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Convex Optimization
Notations
e [ is a Euclidean space (i.e., finite dimensional inner
product space), equipped with
© Inner product (-, ), e.g., (u,v) = uTvifE =R";
® Norm ||-|| = v/{(:, -) satisfying polarization identity:

2 2 2 2
2[ull” +2[vII® = [lu+vI" + flu— v

e Cis aclosed, convex subset of E.
e Jis a convex objective function.
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Convex Optimization
Notations

e [ is a Euclidean space (i.e., finite dimensional inner
product space), equipped with
© Inner product (-, ), e.g., (u,v) = uTvifE =R";
® Norm ||-|| = v/{(:, -) satisfying polarization identity:

2 2 2 2
2[ull” +2[vII® = [lu+vI" + flu— v

e Cis aclosed, convex subset of E.
e Jis a convex objective function.

Convex optimization

minimize J(u) over u e C.

First questions:
e What is a convex set?
e What is a convex function?
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Convex set Convex Analysis
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Definition

A set C is said to be convex if

au+(1—a)veC, Vu,veC, Vae]0,1]. [convexset
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Recall basic concepts in analysis
Definition

e Aset CCc Eisopenifvue C,3e > 0s.t. B(u) C C,
where B.(u) :={veE: |v—u| <€}

e Aset C C Eis closed if its complement E\ C is open.

e The closure of aset C C Eis

cdC={ueck:3{u*} c Csit. Jim Uk = u}.

e The interior of aset C C E is

intC={ueC:3>0s.t B.(u) C C}.

Convex Analysis

Tao Wu
Yuesong Shen
Zhenzhang Ye

Convex Function
Existence of Minimizer
Subdifferential
Convex Conjugate
Duality Theory

Proximal Operator

Last updated: 18.11.2018



Convex Analysis

Recall basic concepts in analysis
Tao Wu
Yuesong Shen

Definition Zhenzhang Ye

e Aset CCc Eisopenifvue C,3e > 0s.t. B(u) C C,
where B.(u) :={veE: |v—u| <€}
A set C C E is closed if its complement E\ C is open. [
The closure Of a Set C C ]E |S Convex Function

Existence of Minimizer
clC={ueck:3{uk} c Csut. Jim U = ul. Subdiferential
— 00

Convex Conjugate

Duality Theory

The interiorof aset C C E is

Proximal Operator

intC={ueC:3>0s.t B.(u) C C}.

The relative interior of aset C C E is

rintC:={ue C:3e>0st B(u)naff C c C}
={ueC:vVvelCIa>1st.v+alu—v)eC}

if C is convex. Here aff C stands for the affine hull of C.
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Basic properties

The following operations preserve the convexity:
e Intersection: Cy N Co.

e Summation: Cy + Co := {u' + v : u' € Cy, 1% € Co}.

e Closure: cl C.
¢ (Relative) interior: int C, rint C.

— In general, the union of convex sets is not convex.
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Basic properties

The following operations preserve the convexity:
e Intersection: Cy N Co.

e Summation: Cy + Co := {u' + v : u' € Cy, 1% € Co}.

e Closure: cl C.
¢ (Relative) interior: int C, rint C.

— In general, the union of convex sets is not convex.

Convex cone

Cisaconeif C = «C for any a > 0.
C is a convex cone if C is a cone and is convex as well.
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Separation of convex sets

Theorem (separation of convex sets)

Let C;, C> be nonempty convex subsets in E.

@ Assume C; is closed and C, = {w} C E\C;. Then
dJveE, v#0, a € Rs.t.

(v,w) >a>(v,uy, Vue Cy.
® Assume Cj is open and C; = {w} C E\Cy. Then
dveRE, v£0, a € Rsit.
(v,w) > a>(v,u), VueC.

® Assume C; N Co = () and C4 is open. Then
dveE, v#£0, a € Rs.t.

(viu"y >a>(v,i?), Vu'€Cy, P € Co.

@ Assume () # int Gy € E\C,. Then
dJveE, v#£0, a € Rs.t.

(v,u"y >a>(v,i?), VYu'eCy, tPeCo
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Convex functions Convex Analysis
Tao Wu
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¢ An extended real-valued function J maps from E to

R:=RU {co}.
e The domainof J: E — Ris

domdJ = {u cE: J(U) < OO} Convex Set
[ Convex Function
L] The funC“On J K — R |S proper |f dom J ;A @ Existence of Minimizer
Subdifferential
Convex Conjugate
Defl n |t|°n Duality Theory
We say J : E — R is a convex function if Proximal Operator

@ dom J is a convex set.

@® Forall u,v € domJ and « € [0, 1] it holds that
Jau+ (1 —a)v) <ad(u)+ (1 —a)d(v).

We say J is strictly convex if the above inequality is strict for
all o € (0,1) and u # v.
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Convex Analysis

Examples
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* Joaa(U) = ||u — z||g, where g > 1 and || - ||g is £9-norm.

o Jregu(U) = ||Ku||gj, where K is linear transform and ¢’ > 1.

o J(U) = Joata(U) + dregu(U).
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Examples
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Zhenzhang Ye

* Joaa(U) = ||u — z||g, where g > 1 and || - ||g is £9-norm.
Jregu(U) = ||Ku|\gi, where K is linear transform and ¢’ > 1. -

° J(U) = Jdata(u) + OéJregu(U). Convex Set

° Negatlve entropy JE(U) = 6(Lllog(u) + (1 - U) |Og(1 - U)) Existence of Minimizer
+ Subdifferential

o Soft plus: J*(v) = elog(1 + exp(v/e)) <=2 max(v,0). S

Duality Theory

Proximal Operator
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Convex Analysis

