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Convexity

Convexity of E: R” — RU {oo}: For all u,v € R™ and all 6 € [0,1] it
holds that

E(0u+ (1 —0)v) < 0B(u) + (1 — 0)E(v) (©)

We call E strictly convex, if the inequality (c) is strict for all 8 € (0,1),
and v # u.

We call E m-strongly convex if G(u) = E(u) — % |lu|* is convex.
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Existence+uniqueness

The domain of E is
dom(E) :={u € R" | E(u) < 00}.

We call E proper if dom(E) # ().
The epigraph of E is defined as

epi(E) := {(u,a) | B(u) < a}.

A function is called closed if its epigraph is a closed set.

If E is closed and there exists a nonempty and bounded sublevelset
{ueR" [ E(u) <a},

then £ has a minimizer.
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The subdifferential: Optimality Conditions

The subdifferential of a convex function F is
OE(u)={peR" | E(v)— E(u)— (p,v—u) >0 YveR"}
If E is differentiable at u then

OE(u) = {VE(u)}.

For convex functions, any local minimizer is a global minimizer. The
optimality condition is

4 € argmin E(u) < 0 € 0E(1)

If E has a minimizer and is strictly convex, the minimizer of E is unique.
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The subdifferential: Sum and Chain Rules

The relative interior of a convex set M is defined as
(M) ={xeM|VyeM, IA>1, st. dz+(1—-Nye M}

If E is proper and convex and u € ri(dom(E)), dE(u) is non-empty.

Sum rule — Let F, F5 be convex functions such that
ri(dom(E7)) Nri(dom(FE2)) # 0, then it holds that

I(E1 + Eg)(u) = {p1 +p2 | p1 € 0F1(u), p2 € 0Fs(u)}.

Chain rule — If A € R™*" F:R™ — RU {00} is convex, and
ri(dom(E)) Nrange(A) # (), then it holds that

A(E o A)(u) = {ATp | p € DE(Au)}.
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Contractions

Question: When does the following fixed-point iteration converge?

uttt = G(u®) (fp)

We call G : R™ — R™ a contraction if it is Lipschitz-continuous with
constant L < 1, i.e. if there exists a L < 1 such that for all u, v € R

1G(u) = G(v)ll2 < Lffu = v]|2,

If G is a contraction, it has a unique fixed-point @ and (fp) converges
linearly to .

Convergence of fixed-point iterations



Averaged operators

An operator H : R™ — R"” is non-expasive if it is Lipschitz-continuous
with constant 1, i.e. if for all u, v € R™

[H(u) = H(v)l]2 < [lu—wvl2.

An operator G : R™ — R" is called averaged if there exists a
non-expansive mapping H : R® — R” and a constant « € (0, 1) s.t.

G=aol+(1-a)H.

If G: R™ — R"™ is averaged and has a fixed-point, then the iteration

converges to a fixed point of G for any starting point ©° € R™.
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Averaged operators

An operator G : R™ — R" is called firmly nonexpansive, if for all
u,v € R™ it holds that

1G(w) = G)II3 < (G(u) = G(v),u—v).

An operator G : R® — R" is firmly nonexpansive if and only if G is

averaged with o = 3.

Compositions of averaged operators are averaged.
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Gradient descent

Gradient descent iteration: u**1 = u* — TVE(u")
FE is L-smooth if E is differentiable and VE is L-Lipschitz continuous.

Baillon-Haddad Th.: A continuously differentiable convex function
E :R™ — R is L-smooth if and only if %VE is firmly nonexpansive.

Theorem: For E convex and L-smooth, gradient descent with a fixed
step-size 7 € (0,2/L) converges to a solution of min,cgn F(u).

As E is L-smooth, %VE = %(I + T') for some non-expansive operator T'.
L’T) Lt

Glu) = u— TL%VE(u) - (1 - ) 1+ =T

is averaged for 7 € (0,2/L). Then v = G(u*) = u* — 7VE(u*) converges
to a fixed-point of G (a minimizer of E as VE(u") = 0).

Gradient based methods



Gradient projection

Consider the problem mig E(u) for E, C convex and E L-smooth.
ue

The gradient projection iteration is u**! = proj. (u” — TVE(u")).
—_——

G (uk)

We can sow that the projection onto a non-empty closed convex set is
firmly nonexpansive = proj. is averaged.

If E'is L-smooth and 7 € (0,2/L), then G is averaged and proj-(G;)
is averaged because the composition of averaged operators is averaged.
Then the gradient projection alg. converges to a minimizer of E over C

as a fixed-point iteration u**! = proj (G, (u*)) of an averaged operator.

Gradient based methods
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Proximal Operator

The mapping proxy : R™ — R”™ defined as

1
prox;(v) := argmin E(u) + = ||u — v]?
u€R™ 2

for a closed, proper, convex function F : R™ — R U {oo} is called the
proximal operator or proximal mapping of E.

The proximal operator proxy for a closed, proper, convex function E is
firmly nonexpansive and therefore averaged with oo = 1/2.

