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Overview of this section

Unconstrained, differentiable, possibly nonconvex optimization

Problem setting:

minimize J(u) over u € E.
Assume:
@ J: E — Ris continuously differentiable.

® There exists a global minimizer u*. (Typically, an optim
algorithm seeks for a local minimizer s.t. VJ(u*) = 0.)
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Overview of this section

Unconstrained, differentiable, possibly nonconvex optimization

Problem setting:

minimize J(u) over u € E.
Assume:
@ J: E — Ris continuously differentiable.

® There exists a global minimizer u*. (Typically, an optim
algorithm seeks for a local minimizer s.t. VJ(u*) = 0.)

Methods under consideration:
© (Scaled) gradient descent.
® Line search method.
® Majorize-minimize method.
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Overview of this section

Unconstrained, differentiable, possibly nonconvex optimization

Problem setting:

minimize J(u) over u € E.
Assume:
@ J: E — Ris continuously differentiable.

® There exists a global minimizer u*. (Typically, an optim
algorithm seeks for a local minimizer s.t. VJ(u*) = 0.)

Methods under consideration:
© (Scaled) gradient descent.
® Line search method.
® Majorize-minimize method.

Analytical questions:
@ Convergence (or not); global vs. local convergence.
® Convergence rate (in special cases).

Optimization
Algorithms

Tao Wu
Yuesong Shen
Zhenzhang Ye

Proximal Algorithms

Convergence Theory

Last updated: 17.12.2018



Optimization

Descent method Algorithms

Tao Wu
Yuesong Shen
Zhenzhang Ye

Proximal Algorithms

Convergence Theory

Descent method
Initialize u° € E. lterate with k = 0,1,2, ...

@ |f the stopping criteria ||VJ(u¥)|| < e is not satisfied, then
continue; otherwise return u* and stop.

® Choose a descent direction d* c E s.t.
<VJ(u"), d"> <0.
® Choose an “appropriate” step size 7% > 0, and update

Ukt = Uk 4 Rk
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Optimization

Descent direction Algorithms
Tao Wu
Yi Sh
Theorem e haras

If (VJ(u¥),d*) <0, then J(u* + 7d*) < J(u¥) for all sufficiently
small 7 > 0.

Proximal Algorithms

Convergence Theory
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Descent direction Optimization

Algorithms

Tao Wu

Yuesong Shen
Theorem Zhenzhang Ye

If (VJ(u¥),d*) <0, then J(u* + 7d¥) < J(uk) for all sufficiently
small 7 > 0.
Proof: Use the Taylor expansion:
[ Gradient Methods

J(Uk + Tdk) _ J(Uk) 4T <VJ(Uk), dk> + 0(7_) Proximal Algorithms

Convergence Theory
= J(UF) + 7 (<VJ(uk), d"> + o(1)) < J(UF) asT 0%
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Descent direction Optimization

Algorithms
Tao Wu
Theorem e
If (VJ(u¥),d*) <0, then J(u* + 7d¥) < J(uk) for all sufficiently
small = > 0.
Proof: Use the Taylor expansion:
| Gradient Methods
J(Uk + Tdk) _ J(Uk) 4T <VJ(Uk), dk> + 0(7_) Proximal Algorithms

Convergence Theory

= J(UF) + 7 (<w(uk), d"> + o(1)) < J(UF) asT 0%

Choices of descent direction

© Scaled gradient: dk = —(H¥)~1vJ(u).
© Gradient/Steepest descent: H< = |.

@® Newton: HX = V2J(u¥), assuming J is twice continuously
differentiable and V2J(u¥) is spd.

©® Quasi-Newton: HK ~ V2J(uk), HK is spd.
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Optimization

Gradient descent with exact line search Algorithms

Tao Wu
Yuesong Shen
Zhenzhang Ye

Proximal Algorithms

e Gradient descent with exact line search:

S
|

k+1 __ uk _ TKVJ(UK), Convergence Theory

7 = argmin J(UK — TvJI(UH)).
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Optimization

Gradient descent with exact line search Algorithms

Tao Wu
Yuesong Shen
Zhenzhang Ye

e Gradient descent with exact line search: broximal Algorms
uk+1 — Uk _ TkVJ(Uk), Convergence Theory

\]
I

k= arg min J(UK — TvJI(UH)).

e Case study: J(u) = § (u, Qu) — (b, u), matrix Q is spd.
- VW) =Qu-b, |-lz=(,Q)
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Gradient descent with exact line search

Tao Wu
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e Gradient descent with exact line search: broximal Algorms
uk+1 — Uk _ TKVJ(UK), Convergence Theory

" = arg min J(UK — 7V J(ub)).

e Case study: J(u) = § (u, Qu) — (b, u), matrix Q is spd.

- VI = Qu-b, |-IB= (.04,
e VIR
T =argmin;>o J(U* — 7VJ(U")) = J‘V;/(“k)”%
K2 VIl K2
u —u =11- u —u
| la < FIE BN, ) 14 vl

Amax(Q) — Amin(Q) 2 o
= (Amax(Q)JrAmm(Q)) [u" —ulo
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Inexact line search
Backtracking line search

¢ Sufficient decrease condition (let ¢; € (0, 1)):

J(UK + 7d%) < J(UF) + e <VJ(U"), dk> .

e Curvature condition (let ¢, € (¢y,1)):

<VJ(u" +rdb), d"> > 6 <W(uk), dk> .

(A)

(C)
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Inexact line search Qptimization
Backtracking line search TeO Wl chen

Zhenzhang Ye
¢ Sufficient decrease condition (let ¢; € (0, 1)): :
J(UK + 7d%) < J(UF) + C1T<VJ(uk),dk>. (A) -
o Curvature condition (let ¢; € (¢y,1)): Proximal Algorithms
Convergence Theor
<VJ(u" +rdb), d"> > o <W(uk),dk>. (C) T
e (A) ~ Armijo line search; (A) & (C) ~ Wolfe-Powell |.s.

