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The Bayes Filter (Rep.)

Bel(mt) (xt ‘ ULy 21y - - 7ut7zt)
Bavesh = p(zg | weun, 2, u)p(ag | un, 20, - )
(Markov)

— 7] P(Zt | fUt)P(mt \ u1721a---:ut)

(Tot. prob.) = 7 p(zt I :I;t) / p(:L‘t ‘ Ul 27144 Ug, :I;t—l)

p(xt—l ‘ ULy 21y auL)dml.—l

(Markov)

— 7] p(zt ’l“f) / P(fl?t \ U-t;%-]_)P(th—] | U]azh---,ut)diﬂt—1

(Markov) — 77 p(Zt ‘ -Tt)/p(ajt ‘ Uty L— 1)1)([(}15 1 | Ui, R1s - Zt—l)dwt—l
/p(:cf ‘ utyipt—l)Bel(xt_l)diBt_l
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Graphical Representation (Rep.)

We can describe the overall process using a

- This incorporates the following Markov assumptions:
p(z¢ | ®owt, U1ty 21:6) = P(2¢ | 24) (MEASUrement)

P(iﬁt \ LO:t—1, UL:¢t, Zl:t) — 'p(SUt \ xt—lput) (state)
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Definition

A Probabilistic Graphical Model is a diagrammatic
representation of a probability distribution.

. In a Graphical Model, random variables are
represented as nodes, and statistical dependencies
are represented using edges between the nodes.

. The resulting graph can have the following properties:

« Cyclic / acyclic

 Directed / undirected

. The simplest graphs are Directed Acyclic Graphs
(DAG).

Machine Learning for PD Dr. Rudolph Triebel
Computer Vision Group

Computer Vision



Simple Example

. Given: 3 random variables a, b, and ¢

. Joint prob: p(a,b, c) = p(cla,b)p(a,b) = p(c|a, b)p(bla)p(a)
a p(b | a')
pla) ) Random
variables can be
discrete or
continuous
p(e| a,b)

A Graphical Model based on a DAG is called a
Bayesian Network
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Simple Example

. In general: K random variables x1,%2,...,Txg
. Joint prob:

p(x1,....2x) = plxx|T1,... . Tx-1)...p(x2|x1)p(21)
. This leads to a fully connected graph.

- Note: The ordering of the nodes in such a fully
connected graph is arbitrary. They all represent the
joint probability distribution:

p(a,b,c) = p(alb, c)p(b|c)p(c)
pla,b,c) = p(bla,c)p(alc)p(c)

Machine Learning for PD Dr. Rudolph Triebel
Computer Vision Group

Computer Vision



Bayesian Networks

Statistical independence can be represented by the
absence of edges. This makes the computation
efficient.

coar) = plar)p(ee)p(as)p(ea|2r, T2, @3)
p(zs|z1, x3)p(re|Ta)p(27|24, T5)

Intuitively: only 1 and x3
have an influence on x5
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Bayesian Networks

We can now define a mapping from graphical
models to probabilistic formulations
(factorisations) and back:

GGeneral Factorisation:

K

p(x) = || plzrlpay)

k=1

< ) where
pay, = ancestors of p,
and

T p(x) =play.... . Tx)

Note: Many different factorisations (and
graphs) can represent the same distribution
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Elements of Graphical Models

In case of a series of random variables with equal
dependencies, we can subsume them using a plate:

N

p(t,w) = p(w) H p(tn|w)

n=1

Machine Learning for PD Dr. Rudolph Triebel

Computer Vision Computer Vision Group



Elements of Graphical Models (2)

We distinguish between input variables and explicit

hyper-parameters:
N
p(t, WIX, , Jz) — p(W|();) H p(tn|W, Ln s 02)-
n=1
e Ry
Ln, 0¥
& @
W
SOy m®
t?’&
N
R esm————
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Elements of Graphical Models (3)

We distinguish between observed variables and
hidden variables:

p(wit) o p(w) | [ pltn|w)

n=1

(deterministic parameters omitted in formula)

g Ry —
Ln @)
& )
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Example: Regression as a Graphical Model

Aim: Find a general expression to compute the
predictive distribution: p( | £,x, t)

Notation:
ft=1r"

Bishop vs.

This expression should Rasmussen

e model all conditional independencies

e explicitly incorporate all parameters (also the
deterministic ones)
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Example: Regression as a Graphical Model

Aim: Find a general expression to compute the
predictive distribution: p( | £,x, t)

Notation:
ft=1r"

Bishop vs.