Examples
Tao Wu
Yuesong Shen
Zhenzhang Ye

* Joaa(U) = ||u — z||g, where g > 1 and || - ||g is £9-norm.
Jregu(U) = ||Ku|\gi, where K is linear transform and ¢’ > 1. -

o J(u) = Jgara(U) + adregu(U). ——

* Negative entropy: J.(u) = e(ulog(u) + (1 — u)log(1 — u)). m

o Soft plus: J(v) = elog(1 + exp(v/e)) =% max(v, 0). oo

¢ Indicator function (C C E is closed and convex): Sf:;h;:;amr
oolU) = {20 :ILP:eErWCiS’e.

e Formulate constrained optimization with indicator function:

minJ(u) overu e C. & minJ(u) + dc(u) over u € E.
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Basic facts

(As exercises)

¢ Any norm (over a normed vector space) is a convex
function.

e Jis a convex function and A is an affine transform
= J(A-) is convex function.

e (Jensen’s inequality) J : E — R is convex iff

n n
S i | <D aid(u),
i=1 i=1

whenever {u'}?, C E, {;}7, € [0,1], 74 a; = 1.
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Epigraph

Definition
The epigraph of a proper function J : E — R is

epid = {(u,a) e ExR:J(u) < a}.

epigraph

Theorem

A proper function J : E — R is convex (resp. strictly convex) iff
epi J is a convex (resp. strictly convex) set.

Proof: as exercise.
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Lipschitz continuity Convex Analysis
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Definition

Assume J : E — R with rintdom J # (. We say J is locally

Lipschitz at u € rintdom J with modulus L, > 0 if there exists SR
e>0s.t.

Existence of Minimizer

|J(U1) = J(Uz)‘ S LUHU1 = U2|| VU1 , u2 c BS(U) A rintdom J. Subdifferential
Convex Conjugate
Duality Theory
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Lipschitz continuity convex Analysis
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Definition

Assume J : E — R with rintdom J # (). We say J is locally

Lipschitz at u € rintdom J with modulus L, > 0 if there exists SR

e>0s.t. [ Convex Function
Existence of Minimizer

|J(u") = J(U?)| < Ly|lu' — P Yu',u? € B.(u) Nrintdom J. oot

onvex Conjugate
Duality Theory
Proximal Operator

Theorem

A proper convex function J : E — R is locally Lipschitz at any
u € rintdom J.

Proof: found in script.
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Global vs. Local minimizer

Recall the optimization of J : E — R:

minimize J(u) over u € E.

Definition

@ u* € E is a global minimizer if J(u*) < J(u) for all u € E.

® u* is a local minimizer if 3¢ > 0 s.t. J(u*) < J(u) for all
u e B.(u*).

® In the above definitions, a global/local minimizer is strict if
J(u*) < J(u) is replaced by J(u*) < J(u).
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Global vs. Local minimizer

Recall the optimization of J : E — R:

minimize J(u) over u € E.

Definition

@ u* € E is a global minimizer if J(u*) < J(u) for all u € E.

® u* is a local minimizer if 3¢ > 0 s.t. J(u*) < J(u) for all
u e B.(u*).

® In the above definitions, a global/local minimizer is strict if
J(u*) < J(u) is replaced by J(u*) < J(u).

Theorem

For any proper convex function J : E — R, if u* € dom J is a
local minimizer of J, then it is also a global minimizer.

Proof: on board.
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Does a minimizer always exist? convex Analysis
Tao Wu
Yuesong Shen
Zhenzhang Ye

e Consider
minimize J(u) overu € E,

where J : E — R is a proper, convex function.

Convex Set

Convex Function

e Some counterexamples for J : R — R: e
Subdifferential
u eXp u U2 —+ 5{U > 0} Convex Conjugate
......... Duality Theory

Proximal Operator

o Next we formalize our observations and derive sufficient
conditions for existence.
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Sufficient conditions for existence AR
Tao Wu

O] Yi Sh
Definition Zhenahang Ye

@ J is bounded from below if J(-) > C for some C € R.

® Jis coercive if J(u) — oo whenever ||u|| — co.
o Proposition: J is coercive if dom J is bounded.

Convex Set

Convex Function

Subdifferential

® J is lower semi-continuous (Isc) at u* if

J(u*) < Iikmian(uk), whenever uf — u*.
— o0

Convex Conjugate

Duality Theory

Isc not Isc Proximal Operator

FaNNIaN
N T

y

o Proposition: J is Isc iff epi J is closed.
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Sufficient conditions for existence AR

Tao Wu
Yuesong Shen
Zhenzhang Ye

Definition

@ Jis bounded from below if J(-) > C for some C € R.
Convex Set

® Jis coercive if J(u) — oo whenever ||u|| — cc.

Convex Function

Subdifferential

® J is lower semi-continuous (Isc) at u* if
Convex Conjugate

J(u*) < Iikmian(uk), whenever uf — u*.

Duality Theory
—0

Proximal Operator

Theorem

Any proper function J : E — R, which is bounded from below,
coercive, and Isc (everywhere), has a (global) minimizer.