Armijo I.s. Wolfe-Powell I.s.

o) =fix,rap,)

o(@)=fic+ap, )
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Convergence of backtracking line search Aigorithms. "
Lemma (feasibility of line search) .

Zhenzhang Ye

Assume that J : E — R is continuously differentiable,
(VJ(u¥),d*) < 0Vk,and 0 < ¢; < ¢, < 1. Then there exists
an open interval in which the step size 7 satisfies (A) and (C).
[ Gradient Methods

Proof: on board.

Proximal Algorithms

Convergence Theory
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Convergence of backtracking line search Aigoritms.
Lemma (feasibility of line search) Vaesong Shen

Zhenzhang Ye

Assume that J : E — R is continuously differentiable,
(VJ(u¥),d*) < 0Vk,and 0 < ¢; < ¢, < 1. Then there exists
an open interval in which the step size 7 satisfies (A) and (C).
[ Gradient Methods

Proof: on board.

Proximal Algorithms

Theorem (Zoulendij k) Convergence Theory

Assume that J : E — R is cont’ly differentiable, and (A) and (C)
are both satisfied with 0 < ¢y < ¢; < 1 for each k. In addition,
J is p-Lipschitz differentiable on {u € E : J(u) < J(u®)}. Then

Z| (VI(uky, a2
[lak|2

< 00.

Proof: on board.

Remark

W77\ 27 /1 i K| = 0.
N CIIEL constant > 0, then limy_, . [|[VJ(u")|| =0
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Majorize-minimize method
Majorizing function
A function 3(- ; u) is a majorant of J at u € E if
J(u;u) = J(u),
J(-5u) 2 J().
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Majorize-minimize method A

Algorithms

Majorizing function Tao Wu

Yuesong Shen
Zhenzhang Ye

A function 3(- ; u) is a majorant of J at u € E if
J(u; u) = J(u),
J(-u) 2 J().

Proximal Algorithms

Majorize-minimize (MM) algorithm

Let 3(-; u) majorize J Yu € E. Then the MM iteration reads:

Convergence Theory

Ut e arg min J(u; uk).

1.5

\oo®) ]

Cost

' o(0:0"
05 00
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Gradient descent as MM

Remark
©@ Monotonic decrease of objectives:
J(UFHY) < J(UFT U < J(uk; uf) = J(ub).

® Efficiency of MM relies on the choice of the majorant
J(-; u), i.e., J(-; u) is easy to minimize.
® Common choices of 3(~; u) are quadratics.
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Gradient descent as MM

Remark
©@ Monotonic decrease of objectives:
J(UFHY) < J(UFT U < J(uk; uf) = J(ub).

® Efficiency of MM relies on the choice of the majorant
J(-; u), i.e., J(-; u) is easy to minimize.
® Common choices of 3(~; u) are quadratics.

Gradient descent as MM

e Observe that uk+" = uk — 7V J(u¥) iff

; 1
Ukt = arg min J(uF) + <VJ(Uk), u-— Uk> +o-llu- uk|f?.

o When J(uk) + (VJ(uk),- — uk) + || - —uk||? > J(-) holds?
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Optimization

Gradient descent as MM Algorithms
Lemma .

Zhenzhang Ye

Assume that J : E — R is p-Lipschitz differentiable. Then
vu,v eE:

(V) = J(u) = (VW) v = u) | < Sllv = uf>.
Proof: on board. [ Gradient Methods

Proximal Algorithms

Convergence Theory
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Optimization

Gradient descent as MM Algorithms
Lemma Yussong Shen
Assume that J : E — R is u-Lipschitz differentiable. Then Sevens
Yu,v eE:

(V) = J(u) = (VW) v = u) | < Sllv = uf>. -
Proof: on board. [ Gradient Methods

Proximal Algorithms

Convergence Theory

Theorem (convergence of gradient descent)

Assume that J : E — R is u-Lipschitz differentiable. Then the
gradient descent iteration

Ukt = Uk — rvJ(U)
with 7 € (0, 1/] yields limy_, o VJ(u¥) = 0.
Proof: on board.
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Optimization

Gradient descent as MM Algorithms
Lemma .

Zhenzhang Ye

Assume that J : E — R is u-Lipschitz differentiable. Then

Yu,v e E:
(V) = J(u) = (VW) v = u) | < Sllv = uf>.
 Gradient Methods

Proof: on board.

Proximal Algorithms

Theorem (convergence of gradient descent) Convergence Theory

Assume that J : E — R is u-Lipschitz differentiable. Then the
gradient descent iteration

Ukt = Uk — rvJ(U)
with 7 € (0, 1/] yields limy_, o VJ(u¥) = 0.
Proof: on board.

Recipe of convergence

By solving the surrogate problem in MM, we achieve: (1)
sufficient decrease in the objective; (2) inexact optimality
condition which matches the exact OC in the limit.

Last updated: 17.12.2018
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Optimization

Agenda for the rest of the chapter Algorithms

Tao Wu
Yuesong Shen
Zhenzhang Ye

¢ Proximal algorithms for convex optimization:
o Forward-backward splitting (FBS) / proximal gradient

method.
Lo Gradient Methods
¢ Alternating direction method of multipliers (ADMM). Proximal Algoritims
e Primal-dual hybrid gradient (PDHG). Convergence Theory

¢ Douglas-Rachford splitting (DRS), Peaceman-Rachford
splitting (PRS).

