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Consesus optimization (4+4 Points)
Exercise 1 (8 Points). Consider the consensus optimization problem:

min
{xi}li=1⊂Rn, x0∈Rn

l∑
i=1

fi(xi)

subject to xi = x0 ∀i ∈ {1, 2, ..., l}.
(1)

Here each function fi : Rn → R ∪ {∞} is proper, convex, and lower-semicontinuous.

• Write down the augmented Lagrangian functional for (1) (which will involve
multipliers {yi}li=1 ⊂ Rn).

• Formulate an alternating direction of multipliers (ADMM) method for (1).
Update the variables in the order of {xi}li=1, {yi}li=1, x0.

• One can interpret the ADMM scheme in (b) as a generalized proximal iteration
on (x0, {yi}li=1):
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Identify the positive semidefinite matrix M and the monotone operator R in
the above equation.

Solution. • Augmented Lagrangian is defined as:

Lτ (x0, {xi}li=1, {yi}li=1) =
l∑

i=1

(
fi(xi)− 〈yi, xi − x0〉+

τ

2
‖xi − x0‖22

)
with τ > 0.
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• ADMM can be formulated as:

xk+1
i = argmin

xi
fi(xi)− 〈yki , xi〉+

τ

2
‖xi − xk0‖22

= (∂fi + τI)−1(τxk0 + yki ) ∀i ∈ {1, ..., l}, (2)
yk+1
i = yki − τ(xk+1

i − xk0) ∀i ∈ {1, ..., l}, (3)
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• (2), (3) ⇒ ∀i : yk+1
i ∈ ∂fi(xk+1

i ) ⇔ xk+1
i ∈ ∂f ∗i (yk+1

i ). By eliminating {xk+1
i },

we have
0 ∈ ∂f ∗i (yk+1

i )− xk0 +
1

τ
(yk+1
i − yki ),

0 = τ l(xk+1
0 − xk0) +

l∑
i=1

(2yk+1
i − yki ),

or equivalently
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where

M =


τ lI I . . . I
I 1

τ
I 0

... . . .
I 0 1

τ
I

 , R =


0 I . . . I
−I ∂f ∗1 0
... . . .
−I 0 ∂f ∗l
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