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Convex Optimization

Notations
¢ [E is a Euclidean space (finite dimensional vector space),
equipped with the inner product (-,-), e.g. (u,v) = uTv.
e Cis aclosed, convex subset of E.
e Jis a convex objective function.

Convex optimization

minimize J(u) over u e C.

First questions:
e What is a convex set?
e What is a convex function?
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Convex set

Definition
A set C is said to be convex if

au+(1—a)ve C, Vu,veC, Vacl0,1].

convex

non-convex
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Recall basic concepts in analysis
Definition

e Aset CCc Eisopenifvue C,3e > 0s.t. B(u) C C,
where B.(u) :={veE: |v—u| <€}

e Aset C C Eis closed if its complement E\ C is open.

e The closure of aset C C Eis

cdC={ueck:3{u*} c Csit. Jim Uk = u}.

e The interior of aset C C E is

intC={ueC:3>0s.t B.(u) C C}.
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Definition Zhenzhang Ye
e Aset CCc Eisopenifvue C,3e > 0s.t. B(u) C C,
where B.(u) :={veE: |v—u| <€}
e Aset C C Eis closed if its complement E\ C is open. [
e The closure ofaset C C Eis Convex Function

Existence of Minimizer

cdC={ueck:3{u*} c Csit. Jim Uk = u}.

The interiorof aset C C E is

intC={ueC:3>0s.t B.(u) C C}.

The relative interior of aset C C E is

rintC:={ue C:3e>0st B(u)naff C c C}
={ueC:vVvelCIa>1st.v+alu—v)eC}

if C is convex. Here aff C stands for the affine hull of C.
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Basic properties

The following operations preserve the convexity:
¢ Intersection: C; N Co
e Summation: Cy + Co := {u' + t?: u' € Cy, 1% € G}
e Closure: clC
e Interior: intC

— The union of convex sets is not convex in general.
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Basic properties

The following operations preserve the convexity:
¢ Intersection: C; N Co
e Summation: Cy + Co := {u' + t?: u' € Cy, 1% € G}
e Closure: clC
e Interior: intC

— The union of convex sets is not convex in general.

— Polyhedral sets are always convex; cones are not necessarily
CONvex.

Convex cone

Cisaconeif C=«aCforany a > 0. Cis a convex cone if C
is a cone and is convex as well.
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Separation of convex sets

Source: Wikipedia.

Theorem (separation of convex sets)

Let Cy, C, be nonempty convex subsets in E s.t. C; N Co = ()
and C; is open. Then there exists a hyperplane separating C4

and Co,i.e.AveE, v#£0, a € Rs.t.

(v,u"y > a>(v,i?),

Proof: on board.

vu' € Cy, 1P € Co.
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Separation of convex sets

Theorem (separation of convex sets)

Let Cy, C> be nonempty convex subsets in E s.t. C; N Co = ()
and C; is open. Then there exists a hyperplane separating C4
and Cp,i.e.IveE, v#0, a € Rst

(v,u'y >a>{v,L?), Vu'eCy, L?eCo.

Proof: on board.

Remarks

@ The proof works in any Hilbert space.

® Corollary: In a Hilbert space, any (strongly) closed convex
subset C is weakly closed.

® The above theorem generalizes to any topological vector
space, known as the Hahn-Banach theorem.
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Convex functions Convex Analysis
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¢ An extended real-valued function J maps from E to

R:=RU {co}.
e The domainof J: E — Ris

domJ = {u cE: J(U) < OO} Convex Set
[ Convex Function
L] The funC“On J K — R |S proper |f dom J ;A @ Existence of Minimizer

Definition
We say J : E — R is a convex function if

@ dom J is a convex set.
@® Forall u,v € domJ and « € [0, 1] it holds that

Jau+ (1 —a)v) < ad(u) + (1 — a)d(v).

We say J is strictly convex if the above inequality is strict for
all o € (0,1) and u # v.
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* Joaa(U) = |[u— f||§ where g > 1 and || - ||q is the ¢9-norm.
o Jregu(U) = ||Ku|[5 where K is linear transform and p > 1. -
° J(U) = Jdata(u) + OéJregu(U). -
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Jaata(U) = ||u — || where g > 1 and | - ||g is the £9-norm.
Jregu(U) = ||Ku||5 where K is linear transform and p > 1. -

J(U) = Jyata(U) + adregu(U).

Convex Set

(BlnarY) entropy JG(U) = 6(l‘llog(u) + (1 - U) Iog(1 - U)) Existence of Minimizer

Soft max: J(v) = elog(1 + exp(v/e)) =~ max(v,0).
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Jaata(U) = ||u — || where g > 1 and | - ||g is the £9-norm.
Jregu(U) = ||Ku||5 where K is linear transform and p > 1. -

J(U) = Jyata(U) + adregu(U).

Convex Set

 Comvex Function
(BlnarY) entropy JG(U) = 6(l‘llog(u) + (1 - U) Iog(1 - U)) Existence of Minimizer

Soft max: J(v) = elog(1 + exp(v/e)) =~ max(v,0).

