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Disclaimer

* I'm not an expert on differential equations
* | could not independently verify runtime & MSE claims
* Their implementation differs from the paper in a lot of details
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Learning entry

Absolutely not this paper
https://github.com/barbagroup/CFDPython (= /w Python Code)
3B1B, Differential Equations (= High quality)

,PDE Strauss” (= Free on Google Books)


https://github.com/barbagroup/CFDPython

Partial differential equations

Oyu = (t,z) € [0,T] x X
=0 for (t,z) € [0,T] x 0X



Conservation form
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Finite difference example

& wave.py

import numpy 1~
from matplotlib import pyplet as plt

nx = 42

dx = 2 / (nx - 1)
nt =25

dt = .0825
c=1

U = numpy.ones(nx)
ul1e:20] = 2

for n in range(nt):

old_u = v.copy()

for i in range(1, nx):

uli] = old_u[il - ¢ = (dt / dx) * (old_ul[i] - old_u[i - 11)

utln] = v
fig = plt.figure()
ax = fig.add_subplot(111, projection='3d')
% = numpy.linspace( start 0, stop: 2, nx)
y = numpy.linspace( star: 8, nt, nt)
X, Y = numpy.meshgrid( *xi: x, y)
ax.plot_surface(X, Y, ut)
ax.set_xlabel('Space")
ax.set_ylabel('Time')

plt.show()
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640x480 PNG (24-bit color) 78,77 k

1.¢
1.4
1.2

1.0

Proudly stolen from CFDPython



Finite difference example
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* Finite element method (FEM)
e PS

« etc.



Numerical solvers

Method of lines (MOL)
Finite element method (FEM)
PS




Numerical solvers

Method of lines (MOL)
Finite element method (FEM)

PS
each with their different

- Compute times
- Accuracies / Errors
- Sensitivities

- Generalization abilities




The plan




u, (%8

Numeric solver/

Analytical

06
04

Time t 0 0 Distance x



u, (%8

Numeric solver/

Analytical

04

Time t 0 0 Distance x



u, (%8

Numeric solver/

Analytical

04

Distance x

Ive faster/better?
Generalize?



Numeric solver/
Analytical

Ive faster/better?
Generalize?

Spoiler: This works quite good!
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The options

Initial AR
conditions +ifia solver 1
Neural
operator
Neural operator Autoregressive model
Mapping from initial Mapping between temporally
conditions to output consecutive time steps

M(t,u’) = u(t) u(t + At) = A(At,u(t))



Temporal bundling

AR clazs MP PDE Solwver(torch.nn.Module
solver
A v )
: def init  {
: zelf,
: pde: PDE,

time window: int 25
hidden features: int
Temporal bundling
Fewer calls to solver reduces
error propagation speed

¥
hidden layer: int = &
eg variables: dict

1

= {}

2

(S5}
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Pushforward trick

One-step training Unrolled training Pushforward training
Gradients flow back one Gradients flow back Gradients flow only
time step only through all time steps through last time step



Pushforward trick

https://www.youtube.com/watch?v=xDrArdzxJEI
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Pushforward trick

Fonesen = BXEug 11 g, [£(AC), 05

Listaitity = ]EkIEuk“L”uksUkNPk [Eelu"‘ [f,(A(uk + €), uk—l—l)ﬂ
e N(a, 57) (uk +€) = A(u*1) for u*!