Last updated: 17.12.2018



Optimization

Agenda for the rest of the chapter Algorithms

Tao Wu
Yuesong Shen
Zhenzhang Ye

¢ Proximal algorithms for convex optimization:
o Forward-backward splitting (FBS) / proximal gradient

method.
Lo Gradient Methods
¢ Alternating direction method of multipliers (ADMM). Proximal Algoritims
e Primal-dual hybrid gradient (PDHG). Convergence Theory

¢ Douglas-Rachford splitting (DRS), Peaceman-Rachford
splitting (PRS).

Application on examples.

Connections between algorithms.

(Unified) convergence analysis.

Acceleration techniques.

Last updated: 17.12.2018



Forward-backward splitting

e Consider the convex optimization problem:

muin F(u) + G(u),

with G differentiable and F possibly non-differentiable.

o |ts minimizer is characterized by

0 € OF(u) + VG(u).
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Forward-backward splitting

e Consider the convex optimization problem:

muin F(u) + G(u),

with G differentiable and F possibly non-differentiable.

o |ts minimizer is characterized by
0 € OF(u) + VG(u).
o Forward-backward splitting (FBS):
U = prox_ (UK — TV G(UF))
= (I4+79F)~ o (I - 7V G)(U¥).
e FBS as semi-implicit Euler scheme:

Kk+1 _ k
Ym0 9F k) — vG(Uh).

T
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Example: Split feasibility problem

Split feasibility problem
Given nonempty, closed, convex sets C; C Eq, C> C Ep, and

linear operator K : E1 — Eo, find u € Eq s.t. u € Cy, Ku € Co.

e Variational model:

_ 1 _ »
min dc, (u) + 5 [|Ku — proj, (Ku)||*.

Note that J||v — proje, (v)||2 = envy dg, (V).
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Example: Split feasibility problem

Split feasibility problem
Given nonempty, closed, convex sets C; C Eq, C> C Ep, and

linear operator K : E1 — Eo, find u € Eq s.t. u € Cy, Ku € Co.

e Variational model:

_ 1 _ »
min dc, (u) + 5 [|Ku — proj, (Ku)||*.

Note that ||v — proj¢, (V)| = envy d, (V).
e Optimality condition:
0 € dé¢, (u) + KT (I — projg, ) (Ku).

Recall that V envy d¢,(v) = (I — proxécz)(v).
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Example: Split feasibility problem

Split feasibility problem
Given nonempty, closed, convex sets C; C Eq, C> C Ep, and

linear operator K : E1 — Eo, find u € Eq s.t. u € Cy, Ku € Co.

e Variational model:

_ 1 _ »
min dc, (u) + 5 [|Ku — proj, (Ku)||*.

Note that ||v — proj¢, (V)| = envy d, (V).
e Optimality condition:
0 € dé¢, (u) + KT (I — projg, ) (Ku).
Recall that V envy d¢,(v) = (/ — proxécz)(v).
e Apply FBS =

Ut = (14 796¢,) (UK — KT (I - projg, )(KU¥))
= projg, (u* — 7K (I - projg, ) (Ku)).

Optimization
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Yuesong Shen
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Gradient Methods

Convergence Theory
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Demo: Total-variation denoising P
Primal model: Tao Wu
. 1 2 Yuesong Shen
min OZHVUH-I =+ §||U — f|| . Zhenzhang Ye
u

Dual formulation:

1
min §||va||2 +(Vp, )+ 6{Iplle < a}.

Gradient Methods

Apply FBS on dual (with step size 0 < 7 < 2||V||?): * Proximal Algoritims
. Convergence Theor
pk+1 = prOjHnga(pk — TV(VTPK + f)) ’ ’

observatio denoised image

primal energy duality gap

4000
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2000 1021\
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Optimization

Alternating direction method of multipliers Algorithms
« Consider Yussong Shen

Zhenzhang Ye

I’Uip J(u,v) = F(v) + G(u) + 6{Ku — v = 0},

given proper, convex, Isc functions F, G and matrix K.

Gradient Methods

Convergence Theory
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Optimization

Alternating direction method of multipliers Algorithms
« Consider Yussong Shen

Zhenzhang Ye

rpi‘p J(u,v) = F(v) + G(u) + 6{Ku — v = 0}, -
given proper, convex, Isc functions F, G and matrix K.
Gradient Methods

e Augmented Lagrangian (r > 0):

Convergence Theory

Lo (u,v;p) = F(v) + G(u) + {p. Ku = v) + | Ku = V|,

such that

minJ(u, v) = sup inf £-(u, v; p)-

Last updated: 17.12.2018



Alternating direction method of multipliers
e Consider

I’Ui‘p J(u,v) = F(v) + G(u) + 6{Ku — v = 0},

)

given proper, convex, Isc functions F, G and matrix K.
e Augmented Lagrangian (r > 0):
Lo (u,v;p) = F(v) + G(u) + {p. Ku = v) + | Ku = V|,
such that

minJ(u, v) = sup inf £-(u, v; p)-

¢ Alternating direction method of multipliers (ADMM):
k-+1 ; k T k2

u™r! € argmin G(u)+<p ,Ku>+2||Ku ve|e,

k-+1 ; N T k+1 _ p2

v eargmva(v) <p ,v>+2||Ku v|I©,

pk+1 _ pk +T(Kuk+1 _ Vk+1).
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Example: Consensus ADMM

o Empirical risk minimization (ERM):

m|n F(u ZG(U

where G; represents the training error on sample (x;, y;):

Gi(u) = loss(h(x;; u), yi),

and F represents the model prior.
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Example: Consensus ADMM

o Empirical risk minimization (ERM):

m|n F(u ZG(U

where G; represents the training error on sample (x;, y;):

Gi(u) = loss(h(x;; u), yi),
and F represents the model prior.
e Consensus optimization:
min F(u
e Z Gilv)
st. vi=u V/ e{1,..,n}

Optimization
Algorithms

Tao Wu
Yuesong Shen
Zhenzhang Ye

Gradient Methods

Convergence Theory
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Optimization

Example: Consensus ADMM Algorithms
o . Tao Wu
o Consensus optimization: et
min F(u ZG,(V,

u{vi}

st. vi=u V/ e{1,..,n}.

