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Convex conjugate and prox (8+6 Points)

Exercise 1 (4 points). Given a X € R™ " compute the subdifferential of the

1, 2-norm, i.e.
m

0| X]12 = 0> _( ZX2 )'?).

i=1 j=1

Solution. We rewrite the original problem into J(X) = >"" (||X;||,), where X is
the ¢-th row of X. We can apply sum rule on it and get

= Z 9 HXz“2 :
i=1

Now the problem is given a vector x, compute the subdifferential of its {5 norm. We

consider this problem elementwisely and if x # 0, we can easily get 0 ||z|, = .

J]]
Now consider when z = 0. Recall the definition of subdifferential:

o0l ={peE:|yll, > (».y),Vy € E}.

If ||p|| < 1, we have ||yll, > |Iplly lyll, > (p,y). Therefore, such p is in 90],.
Otherwise, for ||p|| > 1, choose y = p, the inequality doesn’t hold any more. Denote
B1(0) :={p € R : ||p]|, < 1}. To summary, we have following equation:

lelly = { e 770
Bl(0)7 r =0

Substitute this back into original problem and write into matrix format, we can get
0J(X)={P eR™", P, ed|X|,}

Exercise 2 (4 Points). Consider following problems of convex conjugate:



e Let f:R"™ — R be convex. Show that the convex conjugate of the perspective
function g : R x R — R U {oo}

g(z,t) = {tf(fﬁ/t), i 1> 0

00, otherwise

is given by

oo, otherwise

o) = {o, if f(y) < s

e Show that the biconjugate of the persepective function g is given by

tf(z/t), ift>0
g (2,t) = { Cdom(py(x), ift=0
0, ift<0

where Tdom(f+)(T) = SUP,eqom(s+) (T, ) is the support function of dom(f*).

Solution. °
g (y,s) = sup (w,y)+st—tf(x/t)
z€R™ t€R,t>0
E=a/t
= sup (&, y) + st —tf(§)
£ERN tER,t>0
—sup - ( [sup )~ £16)] +5)
t>0 ¢
. 0 if f*(y)+s<0
=supt-(f(y)+8)={ W)
>0 oo  otherwise.
[ ]

g (x,t) = sup (y,z)+ st
f*(y)<-s

For t < 0 the supremum is unbounded, since for s — —oo we have st — oo.

For ¢t = 0 we have

g*(x,t) = sup (y,x)= sup (Y,Z) = Odom(s*) ()
f*(y)<—s yedom(f*)

Finally let ¢ > 0. The supremum in s is achieved at § = —f*(y) and we have

g7 (x,t) = sup (y,x)+ st =sup(y,z) —tf"(y)
f=-s y

— tsuply,o/t) — [*(y) = " (0/t) = tf(x/t).

Y

The last equality holds since f is convex (and is everywhere finite hence con-
tinuous and proper) we have f** = f.
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Exercise 3 (6 Points). Let A € R™*" be a linear operator and f : R* - R U {oco}
a convex function. Then Af : R™ — R U {oo} defined as

(Af)(u) = {vER*iLI,lflu:uf<U) ifdveR"st. Av=u

00 otherwise.

is called the image of f under A.

1. Show that the convex conjugate (Af)* of Af is given as f*o AT
where (f*o AT)(v) := f*(ATv).

2. Name the properties that we require for AT f* = (f o A)* to hold. What
theorem from the lecture applies here?

3. Give an example of a closed, convex and non-empty set C' and a linear operator
Ast. AC :={Ax : x € C'} is not closed.

4. Let f be closed, (convex) and proper. Argue that Af does not need to be
closed.

Solution. 1. We find
(A () = supue) = _inf  f(w)

2. If AT f* is Isc, proper and convex it is equal to its biconjugate and using the
result from the previous part we find:

3. Choose C' := epi(exp) C R% (' is closed, convex and non-empty, since it is
the epigraph of the continuous, convex and proper function f. Let A := (0,1)
then AC' = (0, c0) which is not closed.

4. Let A, C be defined as in the previous part. Define f := §o. Then f is closed,
proper and convex. We have

Af(w)= _inf  f(v)

vER2, Av=u

= inf Jde(v)

vERZ, vo=u
0 ifu>0
oo otherwise

= 0¢(0,00) (u).



We obtain
epi(Af) = (0,00) x [0, 00),

which is not closed. Therefore Af is not closed.



