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Exercise: December 18, 2015

Part I: Theory

1. The energy before and after the merging are given as:

Ebefore =

∫
Ω1

(I(x)− u1)2 dx+

∫
Ω2

(I(x)− u2)2 dx+ ν|Cbefore|,

Eafter =

∫
Ω1∪Ω2

(I(x)− umerged)2 dx+ ν|Cafter|.
(1)

Furthermore, we will make use of the following identites:∫
Ω

(f(x)− f̄)2dx =

∫
Ω
f(x)2dx− |Ω|f̄2,

umerged =
u1A1 + u2A2

A1 +A2
.

(2)

A straightforward calculation yields the desired result:

δE = Eafter − Ebefore

=

∫
Ω1∪Ω2

(I(x)− umerged)2 −
∫

Ω1

(I(x)− u1)2 dx−
∫

Ω2

(I(x)− u2)2 dx− νδC

=

∫
Ω1∪Ω2

I(x)2dx− (A1 +A2)u2
merged

−
∫

Ω1

I(x)2dx+A1u
2
1 −

∫
Ω2

I(x)2dx+A2u
2
2 − νδC

= −(A1 +A2)

(
u1A1 + u2A2

A1 +A2

)2

+A1u
2
1 +A2u

2
2 − νδC

=
A1A2

A1 +A2
(u2

1 − u2
2)− νδC.

(3)


