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Multilabel Optimization

5Daniel Cremers & Thomas Pock Minimal Partitions & Mumford-Shah Problem

Example: Stereo



From Binary to Multilabel Optimization

data term label regularity

Drawbacks:

• requires lots of memory

• metrication errors
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Spatially discrete solution:  Ishikawa 2003

• metrication errors

• no efficient parallel implem.



Cartesian Currents and Relaxation

nonconvex data term label regularity
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Pock , Schoenemann, Graber, Bischof, Cremers  ECCV ’08
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Pock , Schoenemann, Graber, Bischof, Cremers  ECCV ’08



Cartesian Currents and Relaxation

nonconvex functional

Theorem: Minimizing        is equivalent to minimizing 

nonconvex functional
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convex functional

Solve          in relaxed space  (                           )  and threshold

to obtain a globally optimal solution.

Pock , Schoenemann, Graber, Bischof, Cremers  ECCV ’08



Let

be continuous in             and    , and convex in 

Optimality for Convex Regularizers

Theorem:

For any function                                we have:

where     is constrained to the convex set
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Pock, Cremers, Bischof, Chambolle, SIAM J. on Imaging Sciences ’10 



Therefore the functional            can be minimized by solving 

the relaxed saddle point problem

Optimality for Convex Regularizers

Theorem:

The functional     fulfills a generalized coarea formula:
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Pock, Cremers, Bischof, Chambolle, SIAM J. on Imaging Sciences ’10 

As a consequence, we have a thresholding theorem assuring that

we can globally minimize the functional 



Evolution to Global Minimum
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Reconstruction from Aerial Images
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One of two input images
Depth reconstruction

Courtesy of Microsoft Graz



The Minimal Partition Problem

Potts ’52,   Mumford-Shah ’89,   Vese, Chan ’02

Proposition: With                  , this is equivalent to
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Chambolle, Cremers, Pock ’08,  Pock et al. CVPR ’09 

where



Test Case: The Triple Junction

Input image Lellmann et al. ’08 Zach et al. ’08 our approach
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Proposition: The proposed relaxation strictly dominates existing relaxations.

Chambolle, Cremers, Pock ’08,  Pock et al. CVPR ’09 



Four-Region Case
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Input image Inpainted

Chambolle, Cremers, Pock ’08,  Pock et al. CVPR ’09 



Minimal Surfaces in 3D
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3D min partition inpainting Soap film photo

Chambolle, Cremers, Pock ’08,  Pock et al. CVPR ’09 



Multi-Region Segmentation
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Input image segmentation

Chambolle, Cremers, Pock ’08,  Pock et al. CVPR ’09 



The Minimal Partition Problem

Input image 5 label segmentation 10 label segmentation
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Chambolle, Cremers, Pock ’08,  Pock et al. CVPR ’09 



Multi-Region Segmentation
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Input color image 10 label segmentation

Chambolle, Cremers, Pock ’08,  Pock et al. CVPR ’09 



Interactive Segmentation
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Nieuwenhuis, Toeppe, Cremers  EMMCVPR ’11 
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Mumford, Shah ’89 

Piecewise Smooth Approximation

For                                        can be written as

with a convex set

(Alberti, Bouchitte, Dal Maso ’04)
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Pock, Cremers, Bischof, Chambolle  ICCV ’09 



Piecewise Smooth Approximation
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Pock, Cremers, Bischof, Chambolle  ICCV ’09 

piecewise constant piecewise smoothInput image



Piecewise Smooth Approximation

25Daniel Cremers & Thomas Pock Minimal Partitions & Mumford-Shah Problem

Pock, Cremers, Bischof, Chambolle  ICCV ’09 

restoration surface plotnoisy input



The Crack Tip & Open Boundaries
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Pock, Cremers, Bischof, Chambolle  ICCV ’09 

inpainted crack tip surface plotfixed boundary values
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General Ordering Constraints
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Strekalovskiy, Cremers,  ICCV 2011
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Strekalovskiy, Cremers,  ICCV 2011



Reminder: With                  , the segmentation problem is:

General Ordering Constraints

where

Consider instead the more general convex set:
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Penalize transitions depending on label values       and orientation    . 

Strekalovskiy, Cremers,  ICCV 2011



General Ordering Constraints
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Strekalovskiy, Cremers,  ICCV 2011

Input Data term Potts Ordering



General Ordering Constraints
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Strekalovskiy, Cremers,  ICCV 2011

Input Potts Ordering
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Overview

Convex multilabel optimization Convex multi-region segmentation
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Piecewise smooth
approximation

Convex optical flow



Large Label Spaces
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Goldluecke, Cremers  ECCV ’10,   Strekalovskiy et al.  ICCV ‘11 

Optical flow:

Challenge:  Thousands of labels cannot be handled in previous relaxations.



Large Label Spaces
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Optical flow:

Challenge:  Thousands of labels cannot be handled in previous relaxations.

Goldluecke, Cremers  ECCV ’10,   Strekalovskiy et al.  ICCV ‘11 



Convex Optical Flow

Introduce:Introduce:

with:
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Goldluecke, Cremers  ECCV ’10,   Strekalovskiy et al.  ICCV ‘11 



Convex Optical Flow
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Experimental optimality bounds  ~  3% - 5%

Goldluecke, Cremers  ECCV ’10,   Strekalovskiy et al.  ICCV ‘11 



Convex Optical Flow
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Goldluecke, Cremers  ECCV ’10,   Strekalovskiy et al.  ICCV ‘11 



Conclusion

Convex multilabel optimization Piecewise smooth approximation
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Convex ordering constraints Convex optical flow