Proof: on board.
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H Convex Analysis
Uniqueness
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e Recall that a function J : E — R is strictly convex if

Convex Set
J(Oéu + (1 — CM) V) < aJ(U) + (1 — OZ)J(V), Convex Function
* Bxistence of Minimizer
forall u,v e domdJ, u#v, a € (0,1). Subdifforential

Convex Conjugate
Duality Theory

Proximal Operator

Theorem
The minimizer of a strictly convex function J : E — R is unique.
Proof: on board.
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Subdifferential

Convex Analysis
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Differential

Definition

J: E — Ris called (Fréchet) differentiable at v ¢ intdom J
and VJ(u) € E is the (Fréchet) differential of J at u if

|[J(u+ h) —J(u) — (VJ(u), h) | _

J is continuously differentiable at u < intdom J if VJ(.) is
continuous on (dom J) N B.(u) for some e > 0.
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Differential

Definition

J: E — Ris called (Fréchet) differentiable at v ¢ intdom J
and VJ(u) € E is the (Fréchet) differential of J at u if

[J(u+h) = J(u) = (VI(u), h) | _

J is continuously differentiable at u < intdom J if VJ(.) is
continuous on (dom J) N B.(u) for some e > 0.

Remark

If E is a topological vector space, VJ(u) is treated as a dual
object in E*, and (VJ(u), h)y. 5 as duality pairing.
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Subdifferential
Definition
The subdifferential of a convex function J : E — R at
u € domJ is defined by

oJu)={peE:J(v)>Ju)+ (p,v—u) VveE}.
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Subdifferential
Definition
The subdifferential of a convex function J : E — R at
u € dom J is defined by

oJw)={peE:J(v) >Ju)+ (p,v—u) Vv eE}.

Geometric interpretation

p € dJ(u) iff (b, —1) is a normal vector for the supporting
hyperplane of epiJ at (u, J(u)), i.e.,

TP LED =P 1) v conis
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Subdifferential: Examples

© J(u) = [u].

aJ (u)
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Subdifferential: Examples

© J(u) = [u].

J(u) 0J(u)

® Given a closed, convex subset Cc Eand u € C,
déc(u)y={peE:(p,v—u) <0Vve C}=:Ng(u),

known as the normal cone of C at u.
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Convex Analysis

Subdifferential: Examples
Tao Wu
Yuesong Shen
Zhenzhang Ye

Convex Set

> Convex Function

J(U) o0J (U) Existence of Minimizer

Convex Conjugate

® Given a closed, convex subset Cc Eand u € C, Sy VTR

Proximal Operator

ddc(u)={peE:(p,v—u) <0Vve C}=:Ng(u),

known as the normal cone of C at u.

© J(u) = l[ull| = 0J(0) = {p:|llplll« <1} |l|- ]Il is the
dual normof [[| - |||, i-e., [[|pl||- = sup{(p, u) - [||ull| <1}
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Subdifferential calculus

Theorem (chain rule under linear transform)

Let J(-) = J(K-) with some convex function J and linear
transform K. Then

ad(u) = KTaJ(Ku)
whenever Ku € rintdom J.

Example: J(u) = ||Ku|| = 8J(u) = KT9| - ||(Ku).
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Subdifferential calculus

Theorem (chain rule under linear transform)

Let J(-) = J(K-) with some convex function J and linear
transform K. Then

ad(u) = KTaJ(Ku)
whenever Ku € rintdom J.
Example: J(u) = ||Ku|| = 8J(u) = KT9| - ||(Ku).
Theorem (summation rule)
Let J(~) = Ji(:) + J(+), where Jy, Jo are convex functions s.t.
rintdom J; N rintdom J» # (.

Then for any u € dom J; Nndom J>, we have

ad(u) = 8J;(u) + ddo(u).

Convex Analysis
Tao Wu

Yuesong Shen
Zhenzhang Ye

Convex Set

Convex Function
Existence of Minimizer
Convex Conjugate
Duality Theory

Proximal Operator

Last updated: 18.11.2018



Properties of subdifferential map

Theorem

Let J : E — R be a convex function. Then for any u € intdom J,
dJ(u) is a nonempty, compact, and convex subset.

Proof: on board.
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Properties of subdifferential map

Theorem

Let J : E — R be a convex function. Then for any u € intdom J,
dJ(u) is a nonempty, compact, and convex subset.

Proof: on board.

Theorem

Let J : E — R be a convex function. Then dJ is a monotone
operator, i.e. Yu', u? € domJ, p' € aJ(u"), p? € OJ(U?) :

Proof: on board.

<p1 —pPu — u2> > 0.
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Properties of subdifferential map

Theorem

Let J : E — R be a convex function. Then for any u € intdom J,
dJ(u) is a nonempty, compact, and convex subset.

Proof: on board.

Theorem

Let J : E — R be a convex function. Then dJ is a monotone

operator, i.e. Yu', u? € domJ, p' € aJ(u"), p? € OJ(U?) :
<,D1 —pz,u1 _ u2> > 0.

Proof: on board.

Theorem

Let J : E — R be a proper, convex, Isc function. Then the

set-valued map dJ is closed, i.e. p* € 0J(u*) whenever
3(uk, p¥) = (u*, p*) € (domJ) x E s.t. p¥ € aJ(u¥) Vk.

Proof: on board.
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Optimality condition

Theorem

Given any proper convex function J : E — R, the sufficient and
necessary condition for u* being a (global) minimizer for J is

Proof: on board.

0 € aJ(u*).
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Optimality condition

Theorem

Given any proper convex function J : E — R, the sufficient and
necessary condition for u* being a (global) minimizer for J is

Proof: on board.

0 € aJ(u").

