Variational Methods for Computer Vision: Solution Sheet 2

Exercise: November 7, 2017

Part I: Theory

1. This follows from a direct calculation:

(k) k) o) = [ ([ = 5.0 ds) (e
— [ [ = sy = (o)kate) asat
://f(g:—s,y—t) ! 2exp(—5221_2t2)dsdt
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Separability allows to implement a two-dimensional n x n filter by consecutive application of
two one-dimensional filters, which can be done in O(n) instead of O(n?).

2. (a) Since by definition the gradient of a function is the transpose of the Jacobian we have:
[V(f o R)(2) = Jpor(x)" = (Jy(Rz) o R)" = R o Jy(Rz)" = R"(V[)(Rx).

Alternative: We can also show this directly without using the chain rule in the following

way. To compute the gradient, we take a look at the directional derivative of f in an
arbitrary direction R h € R2.

(V(f o B)(x), RThY = lim S 0 B@+eRTh) = (fo R)(2)

e—0 g

— lim f(Rx +eRR"h) — f(Rx)
e—0 £

_ f(Rx +¢eh) — f(Rx)

o 51—I>n0 g

= ((Vf)(Rz), h)
= ((Vf)(Rx),RR"h)
= (RT(Vf)(Rz),R"h).

Since the above holds for all R"h we can conclude that V(f o R)(z) = R (Vf)(Rz),
using the following argument:

(x,h) = (y,h),Vh
< (x—y,h) =0,Vh
= (z—y,z—y) =0,
= r=uy.

Thus we know that V(f o R) = RT o Vf o R.



(b) We show the identity directly:
IV(f o R)@)| £ |RT (V) (Ra)|
= \J(RT(Vf)(Re), RT(V)(Rx))

V(Y £)(Re), RRT(Vf)(Ra))
J (Be))

= ( )H

and hence ||V (f o R)|| = [[(Vf) o R||.

(c) Denoting the partial derivatives as 0, f = fz, Oyf = fy, 0.0yf = [y, etc., (with the
convention f,(Ru) := ((0,f)oR)(x) and using short hand notation cos(a) = ¢, sin(a)) =
s,u= (z,y)" we compute the following:

AT B o) = aiv(ie [ R

o ch(R) 4 sy (Rw)
=d < —sfz(Ru) +0]y”y(Ru) )

= Ou(cfo(Ru) + 5 fy(Ru)) + 0y(—sfo(Ru) + cfy(Ru))

Now we have that

- ] = [ Gt

Vi) = [ | = B o) = |0y i)

Or(cfz(Ru) + sfy(Ru)) + 0y(—sfz(Ru) + cfy(Ru)) =
cOy fo(Ru) + 50, fy(Ru) — sOy fo(Ru) + ¢y fy(Ru) =
c(cfre(RU) + s fry(RU)) + s(cfyz(RU) + s fyy (Ru))—
$(—=8foa(RU) + cfoy(RU)) + c(=sfyz(Ru) + cfyy(Ru)) =
& fuw(RU) + ¢ fry (RU) + scfye(RU) + 5% f (Ru)+
5% foe(Ru) — s foy(RU) — c5 fyz(Ru) + Cnyy(Ru) =
(¢ +5%) fox(Ru) + (& + 5%) fyy(Ru) = ((Af) © R)(u),
—— ——

which shows (Af) o R = A(f o R).

(a) This immediately follows from the linearity of the divergence operator:

div (g - Vu) (z) = gdiv (Vu) (z)
= gAu(z)



(b) We compute:

. 0 0 0 0
div (gVu) (z) = e <g(‘3x1u> () + e <g8x2u) (x)
0%u 0%u dg ou dg ou

= @(90)9(55) + 87:13%(95)9(55) + 87561(55)8731 x) + e x 87:2(93)
= g(z)Au(z) + (Vg(z), Vu(z))



