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Proximal operator (10+6 Points)
Exercise 1 (4 Points). Assume function J : Rn → R is convex and subdifferentiable
on its domain. Show that u∗ minimizes J if and only if u∗ = proxJ(u∗).

Solution. If u∗ minimizes J , we have J(u) ≥ J(u∗) for any u ∈ domJ. Therefore,

J(u) +
1

2
‖u− u∗‖22 ≥ J(u∗) = J(u∗) +

1

2
||u∗ − u∗||22

for any u, which means u∗ = proxJ(u∗).
Conversely, as J is a convex function, a point u = proxJ(u∗) if and only if

0 ∈ ∂J(u) + (u− u∗)

Replace u with u∗, we can get the optimality condition. Since J is convex, we know
that u∗ is the minimizer.

Exercise 2 (4 Points). Prove following properties of proximal operator:

• If J(u) = αf(u) + b, with α > 0, then proxλJ(v) = proxαλf (v).

• If J(u) = f(Qu), whereQ is an orthogonal matrix, then proxλJ(v) = Q>proxλf (Qv)

Solution. •
proxλJ(v) = argminu J(u) +

1

2λ
||u− v||2

= argminu αf(u) + b+
1

2λ
||u− v||2

= argminu α(f(u) +
1

2λα
||u− v||2)

= argminu f(u) +
1

2λα
||u− v||2

= proxαλf (v)
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•
proxλJ(v) = argminu J(u) +

1

2λ
||u− v||2

= argminu f(Qu) +
1

2λ
||u− v||2

= argminu f(Qu) +
1

2λ
||Qu−Qv||2

t=Qu
= Q> argmint f(t) +

1

2λ
||t−Qv||2

= Q>proxλf (Qv)

Exercise 3 (4 Points). Show that the `1-norm proximal operator of v ∈ Rn is given
as

proxλ‖·‖1(v) = u ∈ Rn, ui :=


vi + λ if vi < −λ
0 if vi ∈ [−λ, λ]
vi − λ if vi > λ.

Solution. We begin reformulating the optimality condition

0 ∈ ∂
(

1

2λ
(ui − vi)2 + |ui|

)
of the optimal ui

0 =
1

λ
(ui − vi) + p, p ∈ ∂|ui| :=


−1 if ui < 0

[−1, 1] if ui = 0

1 if ui > 0

vi ∈ ui +


−λ if ui < 0

[−λ, λ] if ui = 0

λ if ui > 0.

Recall that we are looking for a ui that satisfies the condition above given a fixed
vi. We distinguish the following cases:

1. Assume vi ∈ [−λ, λ]. Choosing ui := 0 satisfies the condition above.

2. Assume vi > λ. Choosing ui := vi − λ again satisfies the condition.

3. Assume vi < −λ. Choosing ui := vi + λ is the right choice.

Exercise 4 (4 points). Compute the proximal operator of the 1, 2-norm, i.e.

proxτ ||X||1,2 ,

where X ∈ Rm×n is a matrix .
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Solution. Firstly recall the subdifferential of 1, 2-norm computed in previous sheet:

∂ ‖X‖1,2 = {P ∈ Rm×n : Pi ∈ ∂||Xi||2}

where Pi and Xi are the i-th row of coressponding matrix and

∂ ‖Xi‖ =

{
Xi

‖Xi‖2
, Xi 6= 0

{Pi ∈ Rn : ‖Pi‖2 ≤ 1}, Xi = 0

Now we use the definition of proximity operator:

proxτ ||X||1,2(Y ) = argminX ||X||1,2 +
1

2τ
||X − Y ||22

which gives us the following by using the optimality condition:

0 ∈ ∂||X||1,2 +
1

τ
(X − Y ).

Since each row is independently, we can solve it for each row and get:

0 ∈ ∂||Xi||2 +
1

τ
(Xi − Yi).

If ‖Xi‖ 6= 0, we have Yi = τ Xi

‖Xi‖ + Xi. If we denote Xi = tei where ei := Xi

‖Xi‖ ,
previous equation becomes Yi = τei + tei. Hence, ‖Yi‖2 = τ + t, which implies
‖Yi‖ > τ .
If ‖Xi‖ = 0, we have Yi ∈ {Pi ∈ Rn : ‖Pi‖2 ≤ τ}.
To summary we have:

proxτ ||X||1,2(Y ) =

{
X ∈ Rm×n : Xi =

{
0, if ‖Yi‖ ≤ τ

(‖Yi‖2 − τ)
Yi
‖Yi‖ , if ‖Yi‖ > τ

}
.
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