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Submodular Image Segmentation

Given Image Data Term Data + Length Term

argmin
xPBn

Epxq “ argmin
xPBn

nÿ

i“1

fixi `
nÿ

i“1

ÿ

jPN piq

fijxix̄j fij ď 0

“ argmin
xPBn

nÿ

i“1

fixi ` lengthpxq

“ argmin
xPBn

xf, xy ` lengthpxq

This can be efficiently minimized via graph cut.
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Bayes Interpretation

The above energy can be formulated by means of the Bayes’ theorem.

maxP px|Iq “max
P pI|xq ¨ P pxq

P pIq
Epxq “ ´ logpP px|Iqq “ ´ logpP pI|xqq ´ logpP pxqq ` const

Using

P pI|xq “
ź

iPΩ

PdatapIpiq|xpiqq

PdatapIpiq|0q “ pdfp0qpIpiqq “ e´fp0qpIpiqq

PdatapIpiq|1q “ pdfp1qpIpiqq “ e´fp1qpIpiqq

P piq “ expp´ lengthpiqq

we obtain argminxEpxq “ argminx xf, xy ` lengthpxq.
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Hierarchical MRF

x1 : LN Ñ B x0 : Ω Ñ LN
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Regional Functionals 7 / 23

Volume Constraint

A volume constraint is very useful if we know the likely size of the observed image. A popular approach is to use the so called balooning term.

The idea is to lower the data term in order to increase the size of the segmentation. The ballooning term is easy to implement

fpiq fpiq ´ λ

and the resulting energy can be solved globally optimal via graph cut.

Whether this approach is robust depends highly on the used data term.
What we actually want to minimise is

Epxq “E0pxq ` λ ¨ pvolpxq ´ V0q2

“E0pxq ` λ ¨ px1, xy ´ V0q2

The resulting energy is not submodular anymore.
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Holistic Histogram

We can extend the volume constraints to multiple constraints that are applied to different colors or other appearances.

Black: V0 pixels.
White: V1 pixels.

The resulting energy is:

Epxq “ pxf0, xy ´ V0q2 ` pxf1, xy ´ V1q2 ` lengthpxq

with indicator functions f0, f1 : Ω Ñ t0, 1u for black and white pixels.
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Holistic Distribution

Given are:

■ k appearance models and indicator functions fi for i ă k.

■ Preferred distribution pi for the models, i.e.,
ř

iăk pi “ 1.

■ Histogram distance function, e.g., Bhattacharyya distance:

D ptpiu, tqiuq “ ´ log

˜
ÿ

iăk

?
piqi

¸

Minimise the following energy functional:

E pxq “ lengthpxq ´ log

˜
ÿ

iăk

d
pi ¨ xfi, xy

x1, xy

¸
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General Formulation

In the next lecture we will address a special class of higher-order pseudo-Boolean energies

Epxq “ E0pxq ` RF
tfiuiăk

pxq

■ E0 is a submodular function
■ RF

tfiuiăk

is a regional function, i.e.,

RF
tfiuiăk

pxq “ F pxf0, xy , . . . , xfk´1, xyq

where

fi : Ω Ñ R “indicator” function

F : Rk Ñ R smooth composition
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Energy Approximation via Linearization

Given the regional energy RF
tfiuiăk

p¨q, we receive

T 1
x0
RF

tfiupxq “RF
tfiu

px0q `
ÿ

iăk

BF
Bvi

¨ xfi, x ´ x0y

“RF
tfiupx0q ´

ÿ

iăk

BF
Bvi

¨ xfi, x0y
looooooooooooooooomooooooooooooooooon

depends only on x0

`
ÿ

iăk

BF
Bvi

¨ xfi, xy
loooooooomoooooooon

linear in x

“ const`
C

ÿ

iăk

BF
Bvi

¨ fi
looooomooooon

∇Rpx0q

, x

G

Note that the linearization results in a purely modular energy.
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Global Optimization of the

Volume Constraint

Energy: Epxq “ lengthpxq ` rx1, xy ´ V s2

Approximation: rEpxq “ lengthpxq ` V 2 ´ x1, x0y2 ` 2 xrx1,x0y ´ Vs, xy
Minimize: lengthpxq ` 2 xrx1,x0y ´ Vs, xy

■ Segmentation x0 too big
■ x1, x0y ´ V ą 0 (shrinking bias)
■ argmin rEpxq “ H

■ Segmentation x0 too small
■ x1, x0y ´ V ă 0 (ballooning force)
■ argmin rEpxq “ Ω

Global optimization fails to solve the problem. Optimise locally instead.
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Fast Trust Region 14 / 23

Trust Region

■ Global minimum S1 of rE may have an higher energy than EpS0q.
■ Following a path from S0 to S1 in direction of ´∇EpS0q, decreases E.
■ Find intermediate points by constraining the optimization to a local region.

min
distpS0,Sqăδ

E0pSq ` x∇RpS0q, Sy

using shape distance distpS0, Sq. With Lagrangian multiplier λ:

min
S

E0pSq ` x∇RpS0q, Sy ` λ ¨ distpS0, Sq
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Regional Shape Distance

Hamming Indicator φS0
Signed Distance Shape Distance

dist1pS0, Sq “
ż

S

φS0
pxqdx´

ż

S0

φS0
pxqdx (Hamming Distance)

dist2pS0, Sq “
ż

S

sdfS0
pxqdx´

ż

S0

sdfS0
pxqdx (Shape Distance)

min
S

E0pSq ` x∇RpS0q ` λ ¨ φS0
, Sy

min
S

E0pSq ` x∇RpS0q ` λ ¨ sdfS0
, Sy
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Regional Shape Distance

φS0
∇RpS0q ` λ ¨ φS0

λ “ 0.2 λ “ 1.0 λ “ 5.0

sdfS0
∇RpS0q ` λ ¨ sdfS0

λ “ 1.5 λ “ 3.0 λ “ 6.0
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Volume Constraint

4 neighborhood

8 neighborhood

16 neighborhood
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Holistic Distribution Segmentation

EpSq “ HistpSq ` lengthpSq

Level Set (t=1) Level Set (t=50) Level Set (t=1000) Trust Region
after 1 hour after 1 hour after 1 hour 64 seconds
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Video Label Propagation 20 / 23

Label Propagation
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Label Propagation

Input HoughTrack Proposed Method
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