Gradient Methods

Convergence Theory
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Optimization

Example: Consensus ADMM Algorithms
o . Tao Wu
o Consensus optimization: et
min F(u Gi(v)
u{vi} Z I( !

st. vi=u V/ e{1,..,n}.

Gradient Methods

, * Proximal Algoritims
o Augmented Lagrangian: Convergence Theory

n

Lou (it ApY) = F)1 37 (Gi(w) + (i vi— ) + v — ul?).

i=1
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Optimization

Example: Consensus ADMM Algorithms
o . Tao Wu
o Consensus optimization: et

F
et

st. vi=u V/€{1,..., n}.

Gradient Methods

, * Proximal Algoritims
o Augmented Lagrangian: Convergence Theory

n

Low, (v}, £o) = F)++ 5 (Giw) + oy v — 1) + 7 i — ).

i=1

e Consensus ADMM:

1 ¢ 1
gkt = ProXe (n Z (v,-k + Tp,")) )
i=1

1
Lk k41 K
Vi: vt =proxg,, <u+ —Tp,-),
Vi - p;(+ _pl +7_( vt k+1).
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Primal-dual hybrid gradient

¢ By Fenchel-Rockafellar duality theorem, we reformulate

mJn F(Ku) + G(u)

as the saddle-point problem:

supinf (p, Ku) + G(u) — F*(p).
p u

Optimization
Algorithms
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Convergence Theory
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Optimization

Primal'dual hybrid gradient Algorithms
Tao Wu
o By Fenchel-Rockafellar duality theorem, we reformulate I

mJn F(Ku) + G(u) -

as the saddle-point problem:

Gradient Methods

supinf(p, Ku) + G(u) — F*(p). [ Proximal Algorithms
p U

Convergence Theory
e Primal-dual hybrid gradient (PDHG) (st > || K||?):
U = arg min <u, KTp"> LG+ Su—u
P41 = argmin — (K(26+1 — 4¥), p) + F*(p) + 5 Ip — |,
e Optimality conditions for the updates:

0 € OG(U ) + KT pf + s(ukt! — uk),
0 € F* (P — K(2uk*! — uk) + t(p"' - p").

Last updated: 17.12.2018



Optimization

Scaled primal-dual hybrid gradient Algorithms
e Recall PDGH: Yussong Shen
Zhenzhang Ye
0 € IG(U") + KT pk + s(uk+! — ub),
0 € OF* (P — K(2ukT! — k) + t(p" ' - p¥). -
e Replace s, t by spd matrices S, T ~» Scaled PDHG: Gradiont Methods
O € aG( uk+1) + KTpk + S( uk+1 - uk)’ Convergence Theory

0e 8F*(pk+1) _ K(2uk+1 _ Uk) + T(pk-H _pk).

e Scaled PDHG in compact form:

0c S _KT uk+1 B Uk N oG KT Uk+1
_K T pk+1 pk K OF* pk+1 :

Last updated: 17.12.2018



Optimization

Scaled primal-dual hybrid gradient Algorithms
« Recall PDGH: e
Zhenzhang Ye
0 € IG(U") + KT pk + s(uk+! — ub),
0 € OF* (") — K(2u ! — uk) + t(p*+! — p"). -
e Replace s, t by spd matrices S, T ~» Scaled PDHG: Gradiont Methods
[ Proximal Algorithms

0 € OG(U ) + KTpf + S(uF! — uh),
0e a,_-*(pk+1) _ K(2uk+1 _ Uk) + T(pk-H _pk).
Scaled PDHG in compact form:

0c S —KT Uk+1 B Uk oG KT Uk+1
K T Pkt ok TI_k aF Pkt

Scaled PDHG is a customized proximal iteration:

Convergence Theory

0e M(£k+1 _gk) + H(§k+1) PN £k+1 _ (M—‘,— R)71M§k

¢ Sufficient conditions for convergence:
(1) M is spd matrix; (2) R is maximal monotone operator.

Last updated: 17.12.2018



Optimization

Interpret ADMM as customized proximal iteration Algorithms
o Recall ADMM (with reordered updates): Yussong Shen

Zhenzhang Ye

. T
vt € argmin F(v) — <pk,v>+§||Kuk— v?, (1) -
pk+1 — pk + 7_(’(uk _ Vk+1), (2)
Kk+1 : k41 T k+112 Gradient Methods
u™! € argmin G(u)+<p ,Ku>+§||Ku— virIe. (3)

Convergence Theory

Last updated: 17.12.2018



Interpret ADMM as customized proximal iteration
¢ Recall ADMM (with reordered updates):

. T
vkt € arg min F(v) — <pk, v> + §||Kuk — v,

pk+1 _ pk + 7_(’(uk _ Vk+1),

Uk+1 € arg muin G(U) + <pk+1’KU> + g”KU _ ket HZ

o ADMM as customized proximal iteration:
(1) = 0€ aF(V") = p* + 7 (VM — KuU),
(B) = 0€ G )+ KTp*" + 7K T (KU —
(2),(4)
(2),(5)

v

k+1)
s

= pk+1 eaF(ka) o Vk+1 €6F*(pk+1),
= 0€ G+ KT (2p""" — p") + 7K T K (U

1 .
= 0 —Ku" + —(p"*" — p*) + 0F" (P,

TKTK K1T Ukt — yk N G KT
K —I| | = pF -K OF*
T

(2).(6)

(7),(8) = 0 ¢ [

e
[

4)
5)
(6)
Uk )
(7)

(8)

Optimization
Algorithms

Tao Wu

Yuesong Shen
Zhenzhang Ye

Gradient Methods

Convergence Theory

I

E
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Optimization

Reflection operator Algorithms
« Given a proper, convex, Isc function J : E — R and 7 > 0, ga%%ag;'g
we call
refl,y = 2prox_, —1 = 2(/ +70J)~" — |
the reflection operator on oJ. Gradient Methods

Convergence Theory

¢ In a more general definition for “refl”, 0J is replaced by a
maximal monotone operator.

e We don’t formally introduce maximal monotone operator.

e Fact: For any proper, convex, Isc function J, dJ is indeed a
maximal monotone operator.