Constrained optimization as special case

If u* minimizes J = J 4 d¢ with convex function J : E — R and
closed convex subset C C E, then 0 € 0J(u*) &

0 € dJ(u™) + Ne(u™).
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Optimality condition
Constrained optimization as special case

If u* minimizes J = J + 6¢ with convex function J : E — R and
closed convex subset C C E, then 0 € 9J(u*) &

0 € 8J(u*) + Ne(u*).

Remark

The optimality condition 0 € dJ(u*) + N¢(u*) is geometric.
More explicit characterization replies on the algebraic
representation of Ng(u*) (e.g., the Karush-Kuhn-Tucker (KKT)
conditions) typically under certain constraint qualifications.
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Optimality condition
Constrained optimization as special case
If u* minimizes J = J + d¢ with convex function J : E — R and
closed convex subset C C E, then 0 € 9J(u*) &

0 € aJ(u™) + Ne(u™).

Remark

The optimality condition 0 € 0J(u*) + Ng(u*) is geometric.
More explicit characterization replies on the algebraic
representation of Ng(u*) (e.g., the Karush-Kuhn-Tucker (KKT)
conditions) typically under certain constraint qualifications.

Example: Linear-inequality constraints

Let C = {ueR": Au < b} where b € R", A€ R™" has
linearly independent rows. Then

Ne(u) = {ATA: A >0, = 0if (Au — b); < 0}.
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Convex Analysis

Convex conjugate

Tao Wu
Definition ;r‘zf‘::gnsgh$:
Given a function J : E — R, the convex conjugate
(a.k.a. Legendre-Fenchel transform) of J is defined by
J*(p) = Sug{w, p) —J(u)} VpekE.
i Convex Set
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Subdifferential

Duality Theory

Proximal Operator
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Convex conjugate
Definition
Given a function J : E — R, the convex conjugate
(a.k.a. Legendre-Fenchel transform) of J is defined by

J(p) = sup{{u,p) — J(u)} VpEE.

Examples (as exercise)

© J(u) = l[ulll = J*(p) = a{lllplll- < 1}. ]|l is the
dual normof ||| - ||, i.e., [||pl|[« = sup{(p, u) : [|[ull] < 1}.
@ J(u)=1|ull§ = J*(p) = tllpll;- (1 <g< o0, F+1=1)

® J(u) =", ulogu;+d{ue A"}
= J*(p) = log(Z74 exp(p))-

Convex Analysis
Tao Wu

Yuesong Shen
Zhenzhang Ye

Convex Set

Convex Function
Existence of Minimizer
Subdifferential

Duality Theory

Proximal Operator
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Convex conjugate
Definition
Given a function J : E — R, the convex conjugate
(a.k.a. Legendre-Fenchel transform) of J is defined by

J(p) = sup{{u,p) — J(u)} VpEE.

Examples (as exercise)

© J(u) = l[ulll = J*(p) = a{lllplll- < 1}. ]|l is the
dual normof ||| - ||, i.e., [||pl|[« = sup{(p, u) : [|[ull] < 1}.
@ J(u)=1|ull§ = J*(p) = tllpll;- (1 <g< o0, F+1=1)

® J(u) =", ulogu;+d{ue A"}
= J*(p) = log(>__; exp(p;))-
Basic facts (as exercise)

e Scalar multiplication: J(-) = ad(-) = J*(:) = aJ*(-/a).
e Translation: J(~) =J(-—-2) = J*(.) =J*() + (-, 2).

Convex Analysis
Tao Wu

Yuesong Shen
Zhenzhang Ye

Convex Set

Convex Function
Existence of Minimizer
Subdifferential

Duality Theory

Proximal Operator
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Geometric interpretation Gonvex Analysis
Tao Wu

Yuesong Shen
Zhenzhang Ye

Geometrically, convex conjugation maps
the normal vector of a supporting hyperplane to the epigraph

to
the intersection with the vertical axis. @ &

Convex Function

1 Existence of Minimizer
( -b, ) Subdifferential

J(u) .
Duality Theory

Proximal Operator

ZN

nf{J (u) — (u,p)} = ~J"(p)

Last updated: 18.11.2018



Fenchel-Young inequality, order reversing property Convex Analysis

Tao Wu
Yuesong Shen

Theorem (Fenchel-Young inequality) Zhenzhang Ye

For any convex function J : E — R and (u, p) € E x E, we have -
J(u) + J*(p) = (u,p) .

Convex Set

The equality holds iff p € 9J(u) with (u, p) € dom J x dom J*. Convex Function
Existence of Minimizer

Proof: (i) J(u) + J*(p) > (u, p) follows directly from the Subdifierenial
definition of convex conjugate. [ Convex Canjugate

Duality Theory

(if) The equality holds only if (u, p) € domJ x dom J*.
Moreover, p € dJ(u) is the sufficient and necessary condition
for: minyeg J(u) — (u, p).

Proximal Operator
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Fenchel-Young inequality, order reversing property

Theorem (Fenchel-Young inequality)

For any convex function J : E — R and (u, p) € E x E, we have

J(u) +J*(p) > (u,p).
The equality holds iff p € 9J(u) with (u, p) € dom J x dom J*.

Proof: (i) J(u) + J*(p) > (u, p) follows directly from the
deflnmon of convex conjugate.

(if) The equality holds only if (u, p) € domJ x dom J*.
Moreover, p € dJ(u) is the sufficient and necessary condition
for: minyeg J(u) — (u, p).