Lonc—stcp =+ Lstability




Pushforward trick

# Unrolling of the equation which serves as i1nput at the current step
# This is the pushforward trick!!!
with torch.no grad():

for in range(unrolled graphs): # 0 or 1
random steps = [rs + graph creator.tw for rs in random steps]
_, labels = graph creator.create data(u_super, random steps)

pred = model (graph)

graph = graph creator.create next graph(graph, pred, labels, random steps).to(device)

pred = model (graph)
loss = criterion(pred, graph.y)



Pushforward half of the time?

parser.add argument ("——unrolline: & -
—eseLlling -, Ype=int
default=1, help="Unrol]-: n

(D
o

(pushforward trick)

# Sample number of unrolling steps during training
hen increase the max amount of unrolling st

# Default is to unroll zero steps in the first epoch and t
max_unrolling = epoch if epoch <= args.unrolling else args.unrolling

unrolling = [r for r in range(max_unrolling + 1)]
>30T Require: data, model, LT

; JJP o v t < DrawRandomN}lmbert e

o 21 input < data(t — K fl)
for n € {1,...,N}. 0
input < model(input)
end for K1)
t+ N
in ;;nge (ﬁnrolled_graphs) : target t’dﬁsg;{igﬁ) (
- our n(output, target)

10sS ¢ criterio



PF

in FNOs

| Accumulated Error | | Runtime [s] |
(n..m.) | WENOS FNO-RNN | FNO-PF MP-PDE-6s5: MP-PDE | WENO5 MP-PDE
E1 (250, 100) 2.02 11.93 0.54
E1 (250, 50) 6.23 29.98 0.51
E1 (250,40) 9.63 10.44 0.57
E2 (250,100) 1.19 17.09 2.53
E2 (250, 50) 5.35 3.57 2.27
E2 (250,40) 8.05 3.26 2.38
E3 (250, 100) 4.71 10.16 5.69
E3 (250, 50) 11.71 14.49 5.39
E3 (250,40) 15.94 20.90 5.98




The model

Encoder Processor Decoder
Node-wise mapping Message passing Node-wise shallow
to the hidden space 1D convolution

output time

input time
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Encoder

<«~—Time—>

8pPDE
T ' L4 g
> 0
Sprce ’ . EEEEEEE 2 EEN
> EEEEEEN mEE
\- EEEEEEE EEE v
[ [ [ [ EEE
Dense T+2+Var
Swish
Xi tk Dense 128 fo — v ( k—Kk ' )

def forward(self, x):

return x * torch.sigmoid (x) GPDE — (Q7 /67 ’Y, B.C.S, o o e )



Encoded/Hidden

original u (ime)

Processor

Space
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Decoder

L[ | e | |1].2[4]8flg | [ |

C1 +

—Time—— R

Space
—Time— J
A s a .
# Decoder (formula 10 in the paper)
C1 C2 dt = (torch.ones(l, self.time window) * self.pde.dt).to(h.device)
dt = torch.cumulativeSum(dt, dim=1)
1 N o # [batch*n nodes, hidden dim] -> 1DCHNN([batch*n nodes, 1, hidden dim]) -> [batch*n nodes, time window]
1D Convolution 1D Convolution diff = self.output mlp(h[:, None]).sdqueeze(l)
1 to 8 channels 8 to 1 channel out = u[:, -1].repeat(self.time window, 1).transpose(0, 1) + dt * diff
Kemel: 16 Kemel: 14

return out

Stride: 3 Stride: 1
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Backpropagation?

O PyTorch
/’ Autograd - ’*\
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Wave results
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Wave results

Ot — 20y = 0, x € [—8, 8]
O¢[u,v] — [v,c?0ppu] = 0
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Wave results

Ot — 20ppu =0,  x € [-8,8
O¢[u,v] — [v,c?0pu] = 0

1.0
0.5 A ——’//////\\\\\\\h
-8 -6 -4

0.0

-2 0 2
-2 0

2 4 6 8
2 4 6 8




t (seconds)

