chapter 1

Convex Analysis

Convex Optimization for Machine Learning & Computer Vision

SS 2018

Tao Wu
Emanuel Laude
Zhenzhang Ye

Computer Vision Group
Department of Informatics
TU Munich

Convex Analysis
Tao Wu

Emanuel Laude
Zhenzhang Ye

Convex Set

updated 16.04.2018



Convex Analysis

Tao Wu
Emanuel Laude
Zhenzhang Ye

Convex Set

updated 16.04.2018



Convex Optl mization Convex Analysis

Tao Wu
Emanuel Laude
Zhenzhang Ye

Notations

¢ [E is a Euclidean space (finite dimensional vector space),
equipped with the inner product (-,-), e.g. (u,v) = uTv.

e Cis aclosed, convex subset of E.

e Jis a convex objective function.

Convex optimization

minimize J(u) over u e C.

First questions:
e What is a convex set?
e What is a convex function?
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Definition

A set C is said to be convex if

au+(1—a)ve C, Vu,veC, Vacl0,1].

convex non-convex
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Recall basic concepts in analysis

Definition

e Aset CCc EisopenifVue C,Je > 0s.t. B.(u) C C,
where B (u) :=={veE: ||v—u| <e}.

e Aset C C Eis closed if its complement E\ C is open.

e The closure of aset C C Eis

clC={uek:3{uk} c Csut. Jim Uk = ul.
— 00

e The interior of aset C C E is

intC={ue C:3e>0s.t B(u) c C}.
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Definition
e Aset CCc EisopenifVue C,Je > 0s.t. B.(u) C C,
ComvexSet

where B (u) :=={veE: ||v—u| <e}.
A set C C E is closed if its complement E\ C is open.
The closure of aset CC Eis

clC={uek:3{uk} c Csut. Jim Uk = ul.
— 00

The interiorofaset C C E is

intC={ue C:3e>0s.t B(u) c C}.

The relative interior of a convex set C C E is

rtC={ueC:VveC3a>1st.v+alu—v)eC}
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The following operations preserve the convexity:
¢ Intersection: C; N Co
e Summation: Cy + Co := {u' + t?: u' € Cy, 1% € G}
e Closure: clC
e Interior: intC

— The union of convex sets is not convex in general.
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The following operations preserve the convexity:
¢ Intersection: C; N Co
e Summation: Cy + Co := {u' + t?: u' € Cy, 1% € G}
e Closure: clC
e Interior: intC

— The union of convex sets is not convex in general.

— Polyhedral sets are always convex; cones are not necessarily
CONvex.

Convex cone

Cisaconeif C=«aCforany a > 0. Cis a convex cone if C
is a cone and is convex as well.
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Source: Wikipedia.

Theorem (separation of convex sets)

Let Cy, C, be nonempty convex subsets in E s.t. C; N Co = ()
and C; is open. Then there exists a hyperplane separating C4
and Co,i.e.AveE, v#£0, a € Rs.t.

(v,u'y > a > (v,i?), Vu'eCy, L’ e Gy

Proof: on board.
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Theorem (separation of convex sets)

Let Cy, C> be nonempty convex subsets in E s.t. C; N Co = ()
and C; is open. Then there exists a hyperplane separating C,
and Co,i.e.dveE, v#£0, a € Rs.t

(v,u'y >a>(v,i?), Vu'eCi, L?eCo.

Proof: on board.

Remarks

@ The above theorem generalizes to any topological vector
space (e.g. Banach- or Hilbert-space), known as the
Hahn-Banach theorem.

® In a reflexive Banach space, any (strongly) closed convex
subset C is weakly closed.
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