Theorem (order reversing)
Forany Ji,Jo : E — R, Ji(-) < J3(-) whenever Ji (-

)
Proof: For any (u, p), we have (u, p) — Ji(u) < (u, p) — Jo(u).
Taking supremum over u on both sides yields J;(p)

Convex Analysis
Tao Wu

Yuesong Shen
Zhenzhang Ye

Convex Set

Convex Function
Existence of Minimizer
Subdifferential

Duality Theory

Proximal Operator
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Biconjugate Convex Analysis

Tao Wu
Yuesong Shen
Zhenzhang Ye

Theorem
Let J: E — R, and J** = (J*)* is the biconjugate of J.

Convex Set

Convex Function

In general: : o
Existence of Minimizer
0 J**() S J() Subdifferential
® J* is convex and Isc.  Convex Conjugate
Duality Theory
If J is proper, convex, and Isc, then: e et

© J() = J().
O p c oJ(u) iff u e aJ*(p).

Proof: on board.

Last updated: 18.11.2018



Convex Analysis

Regularity of J and J*
Tao Wu

O] Yi Sh
Definition Zhenghang Ye

@ J:E — Ris pu-strongly convex if 3 > 0s.t. J(-) — & - |I?
is convex.
® J: E — Ris L-Lipschitz differentiable (a.k.a. L-smooth)
if J is differentiable and VJ is Lipschitz with modulus L. Copedse

Convex Function

Existence of Minimizer

Subdifferential

Duality Theory

Proximal Operator

Last updated: 18.11.2018



Regu Iarlty of J and J* Convex Analysis
Tao Wu
Definition Yuesong Shen

Zhenzhang Ye
@ J:E — Ris pu-strongly convex if 3 > 0s.t. J(-) — & - |I?
is convex.
® J: E — Ris L-Lipschitz differentiable (a.k.a. L-smooth)
if J is differentiable and VJ is Lipschitz with modulus L. Copedse

Convex Function

Existence of Minimizer

Theorem Subdifferential

= .  Convex Conjugate
Assume that J : E — R is proper, convex, and Isc. Then J is Dualty Theory
u-strongly convex iff J* is %-Lipschitz differentiable. Proximal Operator

Proof: on board.

compactly supported quadratic Huber function

,,,,,,,,,,,,,,,
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Convex Analysis

Tao Wu
Yuesong Shen
Zhenzhang Ye

Convex Set

Convex Function

D u al ity T h e O ry Existence of Minimizer

Subdifferential

Convex Conjugate

Proximal Operator
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Convex Analysis

Fenchel-Rockafellar duality

Tao Wu
Yi ng Shen
° COﬂSIder Z:Zf;hgng;e
inf {F(Ku)+ G(u)},
ueRr”n
where K € R™*" and F, G are proper, convex, and Isc.
Convex Set

Convex Function
Existence of Minimizer
Subdifferential

Convex Conjugate

Proximal Operator
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Fenchel-Rockafellar duality

e Consider
inf {F(Ku)+ G(u)},
ueR”

where K € R™*" and F, G are proper, convex, and Isc.

o The weak duality always holds:
P = igf{F(Ku) + G(u)}
= infsup{(p. ku) = F*(p) + G(u)}
> sgpigf{<KTp, uy + G(u) — F*(p)}

= sgp{—G*(—KTp) - F*(p)} = D*.

Convex Analysis
Tao Wu

Yuesong Shen
Zhenzhang Ye

Convex Set

Convex Function
Existence of Minimizer
Subdifferential
Convex Conjugate

Proximal Operator
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Fenchel-Rockafellar duality

e Consider
inf {F(Ku)+ G(u)},
ueR”

where K € R™*" and F, G are proper, convex, and Isc.

o The weak duality always holds:
P* = inf{F(Ku) + G(u)}
= infsup{(p. ku) = F*(p) + G(u)}
> sgpigf{<KTP, uy + G(u) — F*(p)}

= sgp{—G*(—KTp) - F*(p)} = D*.

e Define the duality gap:

G(u,p) = F(Ku) + G(u) + G*(—K " p) + F*(p).

Note that G(u, p) = 0 is an optimality criterion.

Convex Analysis
Tao Wu

Yuesong Shen
Zhenzhang Ye

Convex Set

Convex Function
Existence of Minimizer
Subdifferential
Convex Conjugate

Proximal Operator
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Fenchel-Rockafellar duality Convex Analysis
Ifl:svg:g Shen
Zhenzhang Ye

e G(u*,p*) =0« P* =D* & (u*, p*) solves the saddle
point problem with £(u, p) := (p, Ku) — F*(p) + G(u):

E(U*7 p) S L:(U*7 p*) S £(U7 p*) V(U7 p) Convex Set

Convex Function
Existence of Minimizer
Subdifferential

Convex Conjugate

Proximal Operator
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Fenchel-Rockafellar duality Convex Analysis

Tao Wu
Yuesong Shen
Zhenzhang Ye

e G(u*,p*) =0« P* =D* & (u*, p*) solves the saddle
point problem with £(u, p) := (p, Ku) — F*(p) + G(u):
L(u*,p) < L(u*,p*) < L(u,p*) ¥(u,p).

Convex Function

Existence of Minimizer
Theorem (Fenchel-Rockafellar duality) Subdifferential

Convex Conjugate

Assume Ju € dom G s.t. F is continuous at Ku. Then the B
strong duality holds: P* = D*. Moreover, (u*, p*) is the
optimal solution pair iff

{Ku* € 9F*(p*),

Proximal Operator

—KTp* € 0G(u*).