This expression should Rasmussen
e model all conditional independencies

e explicitly incorporate all parameters (also the
deterministic ones)

p(f | :%,X,t,oz,JQ) — /p(f,w | :%,X,t,oz,UQ)dw

A - 2
_ /‘p(tjwjt/\‘ xyxpayo- )dW X /p(t,W,t ‘ a/\?,X,CV,O-2)dW
p(t | 2,x,a,0%)
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Regression as a Graphical Model

Regression: Prediction of a new target value ¢

A X Notation:
p(’"? t,w | -"II,X,(){,(TH) : t=1
- N -

o~

p(ty | Tn,w,c”)| p(w | a)p(t|z, w,o”)
1

L N=

Here: conditioning on all
deterministic parameters

Using this, we can obtain
the

T, %, o, 00 ) dw

p(ﬂfi,x,t,a‘,az) o(\/p(at’W
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Example: Discrete Variables

- Two dependent variables: K?- 1 parameters | Here: K =2

T Lo plas | x1)
() 1 1 0.25 }K 1
X1 n(aq
1 0 0-75—
] 0.2 o1 -K(K —1)
_ B8 2 1 0.1 } K1
e > o
X1 X

O O K-1+KK-1)=K"—-1

 Independent joint distribution: 2(K— 1) parameters

X1 X2
E 3 ) K—1+K—1=2K—1)
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Discrete Variables: General Case

In a general joint distribution with M variables we need
to store KM -1 parameters

If the distribution can be described by this graph:

X1 X2 XM

then we have only K-1 + (M-1) K(K -1) parameters.
This graph is called a with M nodes.

The number of parameters grows only with
the number of variables.
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Independence (Rep.)

Definition 1.4: Two random variables X and Y are

1 p(x,y) = p(x)p(y)
For independent random variables X and Y we have:

:m@w:p@mw:mu)

p(z | y) p(y) p(y)

Notation: r 1y |0

Independence does not imply conditional independence!
The same is true for the opposite case.
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Conditional Independence (Rep.)

Definition 1.5; Two random variables X and Y are
given a third random
variable 7 iff;

p(x,y | z) =plx| 2)py | 2)

This Is equivalent to:

ple|z)=plx|y,z) and
py|z2)=py|zz2)
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Conditional Independence: Example 1

This graph represents the
c probability distribution:
p(a, b, c) = plajc)p(blc)p(c)

Marginalizing out ¢ on
both sides gives

plat) = 3 plalelp(bicp(e

a b

This is Iin general not equal to p(a)p(d).

Thus: <« and b are not independent: o L b | ()
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Conditional Independence: Example 1

Now, we condition on ¢ ( it is assumed to be known):

a, blc pla,b,c)
p(a,blc) (0
p(ale)p(blc)

Thus: <« and » are conditionally independent given c: o 11 4| ¢

We say that the node at c is a on the
path between « andb
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Conditional Independence: Example 2
This graph represents the

a ¢ b distribution:
C : C p(a, b, c) = p(a)p(cla)p(blc)

Again, we marginalize over c:

pla) Zp (c|la)p(blc) = p(a) Zp (cla)p(b|c, a)

Z p(e,a)p(b, c,a) = p(a) Z p(b,c| a)

p(c a)
= pla)p (b|a)
And we obtain: , y 4 | ¢
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Conditional Independence: Example 2

As before, now we condition on ¢ :

p(a,b,c)
p(c)
p(a)p(cla)p(b|c)

p(a, blc)

p(c)
= p(alc)p(blc)
And we obtain: a 1L b | c

We say that the node at c is a
on the path between « and .
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Conditional Independence: Example 3

Now consider this graph:
p(a, b, c) = pla)p(b)p(cla, b)

using:

Zp(abc ch|ab

C

we obtain:

pla,b) = pla)p(b)

And theresultis: « 1L b0
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Conditional Independence: Example 3

Again, we condition on.

o ble p(a,b,c)
p(a, b|c) (0
p(a)p(b)p(cla, b)
p(c)

Thisresults in: 4| ¢

We say that the node at ¢ Is a
on the path between « and ».
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To Summarize

- When does the graph represent (conditional)
independence?

Taill-to-tail case: if we condition on the tail-to-tail node
Head-to-tail case: if we cond. on the head-to-tail node

Head-to-head case: if we do not condition on the head-
to-head node (and neither on any of its descendants)

In general, this leads to the notion of D-separation for
directed graphical models.
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D-Separation

Say: A, B, and C are non-intersecting subsets of
nodes in a directed graph.

A path from A to B is blocked by C if it contains
a nhode such that either

a) the arrows on the path meet either head-to-tail or tail-to-
tail at the node, and the node is in the set C, or

b) the arrows meet head-to-head at the node, and neither
the node, nor any of its descendants, are in the set C.

If all paths from A to B are blocked, A is said to
be d-separated from B by C.