Last updated: 17.12.2018



Reflection operator A
. . — Tao Wu
e Given a proper, convex, Isc function J : E — R and 7 > 0, I
we call

refl,y = 2prox_, —1 = 2(/ +70J)~" — |

the reflection operator on oJ. Gradient Methods
[ Proximal Algorithms

Convergence Theory

¢ In a more general definition for “refl”, 0J is replaced by a
maximal monotone operator.

e We don’t formally introduce maximal monotone operator.

e Fact: For any proper, convex, Isc function J, dJ is indeed a
maximal monotone operator.

o Fixed points of refl,;:

u = refl,4(u)
& u=2prox, (u)—u
< u=prox, (u)
< 0e€aJ(u).
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Optimization

Douglas-Rachford- & Peaceman-Rachford splitting Algorithms
« Consider the monotone inclusion problem: e

Zhenzhang Ye

0 € OF(u) + 0G(u).

Gradient Methods

Convergence Theory
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Douglas-Rachford- & Peaceman-Rachford splitting

e Consider the monotone inclusion problem:
0 € OF(u) + 0G(u).
¢ Douglas-Rachford splitting (DRS):

k+1 k
U = prox, o(v¥),
VRH =k gkt prox (20K — k),

e Peaceman-Rachford splitting (PRS):

{ U+ = prox,g(v").

vErt = vk _20f T 2 prox g (2uktT — vK).

o DRS & PRS in compact forms:

VAR (;I+ % refITForeflTG) (v ),

Vi = (refl .f orefl.g) (VF).

(DRS)

(PRS)

(DRS))

(PRS’)

Optimization
Algorithms

Tao Wu

Yuesong Shen
Zhenzhang Ye

Gradient Methods

Convergence Theory
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Douglas-Rachford- & Peaceman-Rachford splitting

Fixed points of DRS & PRS:

SO R

v = refl g(refl.g(v)) = 2 prox,g(refl,g(v)) — refl,g(v)
prox, (refl, 6(V)) = prox, (V)

refl.g(v) € (I+ 70F)(prox,.g(v))

2prox, g(v) — v € prox,.g(v) + 70F(prox,.5(v))
prox.q(v) — v € TOF(prox.,.g(v))

u=prox,.g(v) A u—vetoF(u)

veu+19GUu) AN u—veToF(u)

0 € 9F(u) + 9G(u).

Optimization
Algorithms

Tao Wu

Yuesong Shen
Zhenzhang Ye

Gradient Methods

Convergence Theory
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Optimization

Interpret DRS as customized proximal iteration Algorithms
. zzzs‘ﬁ:g Shen
e Apply DRS to: min, F(u) + G(u). = Zhenzhang Ye
Ut = prox, (v), (1)
VRt = vk — Uk prox c(2uK T — vR). )

Gradient Methods

Convergence Theory
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Interpret DRS as customized proximal iteration "
. zfl:s‘ﬁﬁg Shen
e Apply DRS to: min, F(u) + G(u). = Zhenzhang Ye
Ut = prox.. g(v"), (1)
VRt = vk — Uk prox c(2uK T — vR). )

Gradient Methods

 DRS as customized proximal iteration (p* := (U — vK)/7): e

M e
-
(2 &
=

=

=

=

(3),(4) =

Convergence Theory
Ut = prox_g(Uf — 7pF) & UK — 7p* € (1 + TOG) Uk

0 € (Ut — uf) /7 + p* + 0G(UFT), 3)

K41 K41

Ukt — uk 4 rpf = 7! 4 prox, g (2UF T — UF 4+ oK)

1 = (1 — prox_g)(2uFHT — Uk + 7pF)

P! = prox 1 g, (Ut — u¥) /7 + p¥) by Moreau’s identity

(U1 — k) /e 4 pk € (H— 18F*) (")
T
0¢ T(pk+1 _ pk) +8F*(pk+1) _ (2uk+1 _ Uk), (4)
1 = Juktt —uk G | ] [ukt?
UIS {Z[ 7./:| |:pk+1 _pk} + {—/ 3/:*} [pk+1:| .
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Demo: Multiclass segmentation Algorithms. "
Tao Wu

Yuesong Shen
Zhenzhang Ye

e Variational model:

min Z(é{u, e A 4+ (uy f, )+aZ||Vull1,

u:Q—sAL=1 4
jeQ

Gradient Methods

[ Proximal Algorithms
where AL~ is the probability simplex in RE. Convergence Theory

e Segmentation results:

segmentation (L =
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Optimization
Algorithms

Tao Wu
Yuesong Shen
Zhenzhang Ye

Gradient Methods

Proximal Algorithms

Convergence Theory | commpomm Thony
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Fixed-point iteration
Fixed-point iteration
Proximal algorithm as fixed-point iteration:

Its convergence depends on the property of ®.

