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1 Convex Analysis

Theorem 1.1 (separation of convex sets). Let Cy, Co be nonempty convex subsets of E.

1. Assume Cy is closed and Co = {w} C E\C1. Then Jv € E, v #0, a € R s.t.

(v,wy >a > (v,u), YueC.

2. Assume C is open and Cy = {w} C E\Ci. Then v € E, v #0, o € R s.t.

(v,wy > a>(v,u), YueC.

3. Assume C1NCy =0 and Cy is open. Then v €E, v #0, a € R s.t.

<v,u1> >a> <v,u2>, vul € C1, u? € Cs.

4. Assume () # int Cy C E\Cy. Then v € E, v #0, a € R s.t.

<v,u1> >a> <v,u2>, vul € C1, u? € Cs.

Proof. (1) Consider the projection of w onto Ci, i.e., set u* := argmingec, 3[u — w|/? or,
equivalently via the variational inequality: (u — u*, u* —w) > 0 Vu € C;. Now let v := w—u* #
0. Then Vu € Cy, we have (v,w) = (w—u*,w) = ||lw — u*||* + (w —u*,u*) > ||w — u*||* +
(w—u*u) = ||v]|* + {(v,u). Set a := sup{(v,u) : u € C1}. Note a < oo since (v,u) <
(v,u*) Yu € C. Thus (v,w) > (v,w) — |[v||* > a > (v,u) Yu € Cy.

(2) We have either w € E\ c1C; or w € bdry Cy. In either case, Juw* € E\ clC} s.t. w¥ — w.
For each w”, by (i), 3v* € E with |[v*|| = 1 s.t. (vF, w*) < (v¥,u) Vu € c1Cy. Hence v* — v € E
along a subsequence s.t. ||v]| =1 and a := (v,w) < (v,u) Yu € C; C clC}.

(3) Let C == Cy — C1 = {u? —u! : u! € Cy, u? € Cy}. Note that C is a convex, open
set, and 0 ¢ C. By (2), Jv € E with |jv|]| = 1 s.t. {(—v,u* —u!) > (—v,0) = 0 or, equivalently,
<v,u1> > <v,u2> Vul € Cy, u? € Cy. Set o := sup{<v,u2> :u? € Cy}, then we conclude that
<U,u1> >a > <U,u2> vul € Oy, u? € Cs.

(4) By applying (3) to int C; and Cq, we have <v, u1> >a> <v,u2> Vul € int Oy, u? € Cs.
The inequality remains true for all u; € Cj. O
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Theorem 1.2. A proper convex function J : E — R is locally Lipschitz at any u € rint dom J.

Proof. Without loss of generality, we restrict J : aff dom J — R.

(i) Claim: If M = sup{J(v) : v € Be(u)} < oo with € > 0, then J is locally Lipschitz at u.

First, by convexity of J we have Vv € B(u) : J(v) > 2J(u) — J(2u —v) > 2J(u) — M. Thus,
sup{|J(v)| : v € Be(u)} < M + 2|J(u)].

Next, we show J is Lipschitz on Bj(u). Let v,w € Bjy(u) be given. Take z € Be(u)
s.t. w = (1 —t)v + tz for some t € [0,1] and ||z — v|| > €/2. By convexity, J(w) — J(v) <
t(J(z)—J(v)) < 2t(M —J(u)). Since t(z—v) = w—v, we have t = ||w—v||/||z—v| < 2|lw—wv]||/e
and J(w) — J(v) < (4M — J(u))/e)|lw — v||. Analogously, one can show J(v) — J(w) <
(4(M — J(u))/€)|lw — v]|. Hence, J is Lipschitz on B j5(u) with modulus 4(M — J(u))/e.

(ii) Let u € rint dom J and n = dim(aff dom J). Then by Carathéodory’s theorem, oyt
(0,1), {u'}7! C dom J s.t. u = Y afu?, Sl = 1, f.e., u belongs to the relative interior
of the convex hull of {u'}*!. Thus one can apply (i) to assert that J is locally Lipschitz at
U. U

Theorem 1.3. For any proper convex function J : E — R, if u* € dom.J is a local minimizer
of J, then it is also a global minimizer.

