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16. Minimal Distane Constraint 2 / 25

Medial Imaging 3 / 25

Classial Image Segmentation

Given Image Data Term Data + Regularizer

The overall energy we like to minimize is

Epxq “
n

ÿ

i“1

fipxiq `
n

ÿ

i“1

ÿ

jPN piq

fij ¨ δpxi, xjq

looooooooooooomooooooooooooon

weighted length

, x P B
n.

This submodular energy an be globally minimized via graph-ut

if δℓ1,ℓ2 “ rrℓ1 ‰ ℓ2ss.
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Medial and RGB Images

Di�erenes to olor-images are

■ In general, graysaled images (intensities of magneti �eld et.)

■ Boundaries are often di�ult to detet

■ Color models for foreground and bakground tend to look very similar

■ Interested in multi-label segmentation

Brain Heart Carotid Artery
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Medial Imaging and Multilabeling

Brain Heart Carotid Artery

Epxq “
n

ÿ

i“1

fipxiq `
n

ÿ

i“1

ÿ

jPN piq

fij ¨ δpxi, xjq , x P t0, . . . ,kun

This problem is NP-hard for the Potts model δpℓ1, ℓ2q “ rrℓ1 ‰ ℓ2ss and k ą 1.
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Anatomy and Multi-Labeling 7 / 25

Anatomy vs. Geometry

The term anatomy is derived from Greek:

ἀνά �upwards�

τέμνω �to ut�

and refers to the study about the internal struture of organisms.

Anatomy refers to the true nature of the internal struture.

Very often, we annot detet this true nature.

Instead, we like to enfore ertain geometrial properties.

The term geometry is also derived from Greek:

γῆ �earth�

μέτρον �measurement�

and refers to the study about shape and relative positions of objets.

While we are interested in an anatomial model, we usually enfore geometrial onstraints.
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Geometrial Constraints

If we want to segment a medial obeservation into its omponents, we an ast this as a multilabeling problem. Enforing geometrial onstraints is

equivalent to restriting the set Ln

of feasible labelings.

Given x P Ln

and ℓ P L, we refer to Sℓ :“ ti|xi “ ℓu as the region of ℓ.

Given two di�erent regions Sα and Sβ, one migth be interested in the following geometrial onstraints:

Sα ĂSβ (inlusion onstraint)

Sα ĄĂSβ (exlusion onstraint)

distpSα, Sβq ěd (minimal distane onstraint)

distpSα, Sβq ďd (maximal distane onstraint)

There may be di�erent distane funtions distp¨, ¨q that we an use.
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Probabilisti Interpretation

Using Bayes' rule, we an write any multilabeling problem as a probability maximization problem

argmax
xPLn

P px|Iq “ argmax
xPLn

P pI|xq ¨ P pxq

P pIq

“ argmin
xPLn

´ logpP pI|xqq ´ logpP pxqq

The likelihood P pI|xq tells us how well a segmentation x P Ln

�ts to the observed image I. The prior P pxq tells us how likely a ertain segmentation x P Ln

is. It does not depend on the observation.

If we want to exlude a ertain labeling x P L, its probability is �0� and we have ´ logpP pxqq “ `8.
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Surfae Segmentation 11 / 25

Multisurfae Segmentation

The vision group of Sonka proposed in 2006 a method for medial surfae segmentation that bears a ertain resemblane to the Ishikawa onstrution.

They onsidered parametrized surfaes, i.e., mappings f : Ωxy Ñ N0.

Besides the vertial in�nity osts, they also added additional in�nity osts that assures that the surfae does not hange too muh in the x- and y-diretion.
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Data & Regularity Term

Sine they only wanted to employ a data term cpx,y,zq for the surfae that is related to the gradient of the image, they used the following data term

fpx,y,zqp1q “

#

cpx,y,zq if z=0

cpx,y,zq ´ cpx,y,z´1q if z>0.

These data terms proved to result in faster algorithms than the original idea of Ishikawa to use vertial edges beween neighboring layers.

