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Motivation
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Example

Baseball Cap[1]
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Conference: IEEE Computer Vision and Pattern Recognition (cvpr) 2015

Paper
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Outline



Calibrated fixed system

Intrinsic and extrinsic parameters of depth and color images are known

Not too many different albedos
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Assumptions



Depth maps are subject to noise and outliers

Calculate smooth estimate, retain sharp edges for further processing

𝑧𝑓𝑖𝑙𝑡𝑒𝑟𝑒𝑑 𝑖, 𝑗 =
1

𝑊𝑝

෍

𝑘∈Ω(𝑖,𝑗)

𝑧 𝑖𝑘, 𝑗𝑘 ∗ 𝑓𝑠( 𝑖𝑘, 𝑗𝑘 − (𝑖, 𝑗) ) ∗ 𝑔𝑟 𝐼 𝑖𝑘, 𝑗𝑘 − 𝐼 𝑖, 𝑗
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Bilateral Filter



Weight

𝑊𝑝 =
෍

𝑘∈Ω(𝑖,𝑗)

𝑓𝑠( 𝑖𝑘, 𝑗𝑘 − (𝑖, 𝑗) ) ∗ 𝑔𝑟 𝐼 𝑖𝑘, 𝑗𝑘 − 𝐼 𝑖, 𝑗
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𝑧𝑓𝑖𝑙𝑡𝑒𝑟𝑒𝑑 𝑖, 𝑗 =
1

𝑊𝑝

෍

𝑘∈Ω(𝑖,𝑗)

𝑧 𝑖𝑘, 𝑗𝑘 ∗ 𝑓𝑠( 𝑖𝑘, 𝑗𝑘 − (𝑖, 𝑗) ) ∗ 𝑔𝑟 𝐼 𝑖𝑘, 𝑗𝑘 − 𝐼 𝑖, 𝑗

Bilateral Filter 2



Weight

𝑊𝑝 =
෍

𝑘∈Ω(𝑖,𝑗)

𝑓𝑠( 𝑖𝑘, 𝑗𝑘 − (𝑖, 𝑗) ) ∗ 𝑔𝑟 𝐼 𝑖𝑘, 𝑗𝑘 − 𝐼 𝑖, 𝑗

Spatial kernel

𝑓𝑠 𝑖𝑘, 𝑗𝑘 − (𝑖, 𝑗) = exp(−
(𝑖𝑘 − 𝑖)2+(𝑗𝑘 − 𝑗)2

2𝜎𝑑
2 )
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𝑧𝑓𝑖𝑙𝑡𝑒𝑟𝑒𝑑 𝑖, 𝑗 =
1

𝑊𝑝

෍

𝑘∈Ω(𝑖,𝑗)

𝑧 𝑖𝑘, 𝑗𝑘 ∗ 𝑓𝑠( 𝑖𝑘, 𝑗𝑘 − (𝑖, 𝑗) ) ∗ 𝑔𝑟 𝐼 𝑖𝑘, 𝑗𝑘 − 𝐼 𝑖, 𝑗

Bilateral Filter 3



Weight

𝑊𝑝 =
෍

𝑘∈Ω(𝑖,𝑗)

𝑓𝑠( 𝑖𝑘, 𝑗𝑘 − (𝑖, 𝑗) ) ∗ 𝑔𝑟 𝐼 𝑖𝑘, 𝑗𝑘 − 𝐼 𝑖, 𝑗

Spatial kernel

𝑓𝑠 𝑖𝑘, 𝑗𝑘 − (𝑖, 𝑗) = exp(−
(𝑖𝑘 − 𝑖)2+(𝑗𝑘 − 𝑗)2

2𝜎𝑑
2 )

Intensity kernel

𝑔𝑟 𝐼 𝑖𝑘, 𝑗𝑘 − 𝐼 𝑖, 𝑗 = exp(−
𝐼 𝑖𝑘, 𝑗𝑘 − 𝐼(𝑖, 𝑗)

2𝜎𝑟
2 )
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𝑧𝑓𝑖𝑙𝑡𝑒𝑟𝑒𝑑 𝑖, 𝑗 =
1

𝑊𝑝

෍

𝑘∈Ω(𝑖,𝑗)

𝑧 𝑖𝑘, 𝑗𝑘 ∗ 𝑓𝑠( 𝑖𝑘, 𝑗𝑘 − (𝑖, 𝑗) ) ∗ 𝑔𝑟 𝐼 𝑖𝑘, 𝑗𝑘 − 𝐼 𝑖, 𝑗

Bilateral Filter 4
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Bilateral Filter 5