Proof. By the definition of a local minimizer, 3¢ > 0 s.t. J(u*) < J(u) Yu € Bc(u*). For
the sake of contradiction, assume Ju € E s.t. J(u) < J(u*). By convexity of J, we have
J(ou + (1 — a)u*) < J(u*) — a(J(u*) — J(u)) < J(u*) Ya € (0,1]. This violates the local
optimality of u* as o — 0. O

Theorem 1.4. Any proper function J : E — R, which is bounded from below, coercive, and Isc,
has a (global) minimizer.

Proof. Let {u*} be an infimizing sequence for J, i.e., limy_so0 J(u*) = inf,ecg J(u) € R. Since
{J(u*)} is uniformly bounded from above, by coercivity of J we have {u*} uniformly bounded.
By compactness, u¥ — u* along a subsequence. Since .J is Isc, we have J(u*) < liminfj_,o J(u¥) =
inf,eg J(u), which implies J(u*) = inf,cg J(u) or u* is a minimizer of J. O

Theorem 1.5. The minimizer of a strictly convex function J : E — R is unique.

Proof. Let u,v € E be two (global) minimizers s.t. u # v and J(u) = J(v) = J*. By strict
convexity of J, J(au+(1—a)v) < aJ(u)+ (1 —a)J(v) = J* for all a € (0,1), which contradicts
the global optimality of u and v. ]

Theorem 1.6. Let J : E — R be a convex function. Then for any u € intdomJ, 8.J(u) is a
nonempty, compact, and convex subset.

Proof. (i) nonemptiness. Since (u,J(u)) ¢ intepiJ, by Theorem we have J(p, —a) € E x
R s.t. (p,—a) # (0,0), @ > 0 by our choice, and ((p, —«), (u — v, J(u) — J(v))) > 0 Vv € dom J.
In fact, we must have a > 0 since otherwise p = 0. Thus, we conclude that p/a € 9J(u).

(ii) boundedness. By Theorem|[1.2] J is locally Lipschitz at u with modulus L. Let p € 9J (u)
be fixed. For any h € (dom J) — u whenever ||k is sufficiently small, we have (p,h) < J(u +
h) — J(u) < Ly||h||. This holds true only if ||p|| < L,, which implies boundedness of 0.J(u).

(iii) closedness. Let v € E be arbitrarily fixed and p¥ — p* where each p* € 9.J(u). Then
Vk : J(v) — J(u) > (p*,v — u). By continuity, J(v) — J(u) > (p*,v — u) when passing k — oc.
Since v can be arbitrary, we assert p* € 9.J(u).



(iv) convexity. Let v € E be arbitrarily fixed, and p,q € 0J(u). Then we have

J(v) = J(u) + (p,v —u),
J(v) > J(u) + (g, v —u) .

Hence, VO < a < 1:J(v) > J(u) + (ap + (1 — a)q,v — u), i.e., ap+ (1 — a)q € IJ (u). O
1

Theorem 1.7. Let J : E — R be a convexr function. Then 0J is a monotone operator, i.e.
Vul, u? € dom J, pt € J(ut), p* € 0J(u?) :
<p1 2t — u2> > 0.

Proof. By applying the definition of subdifferential at arbitrarily given u',u? € dom J, we have

J(u?) = J(u') + (p',u? —u'),
Jub) > J(u?) + <p2,u1 — u2> )
Adding the two inequalities yields <p1 —p?ul — u2> > 0. O

Theorem 1.8. Let J : E — R be a proper, convez, Isc function. Then 0J is a closed set-valued
map, i.e., p* € 0J(u*) whenever

J(uk, p*) = (u*,p*) € (dom J) x E s.t. p* € 8J(u") Vk.

Proof. Let v € E be arbitrarily fixed. For each k, p* € dJ(u*) = J(v) > J(uF) + (p*,v — u*).
Passing k — oo, we have (pF,v —uF) — (p*,0 —u*) and J(u*) < liminfy_,o J(u¥). Hence,
J(u*) + (p*,v —u*) < liminfy oo {J(uF) + (p*,v —u*)} < J(v). Since v can be arbitrary,

p* € dJ(u). O
Theorem 1.9. Given any proper conver function J : E — R, the sufficient and necessary
condition for u* being a (global) minimizer for J is: 0 € 9J(u*).
Proof. (i) sufficiency. 0 € 9J(u*) = J(u) > J(u*) + (0,u — u*) = J(u*) Vu € E.

