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Duality (12+6 Points)
Exercise 1 (6 Points). Let X, Y ∈ Rm×n be matrices and let Yi, Xi ∈ Rm denote
the i-th columns of X, Y . Then, the Frobenius scalar product is defined as follows:

〈X, Y 〉F :=
n∑

i=1

〈Xi, Yi〉, (1)

where 〈Xi, Yi〉 is the classical vector scalar product. For notational convenience we
often omit the subscript F in 〈·, ·〉F . Compute the convex conjugates of the following
functions:

1. f1 : Rm×n → R ∪ {∞} where f1(X) = ‖X‖2,∞ := max1≤i≤n ‖Xi‖2.

2. f2 : Rm×n → R ∪ {∞} where

f2(X) := δ‖·‖2,1≤1(X) =

{
0 if ‖X‖2,1 :=

∑n
i=1 ‖Xi‖2 ≤ 1,

∞ otherwise.
(2)

Solution. 1. Let X ∈ Rm×n, ‖X‖2,1 ≤ 1. We have any for Y ∈ Rm×n:

〈X, Y 〉F =
n∑

i=1

〈Xi, Yi〉

≤
n∑

i=1

|Xi| · |Yi|

≤
n∑

i=1

|Xi| · max
1≤j≤n

|Yj|

= ‖X‖2,1 · ‖Y ‖2,∞.

This implies that

〈X, Y 〉F − ‖Y ‖2,∞ ≤ ‖X‖2,1 · ‖Y ‖2,∞ − ‖Y ‖2,∞ = (‖X‖2,1 − 1) · ‖Y ‖2,∞ ≤ 0
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Since 〈X, 0〉F − ‖0‖2,∞ = 0 we get

f ∗1 (X) = sup
Y ∈Rm×n

〈X, Y 〉F − ‖Y ‖2,∞ = 0.

Now let ‖X‖2,1 > 1. Define Y ∈ Rm×n so that the i-th column Yi of Y ,
1 ≤ i ≤ n is given as Yi := Xi

‖Xi‖2 , which implies ‖Y ‖2,∞ = 1. We get

〈X, Y 〉F =
n∑

i=1

‖Xi‖2 = ‖X‖2,1.

For α > 0 we get

〈X,αY 〉F − ‖αY ‖2,∞ = α (‖X‖2,1 − 1)︸ ︷︷ ︸
>1

.

Therefore,
f ∗1 (X) = sup

Y ∈Rm×n

〈X, Y 〉F − ‖Y ‖2,∞ =∞.

Altogether we obtain
f ∗1 (X) = δ‖·‖2,1≤1(X).

2. We have f2 = f ∗1 and since f1 is closed, proper and convex we have

f ∗2 = f ∗∗1 = f1.

Exercise 2 (4 Points). Assuming J : Rn → R̄, ε > 0, c ∈ Rn, and J∗ (i.e. the
convex conjugate of J) are known, derive the expression of (〈c, ·〉+ εJ(·))∗ in terms
of J∗, ε, and c.

Solution. (
〈c, ·〉+ εJ(·)

)∗
(p) = sup

u∈Rn

〈u, p〉 −
(
〈c, u〉+ εJ(u)

)
= sup

u∈Rn

〈u, p− c〉 − εJ(u)

= ε
(

sup
u∈Rn

〈
u,
p− c
ε

〉
− J(u)

)
= εJ∗

(p− c
ε

)
Exercise 3 (8 Points). Let C ∈ Rm×n, µ ∈ Rm, ν ∈ Rn, ε > 0 be given. Define
1m = (1, 1, ..., 1) ∈ Rm and similarly for 1n ∈ Rn. Consider the “optimal mass
transport” problem:

min
X

F (KX) +G(X),

where

F : (u, v) ∈ Rm × Rn 7→ δ{(u, v) = (µ, ν)} ∈ R̄,

G : X ∈ Rm×n 7→
m∑
i=1

n∑
j=1

(
CijXij + εXij(logXij − 1) + δ{Xij ≥ 0}

)
∈ R̄,

K : X ∈ Rm×n 7→ (X1n, X
>1m) ∈ Rm × Rn.

2



(1) Use the Fenchel-Rockafellar duality theorem to derive the dual formulation of
the above problem. The formulae for the convex conjugates of F ∗ and G∗ must be
explicitly provided.
Hint: The adjoint of K (denoted by K>) can be derived as K> : (u, v) ∈ Rm×Rn 7→
u1>n + 1mv

> ∈ Rm×n;
(2) State the optimality conditions which involve both primal and dual variables.
The formulae for all involved subdifferentials must be explicitly provided.

Solution. (1) We use (p, q) ∈ Rm × Rn to denote the dual variable. Firstly, we
compute the convex conjugate of F .

F ∗((p, q)) = sup(u,v)〈p, u〉+ 〈q, v〉 − δ{(u, v) = (µ, ν)}
= 〈p, µ〉+ 〈q, ν〉

(3)

Denote J(X) =
∑m

i=1

∑n
j=1Xij(logXij − 1) + δ{Xij ≥ 0}. We can write G(X) =

〈C,X〉F + εJ(X) with 〈·, ·〉F is Frobenious product. By using the result from Q1,
we get

G∗(Y ) = ε
m∑
i=1

n∑
j=1

exp(
Yij − Cij

ε
) (4)

Thus, the dual formulation is

F ∗((p, q)) +G∗(−K>(p, q)) = 〈p, µ〉+ 〈q, ν〉+ ε
m∑
i=1

n∑
j=1

exp(
−pi − qj − Cij

ε
) (5)

(2) The optimality condition for primal variable:

KX ∈ ∂F ∗((p, q))
⇒KX = (µ, ν)

⇒

{
X1n = µ

X>1m = ν

(6)

Denote a subset Q := {X ∈ Rm×n : Xij ≥ 0} and NQ(X) as the normal cone of Q
at X. The optimality condition for dual variable:

−K>(p, q) ∈ ∂G(X)

⇒− p1>n − 1mq
> ∈ C + εlogXij +NQ(X)

⇒− p1>n − 1mq
> − C − εlogXij ∈ NQ(X)

⇒
〈
−p1>n − 1mq

> − C − εlogXij, Y −X
〉
≤ 0, ∀Y ∈ Q

⇒pi + qj + Cij + εlogXij = 0

(7)
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