Bilateral Filter (https://cs.brown.edu/courses/cs129/labs/lab_bilateral/img/bilateral_filtering.png)
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Bilateral Filter 6

Shirt[1]



Find best fitting plane in a least squares sence

min
𝑛

෍

𝑘∈Ω( Ԧ𝑥)

Ԧ𝑝𝑘
𝑇𝑛 − 𝑑 2

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝑛 = 1 𝑎𝑛𝑑 𝑛𝑥𝑥 + 𝑛𝑦𝑦 + 𝑛𝑧𝑧 − 𝑑 = 0

𝑥
𝑦
𝑧

𝑇

𝑛 = 𝑑
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Surface Normals from Depth Map



Analytic solution

𝑀 =
1

𝑘
෍

𝑘∈Ω( Ԧ𝑥)

𝑝𝑘 − ҧ𝑝 𝑝𝑘 − ҧ𝑝 𝑇

ҧ𝑝 =
1

𝑘
෍

𝑘∈Ω

𝑝𝑘

𝑛 is given by the smallest eigenvector of 𝑀
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min
𝑛

෍

𝑘∈Ω( Ԧ𝑥)

Ԧ𝑝𝑘
𝑇𝑛 −

𝑥
𝑦
𝑧

𝑇

𝑛

2

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝑛 = 1

Surface Normals from Depth Map 2



min
𝑛

෍

𝑘∈Ω( Ԧ𝑥)

𝑖𝑘
𝑗𝑘
𝑧𝑘

𝑇

𝑛 −
𝑖
𝑗
𝑧

𝑇

𝑛

2

=

min
𝑛

෍

𝑘∈Ω( Ԧ𝑥)

𝑖𝑘 − 𝑖
𝑗𝑘 − 𝑗
𝑧𝑘 − 𝑧

𝑇

𝑛

2

= min
𝑛

෍

𝑘∈Ω( Ԧ𝑥)

𝑑𝑥
𝑑𝑦
𝑑𝑧

𝑇

𝑛

2
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min
𝑛

෍

𝑘∈Ω( Ԧ𝑥)

Ԧ𝑝𝑘
𝑇𝑛 −

𝑥
𝑦
𝑧

𝑇

𝑛

2

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝑛 = 1

Surface Normals from Depth Map 3



𝑧 = 𝑧 𝑥, 𝑦

Ԧ𝑟 𝑥, 𝑦 = 𝑥, 𝑦, 𝑧 𝑥, 𝑦

𝑛 =
𝜕Ԧ𝑟

𝜕𝑥
×
𝜕Ԧ𝑟

𝜕𝑦
=

1
0
𝜕𝑧

𝜕𝑥

×

0
1
𝜕𝑧

𝜕𝑦

=

−
𝜕𝑧

𝜕𝑥

−
𝜕𝑧

𝜕𝑦
1

Normalize

𝑛 =
1

1 + ∇𝑧 2

𝜕𝑧

𝜕𝑥
𝜕𝑧

𝜕𝑦
−1
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Surface Normals from Depth Map 4



cheap calculation e.g. by central differences

𝜕𝑧

𝜕𝑥
≈
𝑧 𝑖 + 1, 𝑗 − 𝑧(𝑖 − 1, 𝑗)

2
≈
𝑧 𝑖 − 2, 𝑗 − 8𝑧 𝑖 − 1, 𝑗 + 8𝑧 𝑖 + 1, 𝑗 − 𝑧(𝑖 + 2, 𝑗)

12

𝜕𝑧

𝜕𝑦
≈
𝑧 𝑖, 𝑗 + 1 − 𝑧(𝑖, 𝑗 − 1)

2
≈
𝑧 𝑖, 𝑗 − 2 − 8𝑧 𝑖, 𝑗 − 1 + 8𝑧 𝑖, 𝑗 + 1 − 𝑧(𝑖, 𝑗 + 2)

12
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𝑛 =
1

1 + ∇𝑧 2

𝜕𝑧

𝜕𝑥
𝜕𝑧

𝜕𝑦
−1

Surface Normals from Depth Map 5



Extended intrinsic image decomposition model (non-Lambertian)[2]

𝐿 𝑖, 𝑗, 𝑛 = 𝜌 𝑖, 𝑗 𝑆 𝑛 + 𝛽(𝑖, 𝑗)

𝐿 image lighting, 𝜌 albedos, 𝑆 shading, 𝛽 local lighting variations (interreflections, 

specularities)