Optimization
Algorithms

Tao Wu
Yuesong Shen
Zhenzhang Ye

Gradient Methods

Proximal Algorithms
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Optimization

Fixed-point iteration Algorithms
Fixed-point iteration Vaesong Shen

Zhenzhang Ye

Proximal algorithm as fixed-point iteration:

Its convergence depends on the property of ¢. Gradient Methods
Proximal Algorithms
Definition  Convergence Theory

Let C be a nonempty, closed, convex subset of E, and
®:C — E. Then dis:

© u-Lipschitz with modulus ¢ > 0 if
Vu,v e C:||o(u) = (V)| < pllu—v].

® contractive if ¢ is p-Lipschitz with modulus p € [0, 1).
® nonexpansive if ¢ is 1-Lipschitz.
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Fixed-point iteration Algorithms "
Definition kg

Zhenzhang Ye

Let C be a nonempty, closed, convex subset of E, and

®:C— E. Then ¢ is:
@ u-Lipschitz with modulus o > 0 if

VU, v e C : ||¢(U) _ CD(V)” S /’[’”U _ VH Gradient Methods
Proximal Algorithms
@® contractive if ¢ is p-Lipschitz with modulus p € [0, 1). | Convergencs Theory

® nonexpansive if ¢ is 1-Lipschitz.

Remark

@ If ¢ is contractive (mod. 1 € [0, 1)), then by Banach fixed
point theorem the iteration u**' = &(uX) converges to the
unique fixed point u* linearly: ||uk — u*|| < pk||u® — u*||.
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Fixed-point iteration Algorithms "
T Tao Wi
Definition VzZsc:g Shen

Zhenzhang Ye

Let C be a nonempty, closed, convex subset of E, and

®:C— E. Then ¢ is:
@ u-Lipschitz with modulus o > 0 if

VU, v e C : ||¢(U) _ CD(V)” S U”U _ VH Gradient Methods
Proximal Algorithms
@® contractive if ¢ is p-Lipschitz with modulus p € [0, 1). | Convergencs Theory

® nonexpansive if ¢ is 1-Lipschitz.

Remark

@ If & is contractive (mod. i € [0, 1)), then by Banach fixed
point theorem the iteration u**' = &(uX) converges to the
unique fixed point u* linearly: ||uk — u*|| < pk||u® — u*||.

® Unfortunately, Banach fixed point theorem does not apply
here. Most proximal algorithms consist of nonexpansive
operators @ (including proj, prox, and refl), which are not
contractive but “averaged’ operators”.
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Optimization

Averaged operator Algorithms

mrw Tao Wi
Definition Vz:sc:g Shen

Zhenzhang Ye
Let C be a nonempty, closed, convex subset of E, and ’
¢ : C — E. Then ¢ is a-averaged with o € (0, 1) if there exists
a nonexpansive operator ¥ : C — E such that

b = (1 _ Oé)l SIS aV. Gradient Methods

Proximal Algorithms

In particular, “3-averaged” is also called firmly nonexpansive. [N
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Averaged operator
Definition
Let C be a nonempty, closed, convex subset of E, and

¢ : C — E. Then ¢ is a-averaged with o € (0, 1) if there exists
a nonexpansive operator ¥ : C — E such that

d=(1-a)l+aV.

In particular, “5-averaged” is also called firmly nonexpansive.

Proposition
Let C be a nonempty, closed, convex subset of E, ¢ : C — E,
and « € (0,1). Then the following statements are equivalent:
@ ¢ is a-averaged.
® (1 - 1)/ + Lo is nonexpansive.
® vu,veC:|[o(u)—d(v)| < [lu—v]Z—52(/— o) (u) - (- ®)(v)[2.
O vu,veC: o) — SV)|P + (1 —2a)|lu—v|* <
2(1 — @) (u—v,d(u) — d(v)) .
Proof: on board.

Optimization
Algorithms

Tao Wu

Yuesong Shen
Zhenzhang Ye

Gradient Methods

Proximal Algorithms
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Averaged operator in proximal algorithms
¢ Recall the customized proximal iteration:
Uk+1 _ ¢(cpi)(uk)’ cb(cpi) — (M—I— R)71M,

for given spd matrix M and monotone operator R.
e One can verify that ®? s firmly nonexpansive under the
scaled norm || - ||y = v/ (-, M ).

Optimization
Algorithms

Tao Wu
Yuesong Shen
Zhenzhang Ye

Gradient Methods

Proximal Algorithms
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Optimization

Averaged operator in proximal algorithms Algorithms
» Recall the customized proximal iteration: oo+ Shen
k+1 Cpl k (Cpl 1 Zhenzhang Ye
Ut = 0Py, P = (M + R)"'M,
for given spd matrix M and monotone operator R.

e One can verify that ®? s firmly nonexpansive under the
scaled norm || - ||y = v/ (-, M ).

Gradient Methods

¢ Recall Douglas-Rachford splitting (in compact form): Proximal Algorithms

Vi = s (yky - pldrs) — 2/+ 5 refl. Forefl. g,
for some proper, convex, Isc functions F, G : E — R.

e Since refl,r = 2 prox, —/ is nonexpansive and so is refl.g,
99 is firmly nonexpansive.
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Averaged operator in proximal algorithms e

Algorithms

o Recall the customized proximal iteration: Vieaong Shen
Uk+1 _ q)(cpi)(uk)’ odler) — (M—|— R)71M7

Zhenzhang Ye
for given spd matrix M and monotone operator R.
e One can verify that ®? s firmly nonexpansive under the

scaled norm || : HM = <'7 M')' Gradient Methods

¢ Recall Douglas-Rachford splitting (in compact form): Proximal Algorithms
) 1 1  Convergence Theory
v — ¢(drs)(vk)’ pldrs) _ §I+ 3 refl.forefl g,

for some proper, convex, Isc functions F, G : E — R.
e Since refl,r = 2 prox, —/ is nonexpansive and so is refl.g,
99 is firmly nonexpansive.

