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Theory: Recap (0+14 Points)
Exercise 1 (4 Points). Compute the convex conjugates of the following functions:

1. f1 : R → R ∪ {∞} where f1(x) =
√
1 + x2.

2. f2 : Rn → R ∪ {∞} where f2(x) = log (
∑n

i=1 e
xi) .

Don’t forget to specify the domains dom(f ∗
1 ), dom(f ∗

2 ).

Definition. A function g : Rn → R ∪ {∞} is called 1-homogeneous if

g(αx) = αg(x),

for all α ≥ 0.

Exercise 2 (4 Points). Let g : Rn → R ∪ {∞} be convex, closed, proper and
1-homogeneous. Show that the proximity operator of the sum ‖ · ‖2 + g is the
composition of the proximity operators of ‖ · ‖2 and g, i.e.

prox‖·‖2+g = prox‖·‖2 ◦ proxg.

Exercise 3 (6 Points). Let C be a nonempty, closed, convex subset of Rn. For
each i ∈ {1, ...,m}, let αi ∈ (0, 1), ωi ∈ (0, 1) and Φi : C → Rn be an αi-averaged
operator. Prove the following statements:

• Φi is αi-averaged iff

‖Φi(u)− Φi(v)‖22 +
1− αi

αi

‖(I − Φi)(u)− (I − Φi)(v)‖22 ≤ ‖u− v‖22,

for all u, v ∈ C.

• If
∑m

i=1 ωi = 1 and α = max1≤i≤m αi, then

Φ =
m∑
i=1

ωiΦi

is α-averaged.
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