Ill-posed problem, use depth map to deal with ambiguities
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Lighting Estimation



The intensity of isotropic light can be modeled

as a function of direction

Function in shere

Represent by spherical harmonics

In cartesian coordinates spherical harmonics

can be defined as polynomials
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Spherical harmonics

Spherical Harmonics (https://en.wikipedia.org/wiki/File:Spherical_Harmonics.png)



Assume Lambertian scene and uniform light source to recover shading

𝜌 𝑖, 𝑗 = 1

𝛽 𝑖, 𝑗 = 0

Irradiance of diffuse objects in natural illumination can be well described by low order sperical

harmonic components

For simplicity only use zero and first order harmonics, linear polynomials of surface normals, 

independent on pixel locations

𝑆 𝑛 = 𝑚𝑇 ෤𝑛

෤𝑛 = ෤𝑛, 1 𝑇

20

𝐿 𝑖, 𝑗, 𝑛 = 𝜌 𝑖, 𝑗 𝑆 𝑛 + 𝛽(𝑖, 𝑗)

Shading
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Overdetermined least squares parameter estimation problem

argmin
𝑚

𝑚𝑇 ෤𝑛 − 𝐼 2
2

Least squares model is not sensitive to high frequency changes and subtle shape changes

Background can also be robustly handled 

Explains mostly distant ambient light sources

21

𝐿 𝑖, 𝑗, 𝑛 = 𝜌 𝑖, 𝑗 𝑆 𝑛 + 𝛽(𝑖, 𝑗)

𝜌 𝑖, 𝑗 = 1, 𝛽 𝑖, 𝑗 = 0, 𝑆 𝑛 = 𝑚𝑇 ෤𝑛, ෤𝑛 = 𝑛, 1 𝑇

Shading 2
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Now include different albedos

min
𝜌

𝜌𝑆 𝑛 − 𝐼 2
2

Prone to overfitting 𝜌 =
𝐼

𝑆

Regularization term to prevent 𝜌 from changing to rapidly required

Assume albedo map piecewise smooth, low number of albedos in picture
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𝐿 𝑖, 𝑗, 𝑛 = 𝜌 𝑖, 𝑗 𝑆 𝑛 + 𝛽(𝑖, 𝑗)

𝛽 𝑖, 𝑗 = 0

Albedo Recovery



Assume albedo map piecewise smooth, low number of albedos in picture

Use weighted Laplacian instead of Gaussian

min
𝜌

𝜌𝑆 𝑛 − 𝐼 2
2 + 𝜆𝜌 ෍

𝑘∈Ω

𝑤𝑘
𝐼𝑤𝑘

𝑑(𝜌 − 𝜌𝑘)

2

2
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𝐿 𝑖, 𝑗, 𝑛 = 𝜌 𝑖, 𝑗 𝑆 𝑛 + 𝛽(𝑖, 𝑗)

𝛽 𝑖, 𝑗 = 0

Albedo Recovery 2



𝑤𝑘
𝐼 = ൞

0, 𝐼𝑘 − 𝐼(𝑖, 𝑗) 2
2> 𝜏

exp −
𝐼𝑘 − 𝐼 𝑖, 𝑗

2𝜎𝐼
2 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝑤𝑘
𝑑 = exp −

𝑧𝑘 − 𝑧 𝑖, 𝑗

2𝜎𝑑
2
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𝐿 𝑖, 𝑗, 𝑛 = 𝜌 𝑖, 𝑗 𝑆 𝑛 + 𝛽(𝑖, 𝑗)

𝛽 𝑖, 𝑗 = 0

min
𝜌

𝜌𝑆 𝑛 − 𝐼 2
2 + 𝜆𝜌 ෍

𝑘∈Ω

𝑤𝑘
𝐼𝑤𝑘

𝑑(𝜌 − 𝜌𝑘)

2

2

Albedo Recovery 3



Similar approach for specularities and local light sources, maintain smooth variations

First order harmonics only account for 87,5% of scene lighting, regularization required in order

to be consistent with shading model

min
𝛽

𝛽 − (𝐼 − 𝜌𝑆 𝑛 ) 2
2 + 𝜆𝛽 ෍

𝑘∈Ω

𝑤𝑘
𝐼𝑤𝑘

𝑑(𝛽 − 𝛽𝑘)

2

2

+ 𝜆𝛽
2 𝛽 2

2
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𝐿 𝑖, 𝑗, 𝑛 = 𝜌 𝑖, 𝑗 𝑆 𝑛 + 𝛽(𝑖, 𝑗)

