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Convex Optimization
Notations

e [ is a Euclidean space (i.e., finite dimensional inner
product space), equipped with
@ Inner product (-,-), e.g., (u,v) = u' vifE = R";
® Norm ||-|| = v/{(:, -) satisfying polarization identity:
2||ull? + 2[|v]I? = [lu+ VI + [|lu— v
e Cis a closed, convex subset of E.
e Jis a convex objective function.
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Convex Optimization
Notations

e [ is a Euclidean space (i.e., finite dimensional inner
product space), equipped with
© Inner product (-, ), e.g., (u,v) = uTvifE =R";
® Norm ||-|| = v/{(:, -) satisfying polarization identity:

2 2 2 2
2[ull” +2[vII® = [lu+vI" + flu— v

e Cis aclosed, convex subset of E.
e Jis a convex objective function.

Convex optimization

minimize J(u) over u e C.

First questions:
e What is a convex set?
e What is a convex function?
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Convex set Convex Analysis
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Definition
A set C is said to be convex if

au + (1 - O[)V E C’ vu’ v 6 07 VO[ 6 [07 1] Convex Function
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Recall basic concepts in analysis
Definition

e Aset CcCc EisopenifVYue C,Je > 0s.t. B(u) C C,
where B.(u) :={veE:|v—u| <e}.

e Aset C C Eis closed if its complement E\ C is open.

e The closure of aset C Cc Eis

clC={uek:3{ur} c Csut. Jim U = ul.

e The interior of aset C C E is

intC={ueC:3>0s.t B.(u) C C}.
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Definition
e Aset CcCc EisopenifVYue C,Je > 0s.t. B(u) C C, -
where B.(u) :={veE:|v—u| <e}.
e Aset C C Eis closed if its complement E\ C is open. [Comexset
e The closure of aset C C Eis Gonvex Funcion
Existence of Minimizer
clC={ueck:3{uf} c Cst. lim v =u}. Subdiferentia
k— oo Convex Conjugate
Duality Theory
° The intel‘ior Of a Set C C ]E |S Proximal Operator

intC={ueC:3>0s.t B.(u) C C}.

The relative interior of aset C C E is

rintC={ue C:3e>0s.t B(u)naffC c C},
with aff C the affine hull of C. If C is a convex set, then

rtC={ueC:VveC3a>1st.v+alu—v)eC}

Last updated: 21.10.2019



Basic properties
The following operations preserve the convexity:
o Intersection: C; N C..
e Summation: Cy + Co := {u' + 12 : u' € Cy, 12 € Co}.
e Closure: cl C.
o Interior and relative interior: int C, rint C.

In general, the union of convex sets is not convex.
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Basic properties Convex Analysis
. . . Tao Wu
The following operations preserve the convexity: Zhenzhang Ye
¢ Intersection: Cy N Co.
e Summation: Cy + Co := {u' + 12 : u' € Cy, 12 € Co}.

e Closure: clC.

o Interior and relative interior: int C, rint C. Comexset
Convex Function
In general, the union of convex sets is not convex. Existence of Minimizer
Subdifferential
Convex Conjugate
Convex cone Duality Theory
Cis aconeif C = oC for any o > 0. Proximal Opereter

C is a convex cone if C is a cone and is convex as well.

0
Convex cone.
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Separation of convex sets

Theorem (separation of convex sets)

Let C;, C> be nonempty convex subsets of E.

@ Assume C; is closed and C, = {w} C E\C;. Then
dJveE, v#0, a € Rs.t.

(v,w) >a>(v,uy, Vue Cy.
® Assume Cj is open and C; = {w} C E\Cy. Then
dveRE, v£0, a € Rsit.
(v,w) > a>(v,u), VueC.

® Assume C; N Co = () and C4 is open. Then
dveE, v#£0, a € Rs.t.

(viu"y >a>(v,i?), Vu'€Cy, P € Co.

@ Assume () # int Gy € E\C,. Then
dJveE, v#£0, a € Rs.t.

(v,u"y >a>(v,i?), VYu'eCy, tPeCo
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