Variational Methods for Computer Vision: Solution Sheet 2

Exercise: October 31, 2016

Part I: Theory

1. This follows from a direct calculation:

(7 ki) e ka) () = [ ( [ 1@ —sy-0 ds) (1) dt
— [ [ e s Oa(o)kate) asat
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2. (a) To compute the gradient, we take a look at the directional derivative of fin an arbitrary
direction R"h € R2.
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= (Vf|pp 1)
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Since the above holds for all R™ h we can conclude that V(f o R)(z) = RTV f]| Ry USING
the following argument:

(x,h)y = (y, h),Vh

& (x—y,h)=0,Yh

= (z—y,z—y) =0,

= r=uy.
Thus we know that V(f o R) = R o Vf o R.
Another way of showing this is to use the multivariate chain-rule for the Jacobian

Jfoga) = Jy(g(a)) o Jy(a).

Since by definition the gradient of a function is the transpose of the Jacobian we have:

[V(foR)|(z) = Jpor(x)" = (Jp(Rz)oR)" = R' o Jy(Rx)" = RT(Vf)(Rx).



(b) We show the identity directly:
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and hence [|V(f o R)|| = [[(Vf) o R

(c) Denoting the partial derivatives as 0, f = fz, Oyf = fy, etc., (with the convention
fz(Rx) = ((0zf) o R)(x) and using short hand notation cos(a) = ¢, sin(a) = s,
x = (x,y) we compute the following:
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Now we have that

Oub10] _ g ()
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O (cfz(Rx) + sfy(Rx)) + 0y(—sfz(Rx) + cfy(Rx))
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(¢ + %) foa(Rx) + (¢ + %) fyy (RX) = ((Af) 0 R)(x),
T T

which shows (Af) o R = A(f o R).
Remark: Schwarz’s theorem (or Clairaut’s theorem) states that if f : R” — R has
continuous second partial derivatives at a then

0? 0?
fra) = 53 (0) = 53 (@) = i)

This condition is fulfilled since f € C?(€2;R) by assumption.



3.

(a) This immediately follows from the linearity of the divergence operator:
div (g - Vu) (z) = gdiv (Vu) (z)
(b) We compute:

i (990) (1) = (gaiu) () + 2 (gau) (x)

0*u 0*u 0 ou o)
= 52 @)9@) + 55 @) + 5T @50 w) + 5
= g(x)du() + (Vy(x). Vu(2))

ou



