Group Equivariant Convolutional
Networks

Seminar: Selected Topics in DL: Equivariance and Dynamics
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[llustration of translation equivariance. Image credit: Maurice Weiler
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otation, reflection).

« G-CNNs benefits:
- reduces sample complexity
- INCreases expressive capacity,
- NO parameter increase.

Joan T. Richtsmeier
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- |nvariance:
Special case of equivarianc
unchanged by transformation.

— T’g D(x).

Juivarionce maintains feature relationships.
T(gh) = T(g)T(h)

O(7,x) = D(x)

Good inductive bias for deep networks, aids Loses spatial configuration.
generalization.
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Neural network f

Input space X — Output space Y

1(x) = fg~ ')

Symmetric Symmetric
transformation g transformation g

How a transformation g acts on a feature map .

Lg Lh — Lg h Input space X — =———  Output space Y

Neural network f

Henry Kvinge
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Figure 1. A p4 feature map and its rotation by r.

4 and (u,v) € 772

T.S. Cohen and M. Welling.

.- Action on pixel coordinates and group operation: matrix multiplication.
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O r2m = mr?

10,1},0<r<4and(u,v) € 72 Figure 2. A p4m feature map and its rotation by 7.
T.S. Cohen and M. Welling.

- Action on pixel coordinates and group operation: matrix multiplication.
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Equivariance of CNNs 'I'I-I'I'I

- Before G-CNNs, let's understand standard CNNs' symmetry properties.

. Standard CNNs take stacks of feature maps f: 72 - RK as input.

Convolution Cross-correlation

- Correlation: ' I | i I |
| l g I\ g I\
Convolves with K™ filters w' : Z? — RX

Kl
Defined as [ f % y'](x) = Z ka(y) l//]i (y —x) /I}'I

yeZ? k=1

Cmglee, Wikimedia Commons.

We will use correlation in forward pass and refer to it generically
as convolution.
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NN must learn rotated copies of the same filter to achieve rotational equivc
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age data to the group domain.

quivariance in first layer:

(L1 *y =LI[f*yl

L, f transforms the input image (function on Zz).

L | fws] transforms the output feature map (function on G).
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Deep Rotation Equivariant Network

https://www.sciencedirect.com/science/
article/abs/pi1/S0925231218301644



https://www.sciencedirect.com/science/article/abs/pii/S0925231218301644
https://www.sciencedirect.com/science/article/abs/pii/S0925231218301644

serty: G-correlation preserves transformation properties.

[LL,f1*wl(g) = L,If*wl(g)

- Consistency: Bias terms, batch norm applied per G-feature map to preserve equivariance.

Deep Rotation Equivariant Network
https://www.sciencedirect.com/science/

Allows use in residual blocks and highway networks. article/abs/pii/S0925231218301644
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aralization):

ax pooling: P f(g) = max f(k)
kegU

Commutes with group action: PL, = L, P

FirelordPhoenix
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ooling over cosets of a subgroup H (i.e., pooling region U is itself a subgroup H).
Result: Feature map invariant to right-action of H, functions on G/H.
Example: p4 pooling over rotations results in a feature map on 7? p4/R

20.05.2025 | Inaky Ordiales Source: T. S. Cohen and M. Welling, “‘Group equivariant convolutional networks”, 2016.
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s separates the group transformation (L) from planar translation (L,).

Casper van Engelenburg
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Canonical Filter
(e.g. 3x3)

Augmented Filter Bank

Filter O Filter
90

(all transformed versions )

BICTOT

. . Input Image/Feature Ma
gmented filter bank (all transformed filters). P J P
| - - 2D
outational cost comparable to standard planar conv with CONVOLLITICN

larger filter bank. (Fast Planar)
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Experimental Results: Rotated MNIST 'I'I.I'I'I

- Dataset: Rotated MNIST (62,000 randomly rotated digits).

- Key [akeaways:
- PACNN achieved SOTA (2.28% error)
- Significant improvement over baseline and previous SOTA
- Premature invariance hurts performance (PACNNRotationPooling vs PACNN).

Network Test Error (%) .n.n.......ﬂa
Larochelle et al. (2007) 10.38 + 0.27

Sohn & Lee (2012) 4.2 “.m.....n..ﬂa
Schmidt & Roth (2012) 3.98 TN NV o|®| 0|~ |D(A|A|x
Z2CNN 5.03 = 0.0020 m..=.m..gu.n
40

P4CNNRotationPooling 3.21 = 0.0012
P4CNN 2.28 = 0.0004

Table 1. Error rates on rotated MNIST (with standard deviation
under variation of the random seed). Kaggle: Rotated MNIST

T.S. Cohen and M. Welling.
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Experimental Results: CIFAR-10

- Dataset: CIFAR-10 (60k 32x32 images, 10 classes).
Tested on CIFAR10 (plain) and CIFART10+ (augmented)

- Key Takeaways:
- G-CNNs consistently improve results
- Benefits even on non-symmetric datasets (CIFARTO).
- PAm-ResNet: competitive SOTA (419% on CIFAR10+) with fewer parameters.

' ke IS 1% -~ -HJ}'.’
airplane r-"fr_E'/ 17|

automobile [ 4 254 N = . Network G  CIFARIO CIFAR10+ Param.

" ?%%g??iz AILCNN | Z2 944 386 137M
nq: = <2 \ :Sé ' p4 8.84 7.67 1.37M

S o st e LA o

o llaﬁmn e H 9 - ﬁ’ﬂ‘ﬂ pdm 7.59 7.04 1.22M

e SH ResNetd44 | 72 9.45 5.61 2.64M
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horse = WE_L ﬂm Em ﬁm Table 2. Comparison of conventional (i.e. 7?), p4 and p4m CNNs

ship Eahnﬂpaz - on CIFAR10 and augmented CIFAR10+. Test set error rates and

truck | Jm hﬂt—g i ﬁE number of parameters are reported.

. . T.S. Cohen and M. Welling.
University of Toronto: CIFAR 10 dataset
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JonathanXVI, Selenium: Importance

- Broader Philosophy: "Structured representations" enhance neural nets' abstract similarity recognition
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- Core Benefits:

- Increased expressive capacity
pr(e) l l p¥(g) - No parameter increase

- Achieved state-of-the-art results (Rotated MNIST, CIFAR1C
()
O

Erik Bekkers
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o>l U mlﬂg OUtoenCOderS (HIntOn) Horizontal signals
- Equivariant Boltzmann machines (Kivinen & Williams).

Dimension

\A/avialatr coatto i T
vvavelet scattering

reduction

Training set

reconstruction

YA + crnttAry )
Wavelet scattering

Learning/Construction): i

Scanning length (m)

Wavelet Scattering Network-Based Machine Learning for Grounc

- Rotation Sym metry iN CNINs (Die|em0 ﬂ). Penetrating Radar Imaging: Application in Pipeline Identification
- Deep Symmetry Networks (Gens & Domingos).
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Questions & Discussion

feature map stabilized view

- Questions?

-« I D

input feature fields stabilized view

* Practical implications of equivariance vs. invariance?

* G-CNNs on datasets with other symmetries (e.g., scale)?

* Challenges for continuous groups?

* Other beneficial applications of group symmetries?

Figures source: https://github.com/QUVA-Lab/e2¢nn
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