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We already studied a number of algorithms for image segmentation.
These were based on two complementary concepts:

= Detection of discontinuities of the brighness function, or

= Grouping pixels of similar brightness (color, texture, etc.)

Most of the approaches discussed so far lack a clear optimization
criterion: Edge regions are heuristically fused to connected lines
(Perkins, Canny), or pixels are iteratively merged to regions (region
merging, region growing). Toward the end of the 1980s, the first
variational formulations for image segmentation emerged. The two
most prominent ones are:

= the Snakes (Kass, Witkin, Terzopoulos, Int. J. of Comp. Vision '88),
= the Mumford-Shah Functional (Mumford, Shah, J. Appl. Math. ’89).
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In 1988, Kass, Witkin and Terzopoulos proposed to minimize the
following functional:

E(C) = Eept(C) + Eint (C)

with an external energy:

and an internal energy

Eint (O) :/1{‘;‘]08(3>\2+§\083(s>\2} ds

Here, I : Q Cc R? — R denotes the input grayvalue image, and

C' :|0,1] — Q2 denotes a parametric curve. C; and C,, denote the first
and second derivative of the curve C' with respect to its parameter s.
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The external energy:

Eeri(C) = —/|VI(C)|2ds

measures for any given curve C' how well it coincides with the maxima
of the brightness gradient |VI|. Thus rather than first searching for
these maxima and then grouping them to a curve one defines a cost
function which measures the “edge strength” along any conceivable

curve. Subsequently, the optimal curve C'is determined by minimizing
the total energy:

A

C = arg mgn E(C)

Gradient descent on this energy induces an evolution of the curve
toward locations of large image gradient.
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The internal energy corresponds to a regularizer which induces some
smoothness on the computed curves:

1

Bul©) = [ {5106+
0

5\033(3)\2} ds

It consists of two components, weighted by parameters a > 0 and
£ > 0, which penalize the elastic length and stiffness of the curve.
Therefore, minimizing the total energy

E(C) = Eert (C) + Eipt (C)

leads to curves which are both short/smooth and pass through
locations of large gradient.
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The snakes energy

E(C) = —/1|w<c>|2ds ¥ /1{3\05@12 ¥ 5\@3(5)\2} ds

IS of the canonical form
EC) = /E(C, Cs, Css)ds

Therefore the corresponding Euler-Lagrange equation is given by:

dE. 0L d (9£+d2 oL
dC  0C dsoC, ds?0C,,

And consequently, the gradient descent equation reads:

oC(s,t)  dE(C) 2
— T T = VIVI(C)|" 4+ aCss — BCssss

= —VIVI(O)|* = aC4s + BC4sss = 0.
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Local minima of the snakes can be avoided in various ways:

= One extends the cost functional by an additional balloon energy

Eballoon(c> =7 /d2ZC
Qint(c)

(L. Cohen & I. Cohen, Balloons, 1991), which induces the curve to
contract (for v > 0), or to expand (for v < 0), because the balloon
energy simply measures the area of the region (2;,,; inside the curve
C.

On minimizes the snakes energy in a coarse-to-fine manner, starting
with a coarse (smoothed image) and iteratively reducing the
smoothness starting from the previously estimated curve. (See for
example Blake & Zisserman, Graduated Non-Convexity, 1987).

One reformulates the optimization problem in a way which allows to
compute globally optimal solutions (using graph cut methods or
convex relaxation methods).
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In 1989, D. Mumford and J. Shah proposed to segment an input image
I: Q c R? — R by minimizing the functional:

E(u,C) :/(I(ZC) —u(:v))Zdaz + )\/|Vu(a:)|2dx + v|C],
Q Q\C
jointly with respect to an approximation v : {2 — R and a

one-dimensional discontinuity set C' C ). The three terms have the
following meaning:

= The data term assures that u is a faithful approximation of the input
I.

= The smoothness term, weighted by A > 0, assures that » is smooth
everywhere except for the discontinuity set.

= A further regularizer, weighted by v > 0, assures that this
discontinuity set has minimal length |C.

The minimizer of the Mumford-Shah functional is a piecewise smooth
approximation of the input image 1.
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/c g

s
i u:ul o o
U=U2 —

Continuous representation discrete representation

The length of the curve C can be approximated as:

1 u =\ 1 iN2 | (G2 i §o_ 1 i, 3
|C\N§E —5 _gg(u)+(u)—2uu _const.—ig u'u?,

2% ] ]

where summation is done over all neighboring pixels : and ;. This

leads to:
- i in2 Y i g
E(u)—Z(I—u) —ZZuuj.
o

Ernst Ising, Beitrag zur Theorie des Ferromagnetismus, Zeitschrift f.
Physik 1925.
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thresholding: I > 6  opt. reconstr.: arg min F(u)