¢ Recall forward-backward splitting:
uf Tt = o®S)(yk) &™) = prox_o(/ — 7V G),
where G is p-Lipschitz differentiable and = € (0,2/1).

¢ As a consequence of the Baillon-Haddad Theorem (next
slide), / — 7V G is an averaged operator. Hence, ¢ is a
composition of two averaged operators (again averaged).
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Averaged operator in gradient descent A

Algorithms
Tao Wu
Yuesong Shen
Theorem (Baillon-Haddad) Zhenzhang Ye
Let J : E — R be a convex, continuously differentiable function.
Then VJ is a nonexpansive operator iff VJ is firmly
nonexpansive.
Proof: on board Gradient Methods
Proximal Algorithms
| Gonvergence Theory
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Optimization

Averaged operator in gradient descent Algorithms

Tao Wu
Yuesong Shen

Theorem (Baillon-Haddad) Zhenzhang Ye

Let J : E — R be a convex, continuously differentiable function.

Then VJ is a nonexpansive operator iff VJ is firmly

nonexpansive.
Proof: on board.

Gradient Methods

Proximal Algorithms

Corollary

Assume G : E — R is convex and p-Lipschitz differentiable,
and 7 = 2a/u with @ € (0,1). Then I — 7V G is a-averaged.
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Averaged operator in gradient descent Algorithms "
Tao Wu

Yuesong Shen

Theorem (Baillon-Haddad) Zhenzhang Ye
Let J : E — R be a convex, continuously differentiable function.

Then VJ is a nonexpansive operator iff VJ is firmly

nonexpansive.

Proof: on board. Gradient Methods

Proximal Algorithms

Corollary

Assume G : E — R is convex and p-Lipschitz differentiable,
and 7 = 2a/p with @ € (0,1). Then | — 7V G is a-averaged.
Proof: Since ﬁVG is nonexpansive, by the Baillon-Haddad
theorem, ﬁVG is firmly nonexpansive, i.e., 3V : E — E
nonexpansive s.t. %VG = 11+ 3. Hence,

|- VG =( _%)1_%wz(1 — a)l + a(-V),

i.e. | — VG is a-averaged.
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Optimization

Composition of averaged operators Algorithms
In forward-backward splitting, Tao Wu

Yuesong Shen
Zhenzhang Ye

&™) — prox_ro (I— ?VG)

appears as the composition of a %-averaged operator prox.. g
and an a-averaged operator | — %VG with « € (0,1).

Gradient Methods

Proximal Algorithms
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Optimization

Composition of averaged operators Algorithms
In forward-backward splitting, Tao Wu

Yuesong Shen
Zhenzhang Ye

appears as the composition of a %-averaged operator prox.. g
and an a-averaged operator | — %VG with « € (0,1).

Gradient Methods

Proximal Algorithms

- | Gonvergence Theory
Theorem (composition of averaged operators)

Let C be a nonempty, closed, convex subset of E. For each
ie{1,..,m} leta; € (0,1) and ®; : C — C be an «;-averaged
operator. Then

b =0d,0...0 P4
is a-averaged with

m
o =

m-14—
maXi<j<m &

Proof: on board.

Last updated: 17.12.2018



Convex combination of averaged operators Agorithms.
Tao Wu
Yuesong Shen
Zhenzhang Ye

Theorem (convex combination of averaged operators)

Let C be a nonempty, closed, convex subset of E. For each Gradient Methods

ie{1,...,m}, leta; € (0,1),w; € (0,1)and ;: C — E be an Proximal Algorithms
_ _ | Gonvergence Theory

aj-averaged operator. If "7, w; = 1 and o = maxq<j<m i,

then

m
¢ = Z w,-d),-
i=1

is a-averaged.
Proof: as exercise.
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Convergence of averaged-operator iterations Agorithms.

Tao Wu
Yuesong Shen
Zhenzhang Ye

Theorem (Krasnoselskii)

Gradient Methods
Let C be a nonempty, closed, convex subset of E, and Proximal Algorithms
Ukt = o(uk) for k = 0,1,2, ... where ¢ : C — C satisfies:  Convergence Theary

@ ¢ is a-averaged for some a € (0,1).
@® o has at least one fixed point.
Then {uX} converges to a fixed point of ¢.
Proof: on board.
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Convergence of averaged-operator iterations
Theorem (Krasnoselskii-Mann)

Let C be a nonempty, closed, convex subset of E, and
Ukt = (1 = 79Uk + TRw(uk) for k = 0,1,2, ... where
{7k} c [0,1] s.t. oo
ZTK(1 — 7)) = o0,
k=0
and V : C — C satisfies:
@ V is nonexpansive.
® V has at least one fixed point.
Then {u*} converges to a fixed point of V.

Proof: on board.

Optimization
Algorithms

Tao Wu

Yuesong Shen
Zhenzhang Ye

Gradient Methods

Proximal Algorithms
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Convergence of averaged-operator iterations

Theorem (Krasnoselskii-Mann)

Let C be a nonempty, closed, convex subset of E, and
Ukt = (1 = 79Uk + TRw(uk) for k = 0,1,2, ... where
{7k} c [0,1] s.t. oo
ZTK(1 — 7)) = o0,
k=0
and V : C — C satisfies:
@ V is nonexpansive.
® V has at least one fixed point.
Then {u*} converges to a fixed point of V.

Proof: on board.

Remarks

@ Condition Y32, 7¢(1 — %) = o is fulfilled if
{7%} C [e,1 — €] for some ¢ € (0,1/2].

® Decay rate of fixed-point residual: ||u*t! — u¥|| = o(1/Vk).

