
Variational Methods for Computer Vision: Solution Sheet 2

Exercise: November 11, 2015

Part I: Theory

1.

((f ∗ k1) ∗ k2) (x, y) =

∫ (∫
k1(s)f(x− s, y − t) ds

)
k2(t) dt

=

∫ ∫
f(x− s, y − t)k1(s)k2(t) ds dt

=

∫ ∫
f(x− s, y − t) 1

2πσ2
exp(−s

2 + t2

2σ2
) ds dt

=

∫ ∫
f(x− s, y − t)K(s, t) ds dt

= (f ∗K)(x, y)

2. (a)

∇f̃(x) = ∇(f ◦R)(x)

= (DRxf ◦DxR)T

= (DRxf ◦R)T

= RT (DRxf)T

= RT∇f(Rx) (1)

Thus:

R∇f̃(x) = RRT∇f(Rx)

= ∇f(Rx)

(b)

‖∇f̃(x)‖ (a)
= ‖RT∇f(Rx)‖

=
√
〈RT∇f(Rx), RT∇f(Rx)〉

=
√
〈∇f(Rx), RRT∇f(Rx)〉

=
√
〈∇f(Rx),∇f(Rx)〉

= ‖∇f(Rx)‖

(c)

∆f̃(x) = div( ∇f̃(x)︸ ︷︷ ︸
RT∇f(Rx)

)

= div
(

cos(α)fx + sin(α)fy
− sin(α)fx + cos(α)fy

)
= f̃xx + f̃yy



Thus:

f̃xx = ∂x (cos(α)fx + sin(α)fy)

= ∂x cos(α)fx + ∂x sin(α)fy

= cos2(α)fxx + cos(α) sin(α)fxy + cos(α) sin(α)fyx + sin2(α)fyy

And:

f̃yy = ∂y (− sin(α)fx + cos(α)fy))

= sin2(α)fxx − cos(α) sin(α)fxy − cos(α) sin(α)fyx + cos2(α)fyy

Therefore:

f̃xx + f̃yy = fyy(sin2(α) + cos2(α)︸ ︷︷ ︸
=1

) + fxx(sin2(α) + cos2(α)︸ ︷︷ ︸
=1

)

= ∆ (f(Rx))

3. (a)

div (g · ∇u) (x) = gdiv (∇u) (x)

= g∆u(x)

(b)

div (g∇u) (x) =
∂

∂x1

(
g
∂

∂x1
u

)
(x) +

∂

∂x2

(
g
∂

∂x2
u

)
(x)

=
∂2u

∂x21
(x)g(x) +

∂2u

∂x22
(x)g(x) +

∂g

∂x1
(x)

∂u

∂x1
(x) +

∂g

∂x2
(x)

∂u

∂x2
(x)

= g(x)∆u(x) + 〈∇g(x),∇u(x)〉


