Variational Methods for Computer Vision: Solution Sheet 9

Exercise: January 8§, 2020

Part I: Theory

1. Using the property that the delta distribution §(¢) is the derivative of H, we get

IVH(9)| = [6(0) - Vo(x)| = 6(¢)[V(x)].

So we can rewrite the Lagrangian in the following form:

L=f1-H(¢)+ f2(1-H(¢)) +v|[VH(9)|
= (f1 — f2)H(¢) +v(9)|Vo(x)| + fo.
So
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Using both results we can compute

=H'(¢) - (f1 — f2) + v (9)[V(x)| = 8(¢) - (f1 — f2) + v ()| V()]

9 0o \ove

OE _ oL _ . ( oL
Vo

) =6(¢) - (f1 — f2) + 18" (9)|Vo(x)| — vdiv <5(¢) : W) .

For further simplification we use the property
div(fV) =(Vf,V)+ fdiv(V)

for a scalar field f : R” — R and a vector field V : R” — R” with f = §(¢) and V = v :
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The inner product can be rewritten using the chain rule and (V¢, V¢) = |V¢|?:

Vo ¢ Vo> _
(Vo). oo ) =@ (Vo 7o) = e~ s@val.

Thus, the terms v¢'(¢)|V | cancel and we finally obtain
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E(¢) = / 9(2)|VH($(x))|dz = / 9(2)8(6) [V )da.

With 22 — 22 __ (v (%) this leads to
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Combining both results and further evaluating div (g(a:)é (9) W) gives
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= §(6)g|Vé| — div (géw)%)

= S@ivol - @ o @ di (975 )

— —5(¢) div <g|§z|> .




