
Variational Methods for Computer Vision: Solution Sheet 6

Exercise: December 5, 2017

Part I: Theory

1. Reminder: a linear map from X to Y is a function L : X → Y with the following properties

(a) L(u+ v) = Lu+ Lv, ∀u, v ∈ X;

(b) L(αu) = α(Lu), ∀u ∈ X,α ∈ R.

As the ẽi form a basis, we can write Lek uniquely as

Lek = M1,kẽ1 + . . .+Mm,kẽm,

for all k ∈ {1, · · · , n}. These scalars Mi,j then completely determine the linear map L. The
matrix

M =

M1,1 · · · M1,n
...

. . .
...

Mm,1 · · · Mm,n

 =


∣∣ ∣∣

[L(e1)]ẽ · · · [L(en)]ẽ∣∣ ∣∣
 ∈ Rm×n

is then the so called matrix representation of L with respect to the bases {e1, · · · , en} and
{ẽ1, · · · , ẽm}.
We verify that for some x = α1e1 + · · ·+ αnen we have

[L(x)]ẽ =

n∑
j=1

αj [L(ej)]ẽ =

n∑
j=1

αjM·,j = Mx.

2. We start by the directional derivative, as on the last sheets:

dE(u)

du

∣∣∣∣
h

= lim
ε→0

1

ε
(E(u+ εh)− E(u))

= lim
ε→0

1

ε

∫
Ω

(L(u+ εh,∇(u+ εh), A(u+ εh))− L(u,∇u,Au)) dx

= lim
ε→0

1

ε

∫
Ω

(L(u+ εh,∇u+ ε∇h,Au+ εAh)− L(u,∇u,Au)) dx

=

∫
Ω

(
∂L
∂u

h+
∂L
∂∇u

∇h+
∂L
∂Au

(Ah)

)
dx

=

∫
Ω

(
∂L
∂u

h− div
∂L
∂∇u

h+A∗
∂L
∂Au

h

)
dx+

∫
∂Ω
h

〈
∂L
∂∇u

, n

〉
ds

Hence the Euler-Lagrange equation is:

∂L
∂u
− div

∂L
∂∇u

+A∗
∂L
∂Au

= 0, for x ∈ Ω〈
∂L
∂∇u

, n

〉
= 0, for x ∈ ∂Ω, n is the normal.
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