Proof: on board.
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Example: Total-variation image denoising convex Analysis
I::svg:g Shen

e Primal problem (given Q C RY, f € R?, a >0, g € [1,00]):  zhenzhang¥e

1
min a|Vul1q+ =||u— f|]2.
min, Vull1,q 2|| |

Here ||pl1,q = Y ;cq I0j]es for each p € RI¥I*9, Corex Set

/ Convex Function
Existence of Minimizer
Subdifferential
Convex Conjugate

Proximal Operator
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Example: Total-variation image denoising

e Primal problem (given Q C R, f e R?, a >0, g € [1, x]):

1
min a|Vul1q+ =||u— f|]2.
min, Vull1,q 2|| |

Here ||pl1,q = Y ;cq I0j]es for each p € RI¥I*9,

]

¢ Apply the Fenchel-Rockafellar duality with

F()=all-ll1,q

K=V, G()=

1

—I-=f|?.
Sl

Convex Analysis

Tao Wu
Yuesong Shen
Zhenzhang Ye

Convex Set

Convex Function
Existence of Minimizer
Subdifferential
Convex Conjugate

Proximal Operator
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Example: Total-variation image denoising

e Primal problem (given Q C R, f e R?, a >0, g € [1, x]):

1
min a|Vul1q+ =||u— f|]2.
min, Vull1,q 2|| |

Here ||pll1,q = Zjeg |pj|ea for each p € RIQIxd

¢ Apply the Fenchel-Rockafellar duality with

1
FO)=all-lhe K=V, G()=3l--f*
e Saddle point problem (1/g+1/q' = 1):

_ 1
maxmin (p, Vu) = {||plloc.q < @} + 5 lu = |

Convex Analysis
Tao Wu

Yuesong Shen
Zhenzhang Ye

Convex Set

Convex Function
Existence of Minimizer
Subdifferential
Convex Conjugate

Proximal Operator
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Example: Total-variation image denoising

e Primal problem (given Q C R, f e R?, a >0, g € [1, x]):

1
min a|Vul1q+ =||u— f|]2.
min, Vull1,q 2|| |

Here ||pll1,q = Zjeg |pj|ea for each p € RIQIxd

¢ Apply the Fenchel-Rockafellar duality with
1
F()=al lhe K=V, G()=3ll- ~f|2.
e Saddle point problem (1/g+1/9' = 1):
. 1
maxmin (p, Vu) — 6{[|Pllec.g < o} + 5fu - 2.

e Dual problem:

1
min §IIVTPH2 +(V'p,f) +6{lplloc.g < a}.

Convex Analysis
Tao Wu

Yuesong Shen
Zhenzhang Ye

Convex Set

Convex Function
Existence of Minimizer
Subdifferential
Convex Conjugate

Proximal Operator
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Convex Analysis

Tao Wu
Yuesong Shen
Zhenzhang Ye

Convex Set
Convex Function
P rOX i m al O p e rato r Existence of Minimizer
Subdifferential
Convex Conjugate

Duality Theory
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Convex Analysis

Proximal operator

Tao Wu
Yuesong Shen
Definition Zhenzhang Ye
Given a proper, convex, Isc function J : E — R, we define the
proximal operator of J by
prox._,(v) = argminJ(u) + l||u —v|? Convex Set
™ u 27— ’ Convex Function

. e Existence of Minimizer
Note: The above minimization always has a unique minimizer. Subiferential
Convex Conjugate

Duality Theory
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Proximal operator AR
Tao Wu

Yuesong Shen
Definition Zhenzhang Ye
Given a proper, convex, Isc function J : E — R, we define the
proximal operator of J by
prox (V) = arg min J(U) + l”u — V||2 Convex Set
™ o 27— Convex Function

Existence of Minimizer

Note: The above minimization always has a unique minimizer.

Subdifferential

Convex Conjugate

Proximal operator in an optimization algorithm el ey

Let us solve the convex optimization:

mJn F(u) + G(u),

where G is cont’ly differentiable but F is non-differentiable.
The proximal gradient iteration appears as:

U = prox_g(uk — TV G(UF)).

Last updated: 18.11.2018



Observations Convex Analysis

Tao Wu
Yuesong Shen
Zhenzhang Ye

@ By checking the optimality condition,

u=prox,,(v) & 0¢c rad(u)+u-v & u= (I+79J)~'(v).

Thus, prox,, = (I + 70J)~", a.k.a. the resolvent of dJ. Convex Set
Convex Function
Existence of Minimizer
Subdifferential
Convex Conjugate

Duality Theory
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Observations Convex Analysis

Tao Wu
Yuesong Shen
Zhenzhang Ye

@ By checking the optimality condition,

u=prox,,(v) & 0¢c rad(u)+u-v & u= (I+79J)~'(v).

Thus, prox,, = (I + 70J)~", a.k.a. the resolvent of dJ. Convex Set
Convex Function
® u* is a fixed point of prox_, i.e. u* = prox_ ,(u*), Existence of Minimizer

. . . . Subdiff ial
& 0 € dJ(u*), i.e. u* is a minimizer of J. oaterents

Convex Conjugate

Duality Theory

Last updated: 18.11.2018



Observations Convex Analysis
Tao Wu

Yuesong Shen
Zhenzhang Ye

@ By checking the optimality condition,

u=prox_,(v) & 0 raJ(u)+u—v & u=(I+7aJ)~'(v). -

Thus, prox., = (I + 79J)~", a.k.a. the resolvent of dJ.