Optimization
Algorithms

Tao Wu

Yuesong Shen
Zhenzhang Ye

Gradient Methods

Proximal Algorithms
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Convergence in infinite dimensional space Aigorithms. "
Tao Wu

Theorem (Krasnoselskii in Hilbert space) Yuesong Shen
Zhenzhang Ye

Let C be a nonempty, closed, convex subset of a (real) Hilbert
space H, and u**! = o(u¥) for k =0,1,2,... where : C — C -

satisfies:

@ ¢ is a-averaged for some a € (0,1). Gradient Methods
® ¢ has at least one fixed point. e e
 Convergence Theory

Then {uX} converges weakly to a fixed point of ®.
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Convergence in infinite dimensional space

Theorem (Krasnoselskii in Hilbert space)

Let C be a nonempty, closed, convex subset of a (real) Hilbert
space H, and u**! = o(u¥) for k =0,1,2,... where : C — C
satisfies:

@ ¢ is a-averaged for some « € (0, 1).

® ¢ has at least one fixed point.
Then {uX} converges weakly to a fixed point of ®.

Proof: ... = [[u+" — |12 < [|u® — @2 — 152 S5, | (/- @) ()12
= (i) [Ju* =Tl v ¢ = 05 (i) D242, [I(1 = @) ()] < 0.
(i) = {u*} converges weakly to u* € C along a subsequence;

(i) & “demiclosedness principle” = u* — ¢(u*) =0. = .. O

Lemma (demiclosedness principle)

Let C be a nonempty, closed, convex subset of a (real) Hilbert
space H, and ¢ : C — H be nonexpansive. For any sequence
{uk} c Cs.t. {u*} weakly converges to u € C and uk — &(uk)
strongly converges to v € H, we have u — ®(u) = v.

Optimization
Algorithms

Tao Wu

Yuesong Shen
Zhenzhang Ye

Gradient Methods

Proximal Algorithms

Last updated: 17.12.2018



Optimization

Linear convergence under strong monotonicity Algorithms
e Recall the customized proximal iteration: Yaesong Shen

Zhenzhang Ye

0 € MU — uf) + R,

where M is spd matrix, R is (maximal) monotone operator.

Gradient Methods

Proximal Algorithms
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Linear convergence under strong monotonicity
o Recall the customized proximal iteration:

0 € MU — uf) + R,

where M is spd matrix, R is (maximal) monotone operator.

o Let u* = limy_,, UK, 0 € R(u*), and ¢K+1 € R(Uk+1) s t.

0— <uk+1 U Uk — uk>M+ <uk+1 _ oy, ekt 0>

1 1 1 P
= ST — I — Sl - I+ Sl -

+ <uk+1 _ ekt 0> .

Optimization
Algorithms

Tao Wu
Yuesong Shen
Zhenzhang Ye

Gradient Methods

Proximal Algorithms
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Optimization

Linear convergence under strong monotonicity Algorithms

e Recall the customized proximal iteration: Yaesong Shen

Zhenzhang Ye
0 € MU — uf) + R,

where M is spd matrix, R is (maximal) monotone operator.

e Let u* = limy_o X, 0 € R(u*), and &1 € R(u**1) s.t. Gradient Methods

Proximal Algorithms

[ Gonvergence Theory
0— <uk+1 U Uk — uk>M_|_ <Uk+1 _ u*7€k+1 _ 0>

1 k+1 * (12 1 k * (12 1 k+1 k2
= —|[u** = ur|3 - < |luF —u —|ut —u
5l s = 51 ln + 51 i
+ <uk+1 et 0> :
e Previously, we only assume R is monotone

= <u"+1 —u*, ek —O> >0

e i
2 -2 2

¢ Next we shall assume R is “strongly monotone”.
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Linear convergence under strong monotonicity ree
Strongly monotone operator Yussong Shen

Zhenzhang Ye
» R is said pu-strongly monotone if R — u/ is monotone.

» For proper, convex, Isc function J, dJ is u-strongly monotone
iff J is p-strongly convex, i.e., J — 4| - ||? is convex.

Gradient Methods

Proximal Algorithms
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Linear convergence under strong monotonicity "
Strongly monotone operator TeO Wl chen

Zhenzhang Ye
» R is said pu-strongly monotone if R — u/ is monotone.

» For proper, convex, Isc function J, dJ is u-strongly monotone
iff J is p-strongly convex, i.e., J — 4| - ||? is convex.

. Gradient Methods
e Ris u-strongly monotone

Proximal Algorithms

= <uk+1 — Ut e - O> > pl|uf ! = ut)? [ Gonvergence Theory
k12
u —u
= (3+52m)! i
1 S k+1 1 2
< SN —u | + pl 0T = < 5llu U
K+l 1 K o
= [lu™ —u'lm < lu" —u™[m-

1+ 241/ Amax (M)
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Linear convergence under strong monotonicity
Strongly monotone operator
» R is said u-strongly monotone if R — x/ is monotone.
» For proper, convex, Isc function J, dJ is u-strongly monotone
iff J is p-strongly convex, i.e., J — 4| - ||? is convex.
e Ris u-strongly monotone

= <uk+1 _ u*’£k+1 -~ 0> > u”uk+1 - U*HZ

k+1 * (12
= (G sy ) W =l
X
<35

1 1 X
[ [T [ ) T
k+1 * 1 k, *
= W =l < e 1 Ve
e Recall in PDHG: . 96 KT
T =K oF*|”

R is u-strongly monotone < G, F* are u-strongly convex;
F* is p-strongly convex < F is %-Lipschitz differentiable.

Optimization
Algorithms

Tao Wu
Yuesong Shen
Zhenzhang Ye

Gradient Methods

Proximal Algorithms
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