By adding in�nity edges

rpx, y, zq, px ˘ 1, y, z ´ ∆xs and rpx, y, zq, px ˘ 1, y, z ` ∆xs

rpx, y, zq, px, y ˘ 1, z ´ ∆ys and rpx, y, zq, px, y ˘ 1, z ` ∆ys

the surfae an only vary by at least ∆x or ∆y in the x- resp. y-diretion.
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Closed Surfae

In order to also handle losed surfaes, they proposed the tehnique of unfolding in order to obtain a surfae that an be parametrized.

By doing so, they introdued in fat ylindrial oordinates.

A disadvantage of this approah is the expliit knowledge of the entral axis of the medial objet. Also, the data term has to be transformed into the

ylindrial oordinates whih may result in small inauraies.
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Multiple Surfaes

If one wants to handle multiple surfaes with di�erent data term, the surfae onstrution has to be repeated for eah surfae. Sonka's group assumed that

all surfaes an be parametrized with the same unfolding tehnique.

Afterwards, additional edges between orresponding olumns enfore the minimal and maximal distane onstraint. This onstraint does not depend on the

�nal segmentation but on the hosen unfolding tehnique.
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Results

The results are ompetitive, but the implementation is in general di�ult

■ The entral struture should be easy to detet (pre-proessing)

■ Gradient information have to be reomputed with respet to the unfolding tehnique (pre-proessing).

■ The results are given in ylindrial oordinates. The atual image segmentation has to be derived from it (post-proessing).
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Limitations

PSfrag replaements PSfrag replaements PSfrag replaements

Every star-shaped region an be modelled, but the enfored distane onstraints might be limited to the straight lines leaving the enter.

Only star-shaped regions an be modelled.

This limits the set of feasible labelings.

We plan to expand the spae of possible labelings and enforing a minimal distane as a well as a maximal distane onstraint.
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Minimal Distane 18 / 25

Ishikawa Constrution

Given the labelspae L “ t0, . . . , ku, the involved variables are k opies of the n pixels in the image domain, resulting in n ¨ k verties.

In�nity-edges between these layers assure the inlusion onstraint Sℓ`1 Ă Sℓ.

Additional edges an enode any penalty δpℓ1, ℓ2q :“ dp|ℓ1 ´ ℓ2|q

if dp¨q is onvex.

IN2245 - Combinatorial Optimization in Computer Vision 16. Minimal Distane Constraint � 19 / 25
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Minimal Distane Constraint

PSfrag replaements

Sα Sβ We address the nested multilabeling problem

PSfrag replaements

t

s.t. minimal tubular distane

The tubular distane t between Sα Ă Sβ is the minimal value r suh that

Sα ‘ Br ĂSβ

A ‘ B “
ď

bPB

ta ` b|a P Au Br “tx P R
d| }x} ď ru

IN2245 - Combinatorial Optimization in Computer Vision 16. Minimal Distane Constraint � 20 / 25
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Nested Labeling

We are interested in the following label penalty

δpℓ1, ℓ2q “

$

’

&

’

%

0 , |ℓ1 ´ ℓ2| “ 0

1 , |ℓ1 ´ ℓ2| “ 1

8 , otherwise

In pratie, 8 is a large onstant K and one an formulate δ as

δpℓ1, ℓ2q “

#

0 , |ℓ1 ´ ℓ2| “ 0

1 ` p∆ ´ 1q ¨ K , |ℓ1 ´ ℓ2| “ ∆

This penalty is onvex in |ℓ1 ´ ℓ2|.
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Nested Labeling (Ishikawa)

Given the labelspae L “ t0, . . . , ku, the involved variables are k opies of the n pixels in the image domain, resulting in n ¨ k verties.

In�nity-edges between these layers assure the inlusion onstraint Sℓ`1 Ă Sℓ.

Additional in�nity-edges enfore a tubular distane of at least one pixel between neighboring regions.
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Minimal Distane Constraint

Inreasing the neighborhood enfores larger minimal distane onstraints.
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Heart Segmentation

Image Seeds Minimal Distane Maximal Distane

A. Delong, Y. Boykov: ICCV, 2009

F. R. Shmidt, Y. Boykov: ECCV, 2012
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