Convex Set

Convex Function

® u* is a fixed point of prox, , i.e. u* = prox_,(u*), e
i i inimi Subdifferential
< 0 € aJ(u*), i.e. u* is a minimizer of J. fferentia

Convex Conjugate
Duality Theory

® Derivation of proximal gradient algorithm: * Proximal Operator
u* € arg muin F(u) + G(u)

< 0€9F(u™)+ VG(u")

& U+ 70F(Uut) 3 ut —TVG(UY)

& ut = (14 10F) Y (u* — TV G(U*))

s UK = prox_g(uF — 7V G(UK)).
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Exam ples Convex Analysis
. . Tao Wu
© Indicator function. Let C be nonempty, closed, convex = Yuesong Shen

Zhenzhang Ye
Prox,s.(+) = projg(-).

In this case: proximal gradient < projected gradient.

Convex Set

Convex Function
Existence of Minimizer
Subdifferential
Convex Conjugate

Duality Theory
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Examples
© Indicator function. Let C be nonempty, closed, convex =
prox_;.(-) = projc(-)-
In this case: proximal gradient < projected gradient.

® Linear approximation. J(-) := J(0) + (VJ(Q), - — T) =

_ . 1 _ _ _
prox () = arg min {2T||u — 0|+ (VJ(O),u — u>}
=u—-7VJ(U). (gradient descent step)

Convex Analysis

Tao Wu
Yuesong Shen
Zhenzhang Ye

Convex Set

Convex Function
Existence of Minimizer
Subdifferential
Convex Conjugate

Duality Theory
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Convex Analysis

Examples
. . Tao Wu
© Indicator function. Let C be nonempty, closed, convex = Yuesong Shen

Zhenzhang Ye

prox_;.(-) = projc(-)-
In this case: proximal gradient < projected gradient.

@ Linear approximation. J(-) := J(0) + (VJ(T), - — T) = Convex Set
Convex Function
o\ — H 1 =112 - - Existence of Minimizer
prOXTJ(u) o arg mUIn {27’ HU B U” + <VJ(U)7 u- U>} Subdifferential
=0 —7VJ(0). (gradient descent step) §°”|"_fxfh°""“ga‘e
uality Theory
©® Quadratic approximation. [ Proximal Operator

J() = J(@) + (VI(T),- — T) + 3 <V2J(TJ)(~ —-0),-—0)=

I
oI
|
N
<
N
[
<
i
_|_
~
|
<]
<
=

). (damped Newton step)
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Logistic regression (programming exercise) convex Analysis

Tao Wu

b [ ] heneran Yo
EEQDBBREEBHAH

e MNIST' dataset - handwritten digit recognition.
¢ Train classifier on training set; Evaluate on test set.
e Conv Neural Network: 0.23%; Logistic Regression: 10%.

Convex Set

Convex Function
Existence of Minimizer
Subdifferential

Convex Conjugate
Duality Theory

Thttp://yann.lecun.com/exdb/mnist/
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Logistic regression (programming exercise) Convex Analysis
Tao Wu

b [ ] heneran Yo
EEQDBBREEBHAH -

MNIST' dataset - handwritten digit recognition.
Train classifier on training set; Evaluate on test set. R
Conv Neural Network: 0.23%; Logistic Regression: 10%.  convex Function

e C = 10 classes; grayscale images of pixels M = 28 x 28. Existence of Minimizer
e N = 60000 training images X € RN*M with ground-truth S”"“‘“e:““_a'
labels Y € {1,...,C}N. gj::jy*m"ejr“ja‘e
[ Proximal Operator

Thttp://yann.lecun.com/exdb/mnist/
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Logistic regression (programming exercise) Convex Analysis
Tao Wu

b [ ] heneran Yo
EEQDBBREEBHAH -

MNIST' dataset - handwritten digit recognition.
Train classifier on training set; Evaluate on test set. R
Conv Neural Network: 0.23%; Logistic Regression: 10%.  convex Function

e C = 10 classes; grayscale images of pixels M = 28 x 28. Existence of Minimizer
e N = 60000 training images X € RN*M with ground-truth S”"“‘“e:““_a'
labels Y € {1,...,C}N. EZZIT};TYW

Task: Train a linear classifier with W € R€*M and b € RS,
..., which parameterizes likelihood via softmax:

exp((Wy..x) +by)
o1 exp({ Wi, X) + b)

Py

x; W,b) =

Thttp://yann.lecun.com/exdb/mnist/
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Logistic regression (programming exercise) Convex Analysis
Tao Wu

b [ ] heneran Yo
EEQDBBREEBHAH -

MNIST' dataset - handwritten digit recognition.
Train classifier on training set; Evaluate on test set. R
Conv Neural Network: 0.23%; Logistic Regression: 10%.  convex Function

e C = 10 classes; grayscale images of pixels M = 28 x 28. SiSEE G
o N = 60000 training images X € RV*M, with ground-truth Subdiferentel
labels Y ¢ {1 s ey C}N (;Z::?;:::Jygate

. . - . CxM c
Task: Tram a linear .C/aSSI.err.WI’[h W e R“*Mand b € R, [ Proimal Operator
..., which parameterizes likelihood via softmax:

exp((Wy.., x) + by)
Sy exp({ Wi, X) + bi)
Minimize: negative log-likelihood P + regularizations, i.e.

Py

x; W,b) =

N
. 1
min Ruw(W) + Ro(b) = 5 >_10g P(YalXn.; W, b).

n=1

Thttp://yann.lecun.com/exdb/mnist/ Last updated: 18.11.2018
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Moreau identity

Theorem (Moreau identity)

Let 7 > 0and J : E — R be proper, convex, and Isc. Then the

following identity holds:
id(-) = prox(-) + 7 proxs ;. (-/7).
In particular, 7 = 1 = id(-) = prox,(-) + prox . (:).
Proof: V= Tprox%J*(u/r)
& (I+ 18J*> - (u/T)y=v/T
< oJ*(v/T)su—v

< v/t edd(u—v)
& u—v=(I+710J)""(u) = prox, ,(u).