Minimization of the discrete two-region model using graph cuts

(Author: Thomas Schoenemann)
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1925 1995

Ernst Ising * 1900 in Cologne, T 1998 in Peoria, lllinois)

Doctoral thesis with Wilhelm Lenz in Hamburg, important contributions
to the theory of ferromagnetism, phase transitions, etc.
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The Piecewise Constant Mumford-Shah

For A — oo one obtains a special case of the Mumford-Shah functional
known as the piecewise constant approximation:
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= For a given boundary C, the minimizing constants «; are uniquely
determined. The are given by the average brightness of each region:

Jo I(x)dx
I
As a result, the cost function is then merely a function of the

boundary C: E(C') = min,, E(C,u). In particular, the segmentation
has the same average gray value as the input image 1.

OF
(‘9—%:2/91, (I(z) —w;)dz =0 = u;

= Existence of minima: There exist minima of the functional £ (C'). The
minimizing boundaries C' are closed and differentiable up to
discontinuities of the following type:

0 Three boundary segments meet at equal angles (120°).
0 The boundary meets the domain boundary at a 90° angle.

= Minimia of E(C) are generally not unique.
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= Unfortunately, the Mumford-Shah functional in its original formulation
IS not in a canonical form, since the variable of interest (the
boundary (') appears in the integrand.

= There exists an entire research community dedicated to such
optimization problems known as shape optimization or shape
sensitivity analysis.

= |n the following we will derive the Euler-Lagrange equation using
Green’s theorem (following S.C. Zhu '95). Assume we are given a
general energy of the form

E(C) = / F(,y)dedy,

where R denotes the region inside a curve C. Let C : [0, 1] — R? be
a parametric closed curve, with C(s) = (z(s), y(s)).
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Euler-Lagrange Equations

Green’s Theorem: For a vector field of the form
o 7 = (a(z,y), b(z,y)) € R? and a region R C R? with boundary R = C
+ Varatonal mege we have:
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e Mathematical Insights

e Euler-Lagrange Equations 1

e Euler-Lagrange Equations
e Euler-Lagrange Equations

1
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0
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Euler-Lagrange Equations

The functional
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Fay’

ds

d ob 0
——a—( - “)z;:fy'

Ooxr Oy

d ob  Oa\ . :

= f(x, y)( y) = f(x,y) e wobei 7o = normal vector
X
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Minimizing the Mumford-Shah Functional

s The above calculation shows that functionals of the form
E(C) = fR(C) f(x,y)dxdy have the following functional derivative:
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B . so the functional derivative is given by:

e Euler-Lagrange Equations

e Euler-Lagrange Equations aE

e = (@) = w)’ = (@) — uy)?)7
Functional - 7 ¥ C)

e Gradient Descent aC

e Gradient Descent with Length

oo because both regions contribute to the gradient and the normal
e o vector of the outside region is given by —7i¢.
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The gradient descent equation is therefore:

0C(s,t) dE(C)

ot

= ((1 —w)? - (- u¢)2>ﬁc.

At each boundary point:

Displace the curve

= toward outside region, if
1 — wi| < |I —uyl

n inwards, if [T — u;| > |I — uy]

Intuitive explanation: If the local brightness I(x) at point = is more
similar to the average brightness of the interior then x is assigned to
the interior and vice versa. (S.-C. Zhu und A. Yuille, Region

Competition, PAMI 1996)
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For the two-region piecewise constant Mumford-Shah with length
regularity we get:

E(C) :/Ri(l(a:)—ui)dedy—l—/

R;

(I(z) — u;)*dwdy + v|C|

and the gradient descent reads:

0C (s,t dE(C
where k denotes the local curvature of the curve C. This means that
In addition to separating bright and dark areas, the evolution aims at
suppressing large curvature of the curve. This is what leads to a local

minimization of the boundary length |C.
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Implementations

= The paper of Mumford and Shah is focused on aspects of existence
and uniqueness of solutions and the study of properties of solutions.

Image Segmentation Il

- enEEE e For example, it is shown that triple junctions can only exist in the
Segmentation . . . .
= minimizer if the contours meet at equal (120°) angles.

e Snakes: External Energy
e Snakes: Internal Energy

< Snakes: Gradient Descent = The paper of Mumford and Shah does not propose a numerical
" e ommens onhe Implementation for finding minimizers.

