Variational Methods for Computer Vision: Solution Sheet 5

Exercise: November 28, 2018
Prof. Dr. Daniel Cremers, Marvin Eisenberger, Mohammed Brahimi

Part I: Theory

1. (a)

dEPoisson — _div ( oL

du 8(vu)> = =2div(Vu—V) = =2(Au —divV) = =2 (Au - Ag).

(b) Define a difference function d by d(z) := u(x) — g(z). Since differentiation is a linear
operation, we can write

Ju—Jg=1Jq, Vu.—Vg.=Vd, for ce{rg,b}

Opdy  Oyd,
= u— Jlle = 1allF = ||| 9dy Oydy
Oudy  Dydy) ||
= > (0:de)* + (9yde)* = D |Vd P = ) |Vue— Vgl
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Now we can easily conclude that

EP,vec(u) = / ||Ju - Jg”iﬂdx = Z / ’vuc - v.gc|2d-73 = Z EPoisson(uc)
QQ Q0

c=r,9,b c=r,g9,b

2. We can write the energy functional as a sum of two energies

dE(u) _ dFEk(u) N )\dETV(u)

where we know the second term of the Gateaux derivative of I from the last exercise sheet:

dETV . _8£TV(VU) — _div Vu
du  9(Vu) |Vul )~

so we can focus on computing the first term:

dFE} .1
T |, = [ GO wreh) = 1) = (ke = )2)do
o1 2 2
:il—rf(l)g Q(%(k*u—f—i—skz*h) —%(k*u—f) )da
1
=lim =~ [ (Aksu—f+elbsu—f)kxh)+i(kxh)? - L(kxu— f)?)da
e=0¢€ Jo

= lir% ((kxu—f)(kxh)+ éa(k*h)Q)dx:/ (kxu— f)(k«+h)dzx.
E— Q 9]



Now note that for convolution it holds that
/ g(z) (k * h) () dz = / / 9(2)k(z — y)h(y)dydz
- / / 9()k(y — 2)h(y)dady = / (9. F))h(y)dy = / (9 % F)(@)h(z)dz,

where we defined k(z) := k(—x), so we obtain (by setting g := k * u — f)

dBe | _ * U — xh)dz = «u— f)*k)hdz
du |, = /Q (k% u = f)(k*h)d /Q (k% u—f) k) hd
dBy(u) .
qu =(kxu—f)xk

Thus the Euler-Lagrange equations for the functional

1
E(u) = / (u*k—f)zda:+)\/ |Vu|dz,
2 Ja Q
are given as follows:

(u*k—f)*%—kdiv(%)z& in ,

Vu
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