Wave results

Ot — 20ppu =0, € [-8,8]
O¢[u,v] — [v,c20pzu]l = 0

1.0

-0.5

-1.0
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Wave results

2D rollout of the wave equation with Dirichlet boundary conditions

1.0

\\ “___—_‘__-—‘
W e ———
— 05
2 60 i S SES : I
4+ 2 \—\ \—\ —-—\\_ -‘_—_—_—_‘_—'——- -0.5
B E——r =100 | =50 | =40 | =20 |
8 0 8 0 '8 0 '8 0
X
L > MSE | (WE1) L > MSE | (WE2) L ) MSE | (WE3) Runtime [s] |
Nz x,t N x,t Nz z,t
(ng, 1) PS MP-PDE| PS MPPDE| PS MP-PDE @i MP-PDE| PS MP-PDE
(250, 100) 0.004 0.137 0.004 0.111 0.004 38.775 0.097 | 0.60 0.09
(250, 50) 0.450 0.035 0.681 0.034 0.610 20.445 0.106 | 0.35 0.09
(250,40) 194.622 0.042 | 217.300 0.003 | 204.298 16.859 0.219 | 0.25 0.09
(250, 20) breaks 0.059 | breaks 0.007 | breaks 17.591 0.379 | 0.20 0.07




Results

[Opu + Oy (qu? — BOu + ¥O,u)|(t, ) = §(t, x)

Exemplary 1D rollout of an unseen equation (@ =2.90,8=0.20,y=0.15)
1

— t=0.0s
—— t=0.2s
—— t=0.3s
— t=0.5s
t=0.6s
t=0.8s
t=1.0s
t=1.1s
t=1.3s
t=1.4s
t=1.6s

/x=100
num baseline
—— t=1.8s

1
0 8 0 8 0 8 0 8 — t=19s

1.5
1.0

0.5

Numeric solver

u(x,t)

0.0

A=50

num baseline

nx=200
ground truth

nx=40
~ num baseline

—-0.5

Exemplary 1D rollout of an unseen equation (a=2.90,8=0.20,y=0.15)

— t=0.0s
— t=0.2s
—— t=0.3s
—— t=0.5s
t=0.6s
t=0.8s
t=1.0s
t=1.1s
t=1.3s
t=1.4s

Model

u(x,t)

nx=200 nx=100 x=50 x=40
ground truth " prediction prediction prediction t=1.6s
—— t=1.8s

0 8 0 8 0 8 0 8 — t=19s

HPDE — (O{, /8,’7, B.C.S, .. )




Results

\ Accumulated Error | \ Runtime [s] |
(g, M) \ WENO5 FNO-RNN | FNO-PF MP—PDE—M MP-PDE \ WENO5 MP-PDE
E1 (250,100) 2.02 11.93 0.54 - 1.55 1.9 0.09
E1  (250,50) 6.23 29.98 0.51 - 1.67 1.8 0.08
E1 (250,40) 9.63 10.44 0.57 - 1.47 1.7 0.08
E2 (250,100) 1.19 17.09 2.53 1.62 1.58 1.9 0.09
E2 (250, 50) 5.35 3.57 2.27 1.71 1.63 1.8 0.09
E2  (250,40) 8.05 3.26 2.38 1.49 1.45 1.7 0.08
E3 (250, 100) 4.71 10.16 5.69 4.71 4.26 4.8 0.09
E3 (250,50) 11.71 14.49 5.39 10.90 3.74 4.5 0.09
E3 (250,40) 15.94 20.90 5.98 7.78 3.70 4.4 0.09
Accurate rollouts - shock formation Accurate rollouts - shock formation - ablation
1.0
0.8
o 0.6
©
0.49 —— no pf
gaussian
0.2 pf gradients
— pf
0.0
0 50 100 150 200 250

nt

(b)




Results

Ground truth at 25s Ground truth at 50s

Ground truth at 75s o Ground truth at 100s

0 0

10 10
20 20
>, 30 > 30

40 40

50 50

60 60

o

Prediction at 25s Prediction at 50s Prediction at 75s 0 Prediction at 100s
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Takeaways

* Al will take-ever at least revolutionize the world
* Creativity in design is vital for successful models
* Exploring new Al-driven approaches is fun!



Note to the authors
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Thanks!
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