Notation: dsep(A4, B|C)
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D-Separation is a
property of graphs
and not of
probability
distributions

dsep(A4, B C)




D-Separation: Example

—~dsep(a, b|c) dsep(a, bl f)

We condition on a descendant We condition on a tail-to-talil
of e, I.e. it does not block the  node on the only path from a
path from a to b. to b, I.e f blocks the path.
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I-Map

Definition 4.1: A graph G is called an for a
distribution p if every D-separation of G corresponds
to a conditional independence relation satisfied by p:

VA,B,C :dsep(A,B,C)= A1 B|C

Example: The fully connected graph is an |-map for any
distribution, as there are no D-separations in that
graph.
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D-Map

Definition 4.2: A graph G is called an for a
distribution p if for every conditional independence
relation satisfied by p there is a D-separation in G :

VA,B,C : A1l B|(C = dsep(A, B, ()

Example: The graph without any edges is a D-map for
any distribution, as all pairs of subsets of nodes are
D-separated in that graph.
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Perfect Map
Definition 4.3: A graph G is called a for a
distribution p if it is a D-map and an |I-map of p.

VA,B,C : A 1l B|C < dsep(A4, B, ()

A perfect map uniquely defines a probability distribution.
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The Markov Blanket

Consider a distribution of a node x; conditioned on
all other nodes:

])(Xl, o« o ,X;\,-_f)

/ p(X1, ..., X0 )dx;
H p(xi|pay,)
k.

/Hp(xkz|pak)dx@
Tk

P(Xi|xX(jziy) =

M. at Factors independent of x;
cancel between numerator

x; . all parents, children _
and denominator.

and co-parents of x.,.
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In-depth: The Head-to-Head Node

G : Example:

a. Battery charged (0 or 1)

b: Fuel tank full (O or 1)

c. Fuel gauge says full (O or 1)
We can compute p(—c) =0.315

a ‘ b ‘ p(c)
and p(—c|-b) =0.81

p(la) =09  pb)=0.9

] ] 0.8
)i 0 02 aﬂd Obta|n p(_lb | _IC) ~ (0.257
0 I 0.2 similarly: p(=b| —¢, —a) ~ 0.111
’ N “q explains ¢ away”
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Directed vs. Undirected Graphs

Using D-separation we can identify conditional
independencies In directed graphical models, but:

o |Is there a simpler, more intuitive way to express
conditional independence in a graph?

« Can we find a representation for cases where an
,ordering” of the random variables is inappropriate
(e.g. the pixels in a camera image)?

Yes, we can: by removing the directions of the
edges we obtain an Undirected Graphical Model,
also known as a Markov Random Field
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Example: Camera Image

e directions are counter-intuitive for images

e Markov blanket is not just the direct neighbors
when using a directed model
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Markov Random Fields

Markov
Blanket

\l
L

# e .
\ ‘, " "
vl ALB|C We only need to condition

on the direct neighbors of
All paths from 4 to B go . -/
x to get c.i., because these

through C, i.e. C blocks all  already block every path
paths. from x to any other node.
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Factorization of MRFs

Any two nodes x; and x; that are not connected in an
MRF are conditionally independent given all other nodes:

p(xis x5 | X\fi51) = P2 | X\(a,53)P(T5 | X\ (i 53)
In turn: each factor contains only nodes that are
connected

This motivates the consideration Clique
of cligues in the graph: /-

. A clique is a fully connected subgraph. (

. A maximal cligue can not be extended
with another node without loosing the
property of full connectivity.

Maximal Clique
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Factorization of MRFs
In general, a Markov Random Field is factorized as

p(x) = L”(l lf()(m?c )/_ = H@( xc) (4.1)

where C is the set of all (maximal) cliqgues and @, is a

positive function of a given cligue x. of nodes, called
the clique potential. Z is called the partition function.
Theorem (Hammersley/Clifford): Any undirected

model with associated clique potentials @, is a perfect
map for the probability distribution defined by Equation
(4.1).

As a conclusion, all probabillity distributions that can be
factorized as in (4.1), can be represented as an MRF.
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Converting Directed to Undirected Graphs (1)

151 X2 LN -1 TN

In this case: Z=1
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Converting Directed to Undirected Graphs (2)

L L3 T1 T3

p(x) = p(x1)p(w2)p(w3)p(T4 | 1, T2, 73)

In general: conditional distributions in the directed graph
are mapped to cliques in the undirected graph

However: the variables are not conditionally independent
given the head-to-head node

Therefore: Connect all parents of head-to-head nodes with
each other (moralization)
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Converting Directed to Undirected Graphs (2)

L L3 T1 T3

L4 T4
p(x) = p(x1)p(x2)p(r3)p(xs | T1, T2, 23) P(X) = P(T1, T2, T3, T4)

Problem: This process can remove conditional
independence relations, making the model too complex

Generally: There is no one-to-one mapping between the
distributions represented by directed and by undirected

graphs.
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Representability

. As for DAGs, we can define an |-map, a D-map
and a perfect map for MRFs.

. The set of all distributions for which a DAG

exists that is a perfect map is different from
that for MRFs.

| Al distributions | P
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Directed vs. Undirected Graphs

e
4 B
A
C
D
A1l B0 AU B0
AV B|C Al B|CUD

ClD|AUB
Both distributions can not be represented in the other

framework (directed/undirected) with all conditional
iIndependence relations.
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