Snakes
e Problem with Initialization

o o™ There now exist a number of alternative methods, for example:
e The Piecewise Constant

Mumford-Shah 0 G. Koepfler et al., Multiscale Algorithm: an implementation of the

e Discrete Approximation

" Soluton via Graph Cut piecewise constant model in the spirit of region merging.
e Ernst Ising

e The Piecewise Constant

Munforc:Sha 0 D. Cremers et al., Diffusion Snakes: Implementation of the

e Mathematical Insights

* Euler-Lagrange Equations piecewise smooth and piecewise constant models using closed

e Euler-Lagrange Equations . . .
* Euler-Lagrange Equatons parametric spline curves (hybrid of Mumford-Shah and snakes).
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Koepfler et al. define: A 2-normal segmentation is a partitioning of
the image plane € into pairwise disjoint regions €4, ..., 2, such that
each segmentation obtained by merging two neighboring regions
has a larger or equal energy (in the sense of the piecewise constant
Mumford-Shah energy).

The algorithm of Koepfler et al. allows to compute 2-normal
segmentations. To this end it iteratively merges neighboring regions
until convergence.

Minima of the piecewise constant Mumford-Shah are always
2-normal segmentations. However: Not all 2-normal segmentations
are minimizers of the Mumford-Shah functional.

Two guestions arise:
0 In which order should one merge neighboring regions?

0 How should one select the parameter v?
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= Proposition: The number n of regions of a 2-normal segmentation is

bounded by the following function of the scale parameter v:

[Qosc(1)4

Co p2 .
2| = image size, and osc() = sup(/) — inf([) is called the
oscillation of the brightness function (difference between largest and
smallest brightness).

n <

In particular, this implies: The smaller €2 and the larger v, the
stronger the constraint on the number of regions.

Thus, the scale parameter v defines the spatial scale on which
segmentation is performed — on a coarse scale for large v and on a
finer scale for smaller values of v.

Variational Methods for Computer Vision - p. 25/32



2-normal Segmentations

Image Segmentation Il

e Variational Image
Segmentation

e Snakes

e Snakes: External Energy
e Snakes: Internal Energy
e Snakes: Gradient Descent
e Some Comments on the

Snakes
e Problem with Initialization

e Possible solutions
e The Mumford-Shah Approach
e The Piecewise Constant

Mumford-Shah
e Discrete Approximation

e Solution via Graph Cuts
e Ernst Ising
e The Piecewise Constant

Mumford-Shah
e Mathematical Insights

e Euler-Lagrange Equations
e Euler-Lagrange Equations
e Euler-Lagrange Equations
e Minimizing the Mumford-Shah

Functional
e Gradient Descent

e Gradient Descent with Length
Regularity

e Implementations

e 2-normal Segmentations

e 2-normal Segmentations

e 2-normal Segmentations

e Multiscale Imnlementation

Prof. Dr. Daniel Cremers, TU Miinchen

= The individual segments of a 2-normal segmentation have a a
positive minimal size:

‘Qz‘ > Cl(I, UV, Q) V1.

In particular, this implies that the Mumford-Shah segmentation
process (for v > 0) leads to an elimination of small regions. In
historical approaches this was introduced through a heuristic
post-processing step.

= For everz individual segment €2; the length of its boundary 0€2; is
bounded by a mutiple of its area |€);|:

This implies that minimization of the Mumford-Shah functional (for
v > 0) also leads to an elimination of elongated regions.
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Multiscale Implementation

The implementation of Koepfler et al. allows to compute a 2-normal
segmentation by the following region merging process:
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. Initialize: every pixel is its own region.

. For all neighboring pairs of regions, compute the change AFE' in

energy obtained by merging the two regions. Obviously it is of the
form:

AFE = AEregion + VAElength

. For all pairs of adjacent regions determine the value 7, for which

there is an energy decrease (AFE < 0). This value always exists
because AEjenqgn, < 0and AE,cgion > 0.

. In each step, merge the region pair with the smallest value of 7.

. Repeat steps (2.) - (4.) until the desired number of regions or a

sufficiently large value of v is reached.
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Input and segmentation with v = 2022 (above) and v = 6173 (below)

G. Koepfler et al., SIAM J. of Numer. Analysis, 1995

htt p: /7 www. mat h- 1 nf 0. uni v- pari s5. tr/ ~gk/ paper s/ hei del ber g95. pdf
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The Diffusion Snakes minimize the functional

1
E(u,C) = / (I(x) — u(az))Q dr + \ / Vu(x)|? dx + V/ ’Cl(8>‘2 ds
Q Q\C 0

by alternating two gradient descent evolutions:

oC(s,t)  OE 5 2\ y L

e ((I u)* + A Vu| )n+2uC : n = normal

Ou(z,t)  OE . ] 0, zeC
— == AV(w.Vu) + (I —u), withw.(x) = I else

We therefore have a curve evolution in alternation with an
Inhomogeneous diffiusion process (constant diffusion inside regions,
no diffusion acrosss boundary). Thus the diffusion snakes
simultaneously perform denoising (in each of the separated regions)
and boundary localization.
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Diffusion Snakes

The evolution of the curve C' is implemented by evolving a finite
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v large v small

D. Cremers et al., Int. J. of Computer Vision, 2002
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