Indicator function (C C E is closed and convex):

0 ifuecC
) = ’
o(u) {oo otherwise.

Formulate constrained optimization with indicator function:

minJ(u) overu e C. & minJ(u) + dc(u) over u € E.
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Basic facts Convex Analysis
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(As exercises)
¢ Any norm (over a normed vector space) is a convex

fu nCtion . Convex Set
[ Convex Function
e Jis a convex function and K is a linear transform Existence of Minimizer

= J(K-) is convex function.

e (Jensen’s inequality) J : E — R is convex iff

n n
S i | <D aid(u),
i=1 i=1

whenever {u'}?_, CE, {a;}7; C [0,1], 1L  ai = 1.
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The epigraph of a proper function J : E — R is -
epid = {(u,a) e ExR:J(u) < a}.
Convex Set
[ Convex Function

Existence of Minimizer

epigraph

Theorem

A proper function J : E — R is convex (resp. strictly convex) iff
epi J is a convex (resp. strictly convex) set.

Proof: as exercise.
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Definition -

Assume J : E — R with rintdom J # (. We say J is locally
Lipschitz at u € rintdom J with modulus L, > 0 if there exists SR
e>0s.t.

Existence of Minimizer

|J(u") = J(U?)| < Ly|lu' — P Yu',u? € B.(u) Nrintdom J.

Last updated: 23.04.2018



Lipschitz continuity convex Analysis
Tao Wi

E?:an:el Laude
Zhenzhang Ye

Definition -

Assume J : E — R with rintdom J # (). We say J is locally
Lipschitz at u € rintdom J with modulus L, > 0 if there exists SR
e>0s.t.

Existence of Minimizer

|J(u") = J(U?)| < Ly|lu' — P Yu',u? € B.(u) Nrintdom J.

Theorem

A proper convex function J : E — R is locally Lipschitz at any
u € rintdom J.

Proof: on board.
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Global vs. Local minimizer

Recall the optimization of J : E — R:

minimize J(u) over u € E.

Definition

@ u* € E is a global minimizer if J(u*) < J(u) for all u € E.
® u* is a local minimizer if 3¢ > 0 s.t. J(u*) < J(u) for all
u e B.(u*).
® In the above definitions, a global/local minimizer is strict if
J(u*) < J(u) is replaced by J(u*) < J(u).
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Global vs. Local minimizer

Recall the optimization of J : E — R:

minimize J(u) over u € E.

Definition

@ u* € E is a global minimizer if J(u*) < J(u) for all u € E.

® u* is a local minimizer if 3¢ > 0 s.t. J(u*) < J(u) for all
u e B.(u*).

® In the above definitions, a global/local minimizer is strict if
J(u*) < J(u) is replaced by J(u*) < J(u).

Theorem

For any proper convex function J : E — R, if u* € dom J is a
local minimizer of J, then it is also a global minimizer.

Proof: on board.
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Does a minimizer always exist? convex Analysis
Tao Wu
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o Consider
minimize J(u) over u € E,
where J : E — R is a proper, convex function. Gonvex Set
. Convex Function
e Some counterexamples for J : R — R: | Existence of Minimizer

exp u u2+5{u>0}

e We shall formalize our observations and derive sufficient
conditions for existence.

Last updated: 23.04.2018



Convex Analysis

Sufficient conditions for existence
Tao Wu

Definition e
@ J is bounded from below if J(-) > C for some C € R.
® J is coercive if J(u) — oo whenever ||u|| — .
e Proposition: J is coercive if dom J is bounded.
@ J is lower semi-continuous (Isc) at u* if o
P * Existence of Minimizer
*) < liminf .
J(u*) < liminf J(u)
Isc not Isc

FaNNIaN
ER S E

e Proposition: J is Isc iff epi J is closed.
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@ Jis bounded from below if J(-) > C for some C € R.
@® J is coercive if J(u) — oo whenever ||u|| — .
® J is lower semi-continuous (Isc) at u* if

Convex Set

Convex Function

) = W) e
Theorem

Any proper function J : E — R, which is bounded from below,
coercive, and Isc (everywhere), has a (global) minimizer.

Proof: on board.
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@ Jis bounded from below if J(-) > C for some C € R.
@® J is coercive if J(u) — oo whenever ||u|| — .

® J is lower semi-continuous (Isc) at u* if

Definition

Convex Set

Convex Function

) = W) e
Theorem

Any proper function J : E — R, which is bounded from below,
coercive, and Isc (everywhere), has a (global) minimizer.

Proof: on board.
Remarks for infinite dimensions

@ Weak compactness in reflexive Banach (e.g. Hilbert) sp.
® J is convex and strongly Isc = J is weakly Isc.
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Uniqueness

e Recall that a function J : E — R is strictly convex if
Jau+ (1 —a)v) < ad(u)+ (1 —a)d(v),

forallu,v edomdJ, u#v, a€(0,1).

Theorem

The minimizer of a strictly convex function J : E — R is unique.

Proof: on board.
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