Gradient based methods
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Proximal gradient

Consider the problem min,cg» F(u) + G(u) for F' convex and G' convex
and L smooth. Then the iteration

w1 = prox, p(u® — TVG(u"))

is called the proximal gradient method.

Let F(u) = F(u) + G(u) have a minimizer, and 7 € (0,2/L), then the

proximal gradient method converges to a minimizer of F.

The convergence rates of gradient descent, gradient projection, and
proximal gradient are suboptimal. They are accelerated by extrapolation.

Gradient based methods
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Convex conjugation

The convex conjugate of a proper function £ : R” — R U {oo} is
E*(p) = Sip<u,p> — E(u).
It is always convex and closed.
The Fenchel-Young inequality states that
E(u) + E*(p) = (u, p),
and that equality holds if and only if p € OE(u).
For a proper, closed convex function F, its biconjugate E** = F.
For a proper, closed convex function E, p € 0E(u) < u € OE*(p).

Duality
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Fenchel Duality

Let E(u) = G(u) + F(Ku) have a minimizer, and let G and F be closed
and convex. If there is u € ri(dom(QG)) s.t. Ku € ri(dom(F')), then

min,, G(u) + F(Ku) Primal

= min,max, G(u)+ (g, Ku) — F*(q)
Saddle point

= max,min, G(u)+ (g, Ku)— F*(q)

= max, —-G*(—K*q) — F*(q) Dual

We are therefore looking for a saddle point (u, ¢) such that
—~KTq € 0G(u), KucdF*(q).

Duality



PDHG

The primal-dual view motivates the definition of an iterative method to
find
~KTq € 0G(u), KucdF*(q).

The primal-dual hybrid gradient (PDHG) method computes

0 0G KT uktl 17 KT\ (ot — gk
S +1 7 .
0 —~K OF* ] \ pFtt ~K 15 pEHl_ pk
—_—— —_——
=T =M
or in the algorithmic-friendly form of (PDHG)
k

pFtt = proxUF*(pk + 0K(2uk — ukil)),

uF Tt = prox, o (uf — TK*p*TY),

Primal-dual methods

(PDHG)
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Convergence analysis

A set-valued operator T is called monotone ( a generalization of firmly
non-expansive) if (p —q,u —v) >0 Vu,v,p € T(u),q € T(v).

The resolvent (I + T')~! of a maximally monotone operator is firmly
non-expansive, i.e. averaged with o = 1/2.

Let 7' be maximally monotone and let there exist a z such that 0 € T'(2).
Then the proximal point algorithm

0 € T(2M) 4 M1 — F

converges to a Z with 0 € T'(2).
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Convergence of PDHG

0 oG KT uktl 17y _K7T uktl — ok
€ +1 7 .
0 ~K OF*) \pFt! ~K 15 pEHL b
—_—— —_——
=T =M
T is maximally monotone, M is positive definite for 7o <

1
1K[Ze0 -

Let M = M'/2M"Y2 then M~/2TM~'/? is maximally montone and
the PDHG algorithm is a proximal point algorithm in z = M'/?(u; p).

If saddle-point problem has a solution and To<|| K |52, PDHG converges.
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PDHG

The variants of PDHG for functions F™* or GG strongly convex

converge faster.

Considering

0 9G KT M iy _KT wktl — ok
€ +1 7 .
0 —-K OF*) \pFt! ~K 15 pEHL b
we measure convergence, and define stopping criteria, in terms of the

residuals

PR

; (pk+1 _pk) _ K(uk-i-l _ uk)

(uk'+1 _ uk') _ KT(pk—H _pk)

N =Q |-

k+1 _
Tq =

Primal-dual methods
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ADMM

Let us consider

0 i 0G KT uktt N I -KT uFtl — ok
0 K OF* pK+1 -K /\K](l pK+1 _pk '
—_——

=M

>

The resulting M is only positive semi-definite. Exploit fixed point

iterations of averaged operators in a different way to show convergence.

If we decompose this equation component by component, in u we have

uf = IDFOX,\G(U’c —AKTp"),
2

1
XK(Quk+l —uP)

)

A
pF T = argmin F*(p) + 5 HKTp — KTpk —
P

which requires a proximal step to update the primal variable u, like
PDHG, and a more difficult subproblem for p.

Primal-dual methods
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Primal-Dual Algorithms

Make sure the updates decouple, are easy, and M > 0
PDHG, overrelaxation on primal

oG KT

0e
—-K OF*

p

PDHG, overrelaxation on dual

G KT | |ukt? 17 KT\ |kt — ok
0e + |7 .
K OF* pk—i-l K é[ pk-i-l _ pk
Primal ADMM
foc KT [t [AKTK KT\ [ub*t — b
0e + .
_—K 8F*_ _pk+1_ I K %I pk+1 _ pk
Corresponding dual ADMM
foc KT\ [ubt1] %I —KT | [uftt =k
0e + .
K 8F*_ _pk+1— _*K )\KKT pk+1 o pk

Primal-dual methods

uk+1 %I —KT uk+1 _ uk
k+1 + K %I pk+17pk :

20



	Convex Fundamentals
	Convergence of fixed-point iterations
	Gradient based methods
	Duality
	Primal-dual methods