Convex Analysis
Tao Wu

Yuesong Shen
Zhenzhang Ye

Convex Set

Convex Function
Existence of Minimizer
Subdifferential
Convex Conjugate

Duality Theory
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Moreau identity Convex Analysis
Tao Wu

Theorem (Moreau identity) Thenzhang Yo

Let 7 > 0and J : E — R be proper, convex, and Isc. Then the
following identity holds:

id(-) = prox(-) + 7 proxs ;. (-/7).

Convex Set

Convex Function

In particular, 7 = 1 = id(-) = prox,(-) + prox . (:). Esictonce of Minimizer
Proof: V = TProXi j. (U /7-) Subdifferential

Convex Conjugate

1 " -1 Duality Theory
< (/+ ;aJ ) (u/T)y=v/T e
< oJ*(v/T)su—v
< v/t edd(u—v)
& u—v=(I4+718J)""(u) = prox.(u).

Remark

The Moreau identity suggests that if one of prox,(-) and
prox . (-) is computable, so is the other.
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Convex Analysis

Infimal convolution
Tao Wu

Definition ;r‘zf‘::gnsgh$:

Let F,G: E — R be proper, convex, and Isc. The infimal
convolution (or inf convolution) of F and G is defined by

(FOG)() = inf {F(u—v) + GV},

Convex Set

Convex Function
W|th dom(FD G) S dom F + dom G Existence of Minimizer
Subdifferential
Convex Conjugate

Duality Theory
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Infimal convolution
Definition

Let F, G : E — R be proper, convex, and Isc. The infimal
convolution (or inf convolution) of F and G is defined by

(FOG)(u) = inf {F(u—v)+ G(v)},
with dom(FOG) = dom F + dom G.

Theorem
Let F,G: E — R be proper, convex, and Isc. Then

(FOG)* = F* + G".

Proof: (FOG)*(p) = sup,,, {(p,u) = F(v) - G(u — v)}
supy o {(p, V) = F(V) + (p,u—v) = G(u—Vv)} = F*(p)

Analogy to integral convolution

By convolution theorem, F+G=F - G where ~ denotes the

Fourier transform and * the integral convolution.

+G*(p)

Convex Analysis
Tao Wu

Yuesong Shen
Zhenzhang Ye

Convex Set

Convex Function
Existence of Minimizer
Subdifferential
Convex Conjugate

Duality Theory
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Moreau envelope
Definition

The Moreau envelope of a proper, convex, Isc function
J : E — R is defined for each u € E by

env, (u) := (JD—H |2>( )
i L)+ v - e}

1
J(prox, (1)) + 5 prox, ,(u) — ulf*.

Convex Analysis

Tao Wu
Yuesong Shen
Zhenzhang Ye

Convex Set

Convex Function
Existence of Minimizer
Subdifferential

Convex Conjugate

Duality Theory
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Moreau envelope
Definition

The Moreau envelope of a proper, convex, Isc function
J : E — R is defined for each u € E by

env, () = (JD o |2) ()

. 1 5
Vlggz{d(vw%nv— u }

Example

J:uw |ju] = env,, isthe Huber function:

Lule it < -
env, (u) =< 27 ) -’
i) {||u|g it ] > .

Observation: env.., performs smoothing on J.

1
J(Prox. ,(u) + 5= prox, ,(u) — ulf®.

Convex Analysis
Tao Wu

Yuesong Shen
Zhenzhang Ye

Convex Set

Convex Function
Existence of Minimizer
Subdifferential

Convex Conjugate

Duality Theory
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Properties of Moreau envelope Convex Analysis

Tao Wu
Yuesong Shen
e Recall the theorem: (FOG)* = F* + G* = Zhenzhang Ye
(envrg) = + (LI 12) =0+ )P
7J - or = > .
Convex Set

Convex Function
Existence of Minimizer
Subdifferential

Convex Conjugate

Duality Theory
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Convex Analysis

Properties of Moreau envelope

Tao Wu
Yuesong Shen
« Recall the theorem: (FOG)* = F* + G* = Zhenzhang Ye
(omvos) =+ (ool ) =0+ G- 2
TJ) — or = > .
. . X Convex Set
¢ Recall the theorem: J is u-strongly convex iff J* is Convex|Function
i-LIpSChItZ d|fferent|ab|e Existence of Minimizer
Subdifferential

= env,, is }-Lipschitz differentiable.

Convex Conjugate

Duality Theory
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Properties of Moreau envelope

o Recall the theorem: (FOG)* = F* + G* =

* [k l 2 *_ * z 2
(orvss) ="+ (Gl ) =+ 5l P

¢ Recall the theorem: J is u-strongly convex iff J* is
L-Lipschitz differentiable.

= env,, is }-Lipschitz differentiable.

e Venv,, can be calculated as:

p=Venv.y(u) & uecdlenv.y) (p)=9J"(p)+1p

S u—TtpedJi(p) & dJu—Tp)>p

< 1o0d(u—Tp)>3TPp & (I+70J)(U—TP)D U

o u—71p=(I+70J)""(u) = prox_,(u)

< Venvy(u)=p= ;(u — prox,(u)).

Convex Analysis
Tao Wu

Yuesong Shen
Zhenzhang Ye

Convex Set

Convex Function
Existence of Minimizer
Subdifferential
Convex Conjugate

Duality Theory
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