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Convex conjugate (14-+6 Points)

Exercise 1 (4 points). Let A € R™" be orthonormal, meaning that ATA = AAT =
1. Let the convex set C' be given as

C:={ueR": |JAul|, < 1}.

Compute a formula for the projection onto C' given as
: 1 9
e (v) := argmin, cpn §||u -3, st.ueC.

Hint: Show that the /,-norm of a vector is invariant under a multiplication with an
orthonormal matrix A, meaning that ||ul|s = ||Aul|s.

Solution. We begin proving the hint:
[Az)3 = (Az, Az) = (AT Az, 2) = (2, 2) = ||=]3.

The idea is to rewrite the projection onto the set C' in terms of the projection Il
onto the unit ball of the {-norm C := {x € R" : ||z]|o < 1}. With the substitution

wi=Au <= u=A"w
and using the hint we obtain:
e (v) = argming 4, <1 5”” — ul?
=A' argmin, < %HU — ATw]|?
= AT argmin, o A — ATw)|?
— AT argminuwumgl %HAU — AATsz
= AT argmin,, < ! | Av — wl|?

2
= AT a(Av).



Exercise 2 (6 points). Assume J : R" — R, compute the convex conjugate of
following functions:

o J(u) = gllullf =371, fluil?, q € [1,+o0].

g i=1gq
o J(u) =" ulogu; + dan-1(u).
2
. J(u) = { lually, frull, < e

400, otherwise

Solution. o J*(v) = sup,(u,v)—J(u). Since it is separable, we apply first-order
optimality condition elementwisely:

1
sup(ug, v;) — —(Ju)? = 0 = v; — |u;|9 tsign(w;) = u; = |v;]Y @ Vsign(v;)
u; q

Substitute u; back to the first equation, we have
J*(); = oo/ @=D — Ly s
q
1 _
=(1- _)’Ui‘Q/(q 1
q
=(1- l)m‘l/(l—%)
q

Substituting ]lj =1- %, we get J*(v) = %HUHQ

e Consider the convex conjugate elementwisely: J*(v) = sup, Y. u;v; —u;logu; —
dan-1(u). Let’s consider the following minimization problem given v;:

n
muin Z u;logu; — uv;
(]
stilu=1

where 1 = [1,...,1] € R™. It is obvious that this two problems share the same
optimal variable u* and the domain of log implies u; > 0. Since the feasible
set is compact and original energy function is continuous, the KKT condition
holds on u*. Therefore, we have certain A € R such that

logu; +1—v; +A=0, Vi=1,...,n

which give u} = exp{—X + v; — 1}. Additionally, Y " , uf = 1. We can get

n n

0= log(z exp{—A+v;—1}) = log(exp{—A—1} Z e’) = (—A—l)—l—log(z e’)

i=1 =1



Now, substitute u* back into the convex conjugate and we can get

J(0)" =) exp{=A+v; — 1}v; — exp{—A+v; = L}(=A+v; — 1)

= Z —exp{—A+v; —1}(=A—1)

=—(=A—1) =1log(> ")

=1

e Rewrite the convex conjugate as J*(v) = supy,, <c(u, v) — : [ull5. We first try
to find the corresponding u*.

. 1 2 1 2

ut = ArgIMiN . <c 5 ||U||2 - <U,U> + 5 ||U”2
) 1 2
= argiminy ., <. 2 [Ju—vlf;

which is a projection problem i.e. project v into a convex set {u : ||ul|, < €}.

Therefore, if ||v]|, <€, u* = v. Otherwise, u* = 6””7”.

2
) = { lelly, ol < e

e|lvlls — €2, otherwise

Exercise 3 (4 points). Assume J : E — R, prove following facts of convex conjugate:
o J()=aJ() = J () =aJ*(-/a), a > 0.
o J()=J(—2)= T ()= T()+ (- 2).

Solution. e Using the definition of convex conjugate:

J() = sup(u, -) — J (u)

u

= sup(u, -) — aJ(u)

= asup(u,-/a) — J(u)

(. J

J*(/a)
=aJ'(-/a)

e J*(-) =sup,(u,-) — J(u — z). Define v = u — z and by substitution we have:

J*(-) = sup{v + z,-) + J(v)

(2

= sup(v, ) + J(v) + (2, )

v

=J()+ (- 2)

3



Exercise 4 (6 points). Show that projection onto a convex set is Lipschitz contin-
uous with constant equals 1, i.e.

[He(u) = He)]| < [lu—olf, Yu,v € E
where C' is a convex set.
Solution. Given a point u, recall the property of projection:
(u—Te(u),z —e(u)) <0, Vo € C.

Since II¢(v) is also an element in C', we get:

(u—Te(w), e(v) — He(u)) <0.
As same as above, we can get the ineuqlity for point v:

(v—Tec),e(u) — e(v)) <0.
Sum above inequalities up, we have:

(u—Te(u) + e (v) — v, e(v) — He(uw)) <0
=(lle(v) — e(w), e (v) — e(u) < (v —u, e (v) — e(u))
= e (v) = Te(W)[* < Jlv —ull [Te(v) = Te(u)]|
= [[He(v) = He(u)|| < (v —ul