(ii) necessity. J(u*) < J(u) Vu e E = J(u*)+ (0,u—u*) < J(u) Vu = 0€dJ(u*). O

Theorem 1.10 (Fenchel-Young inequality). For any function J : E — R and (u,p) € E x E,
we have
J(u) + J*(p) = (u,p).

If J is also convex, the equality holds iff p € 0J(u) with (u,p) € dom J x dom J*.

Proof. (i) J(u) + J*(p) > (u,p) follows directly from the definition of convex conjugate. (ii)

The equality holds only if (u,p) € dom J x dom J*. Moreover, p € d.J(u) is the sufficient and
necessary condition for min,eg{J(u) — (u,p)}. O

Theorem 1.11 (order reversing). For any Ji,Jo : E — R, we have Ji(-) < J3(-) whenever
Ji(1) = Ja(o).

Proof. Given any (u,p), we have (u,p) — Ji(u) < (u,p) — Jo(u). Taking supremum over u on
both sides yields Jj(p) < J3(p). O

Theorem 1.12. Let J : E — R, and J* = (J*)* be the biconjugate of J. In general:
1. J7() < J().



2. J* is convex and lsc.

If J is proper, convex, and lsc, then:
3. J() =J().
4. p € 0J(u) iff u e dJ*(p).

Proof. (1) Since J**(u) = sup,{{(p,u) — J*(p)} and, by Theorem [1.10} (p,u) — J*(p) < J(u) Vp,
we have J**(u) < J(u) for arbitrarily given u.
(2) (i) convexity. Let p,qg € E, 0 < a < 1. Then J*(ap+(1—a)q) = sup, {(u,ap + (1 — a)q)—
J()} < sup, {{aw, p) — aT ()} + sup, (1 — a)u,q) — (1 — )T (w)} = @ (p) + (1 — a).T*(q).
(ii) 1sc. Note epiJ* = {(p,a) € Ex R : (u,p) — J(u) < a Yu} = Ny epi P, where ® ()
(u,-) — J(u). Since each epi ®, and any arbitrary intersection of closed sets is closed, epi J*
closed and hence J* is Isc.

(3) For the sake of contradiction, assume Ju € dom J** s.t. J(u) > J**(u). Let 0 < d <
J(w)—J**(u) be fixed. Since (u, J(u)—d) ¢ epiJ and epiJ is convex and closed, by Theorem
d(p,—1) € E x R s.t. ((p,—1),(u,J(a)—d)) > ((p,—1),(u,)) Y(u,«) € epiJ. In particular,

(p,u)y — J(u) +d > (p,u) — J(u) Yu € dom J. Hence, (p,u) — J(a)+d > J*(p) > (p,a) — J**(u)
by Theorem Thus we have J**(u) + d > J(u) as a contradiction to our assumption.

(4)pe 3J( ) & JW) +J(p) = (wp) & J*w)+J(p) = (wp) & wedJ(p). O

Theorem 1.13. Assume that J : E — R is proper, convez, and lsc. Then J is p-strongly convex
iff J* is %-Lipschitz differentiable.

Proof. (only if) Let p € 0J(u) be arbitrarily given. By p-strong convexity of J, we have

w
§||v —ul?* Vo (1)
Then ¥q : J*(q) = sup,{{g,v) = J(v)} < sup,{{g,v) = J(u) = {p,v —u) = Sl —ull?} = (q,u) -
J(U)+Supv{<q p.v —u)=gllv—ul?} = (g, u) = J(u) + 5, la—pl* = (p,u) = T (w) +{g — p,u) +
ﬁ”q—p”2 =J*(p)+(q —p,u)+ 21u|]q p|?. Here we have used the identity (p,u)—J(u) = J*(p).
We have actually derived limg—,), [|[J*(q) — J*(p) — (¢ — p,w) ||/|l¢ — pl| = 0, which asserts that
J* is (Frechét-)differentiable at p with V.J*(p) = w.