Lighting Variations Recovery
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𝐿 𝑖, 𝑗, 𝑛 = 𝜌 𝑖, 𝑗 𝑆 𝑛 + 𝛽(𝑖, 𝑗)

Orientation



Typical Shape from Shading (SFS) method

min
𝑛

𝐿 𝑖, 𝑗, 𝑛 − 𝐼 2
2 + 𝑟𝑒𝑔𝑢𝑙𝑎𝑟𝑖𝑧𝑎𝑡𝑖𝑜𝑛/𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠

Surfaces tend to tilt away from viewing direction, aggravated by errors in lighting model (e.g

caused by normal outliers from background)
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Surface Refinement



Typical Shape from Shading (SFS) method

min
𝑛

𝐿 𝑖, 𝑗, 𝑛 − 𝐼 2
2 + 𝑟𝑒𝑔𝑢𝑙𝑎𝑟𝑖𝑧𝑎𝑡𝑖𝑜𝑛/𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠

Surfaces tend to tilt away from viewing direction, aggravated by errors in lighting model (e.g

caused by normal outliers from background)

Rewrite problem as functional of 𝑧 to take advantage of existing depth map

Force surface to only change in depth direction

𝑛 =
1

1 + ∇𝑧 2

𝜕𝑧

𝜕𝑥
𝜕𝑧

𝜕𝑦
−1
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Surface Refinement 2



Fix lighting model, allow the surface gradient to vary

min
𝑧

𝐿 ∇𝑧 − 𝐼 2
2

Simplifies numerical scheme, reduces ambiguities

Regularize with simple fidelity and smoothness terms

min
𝑧

𝐿 ∇𝑧 − 𝐼 2
2 + 𝜆𝑧 𝑧 − 𝑧0 2

2 + 𝜆𝑧
2 ∆𝑧 2

2
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Surface Refinement 3



Fix lighting model, allow the surface gradient to vary

min
𝑧

𝐿 ∇𝑧 − 𝐼 2
2

Simplifies numerical scheme, reduces ambiguities

Regularize with simple fidelity and smoothness terms

min
𝑧

𝐿 ∇𝑧 − 𝐼 2
2 + 𝜆𝑧 𝑧 − 𝑧0 2

2 + 𝜆𝑧
2 ∆𝑧 2

2

Use depth based numerical scheme to increase robustness against lighting model errors

(Levenberg-Marquadt algorithm or Trust-Region methods)

∆= −𝑖𝑛𝑣 𝐽𝑇𝐽 + 𝜆𝑑𝑖𝑎𝑔 𝐽𝑇𝐽 𝐽𝑇𝑟

Convergence is slow, not suitable for real-time applications
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Surface Refinement 4



Use approach similar to iteratively reweighted least squares

𝑛𝑘 = 𝜔𝑘

𝜕𝑧

𝜕𝑥
𝜕𝑧

𝜕𝑦
−1

, 𝜔𝑘 =
1

1 + ∇𝑧𝑘−1 2

𝐿 𝑖, 𝑗, ∇𝑧 = 𝜌 𝑖, 𝑗 ∗ 𝑚𝑇 ෤𝑛𝑘 + 𝛽(𝑖, 𝑗)

min
𝑧

𝜌 𝑚𝑇 ෤𝑛𝑘 − (𝐼 − 𝛽) 2
2 + 𝜆𝑧 𝑧𝑘 − 𝑧0 2

2 + 𝜆𝑧
2 ∆𝑧𝑘 2

2
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min
𝑧

𝐿 ∇𝑧 − 𝐼 2
2 + 𝜆𝑧 𝑧 − 𝑧0 2

2 + 𝜆𝑧
2 ∆𝑧 2

2

Surface Refinement 5
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min
𝑧

𝜌 𝑚𝑇 ෤𝑛𝑘 − (𝐼 − 𝛽) 2
2 + 𝜆𝑧 𝑧𝑘 − 𝑧0 2

2 + 𝜆𝑧
2 ∆𝑧𝑘 2

2

Surface Refinement 6

Surface Refinement Algorithm[1]
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Examples

Shirt[1]
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Examples 2
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Examples 3

Burger[1]



Real-Time capable (10fps, 640x480)

In 2015 more accurate than reported state of

the art, runs 20000 times faster

I7 3.4GHz

16GB RAM

Nvidia Geforce GTX TITAN GPU
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Results

Runtime table[1]
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