Finally we show V.J* is i-Lipschitz. Let u = V.J*(p), v = V.J*(q), or equivalently p €
0J(u), q € 0J(v). Then by (1)) we have

J(v) > J(u)+ (p,v —u) +

J(0) = I(u) + {p,v = u) + S lo —ul?,
J(w) 2 J(0) + {g,u—v) + S llu— vl

Adding the above two inequalities, we obtain pllu —v||? < (p — ¢, u —v) < ||p — ¢||||u — v|| and
thus [lu — o] < Jllp — gl

(if) Note that J*(q) = J*(p) + [, (VJ*(p+ s(q¢ — p)),q — p)ds = J*(p) + (VJ*(p),q — p) +
Jo (VT*(p+s(a—p) = VI (p),a—p)ds < J*(p) + <VJ*( ):a—p) + g;llg — p|*. Let p €

0J(u) & u=VJ*(p). Then J*(q) < J*(p)+ (¢ — p,u) + ||q—p||2. Taking the convex conju-
gate on both sides, we deduce J(v) = J**(v) > sup,{(g,v >— (J*(p) +{qg —p,u)+ ﬁHq—pH%} =
—J*(p) + (p,v) + §llv —ull® = J(u) + {p,v —w) + v —ul?. [

Theorem 1.14 (weak duality). Let K € R™*", and F : R™ — R, G : R® — R are proper,
conver, and lsc. Then it holds that inf, {F(Ku) 4+ G(u)} > sup,{—G*(—K "p) — F*(p)}.
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Proof. Let L(u,p) = (p, Ku) — F*(p) + G(u), then inf,{F(Ku) + G(u)} = inf, sup, L(u,p)
and supp{—G*(—KTp) — F*(p)} = sup,infy L(u,p). It remains to verify inf, sup, L(u,p) >
sup, inf, L(u, p). For an arbitrarily fixed (u,p), we have sup,, L(u,p’) > L(u,p) > inf, L(u', p).
Taking infimum over u yields inf, sup,, £(u, p') > inf,s L(u/, p); Taking supremum over p yields
sup, L(u,p") > sup, inf,s L(v',p). Hence, the conclusion follows. O

Theorem 1.15 (Fenchel-Rockafellar duality). Assume Ju € dom G s.t. F' is continuous at Ku.
Then the strong duality holds: P* = D*. Moreover, (u*,p*) is the optimal primal-dual pair iff
Ku* € OF*(p*),
—K Tp* € 0G(u*).
Proof. Define ®(v) := inf, {F(Ku + v) + G(u)}. Since Vol,v? € R™ « € [0,1] : a®(v!) +
(1—a)®(v?) = inf 1 {aF(Ku' +v') + aG(u')} +inf2{(1 — @) F(Ku? +v?) + (1 — a)G(u?)} =
inf,1 2 {aF(Ku' +v!) + (1 — ) F(Ku® + v*) + aG(u') + (1 — )G (u?)} > inf{F(Ku + av' +
(1—a)v?)+Gu) :u=au' + (1 —a)u?} > ®(av’ + (1 — a)v?), we prove that ® is a convex
function.

Without loss of generality, assume ®(0) > —oo. By our assumption, Je > 0 s.t. V|jv|| < €:
®(v) < F(Ku+wv)+G(a) < M for some M < oo, ie., v € dom ®. By Theorem [1.2] ® is locally
Lipschitz at 0, and ®(0) = ®**(0) = sup, —®*(p), where ®*(p) = sup,{(p,v) — inf, {F(Ku +
v) + G(u)}} = supy o (o0 + Ku) + (—K Tp,u) — F(Ku+v) — Gu)} = F*(p) + G*(~KTp).
Thus, P* = D* is proven.

As for the optimality condition, note that ¥(u,p) : G(u,p) = F(Ku) + G(u) + G*(—K "p) +
F*(p) = F(Ku) + F*(p) — (Ku,p) + G(u) + G*(—K Tp) — <—KTp, u> > 0. The equality holds,
ie., G(u*, p*) =0, iff Ku* € F*(p*) and —K "p* € dG(u*) according to Theorem m O

Theorem 1.16 (Moreau identity). Let 7 > 0 and J : E — R be proper, convez, and Isc. Then
the following identity holds:

id(+) = prox,;(-) + Tpl”OX%J*('/T).

Proof. v = Tprox1 . (u/T) < (I+ %8J*)_1 (u/T) 3 v/ & OJ*(v/T) D u—v & v/TE
0J(u—v) & u—v=I+79J) " (u) = prox, ;(u). O
Theorem 1.17. Let F,G : E — R be proper, convex, and Isc. Then

(FOG)* = F* + G*.

Proof. ¥p € E : (FOG)*(p) = sup,, ,{(p, u) —F(v)—G(u—v)} = sup, ,{{p, v) = F(v)+(p,u — v)—
G(u—v)} = F*(p) +G*(p). O
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